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Notation: m,, denotes Lebesgue measure on R", m; is written m,
and m,;, denotes Lebesgue measure on the compact interval [a, b]

1. The function f : R — [0, 00[ is Lebesgue measurable and [, fdm = 1.
Determine all non-zero real numbers « such that fR hdm < oo, where

h(z) =% f(a"x +n), z € R.

Solution. Since the map x — f(a”x+n) is Lebesgue measurable, the function
his (R™, R )-measurable and the Beppo-Levi Theorem yields

/ h(z)dx =¥, / f(a"z + n)dz.
JR JR

Here
[ s mds—al [ swis=lal
R R

and

/ h(z)der =X |a|™".
JR

Thus [ h(z)dz < oo if and only if | a [> 1.
2. If k= (ki,...,k,) € N7, set

n
ex(z) = HSin kizi, © = (z1,...,2,) € R"
i=1

and | k |= (327, k2)2. Prove that

lim ferdm, =0
‘k‘*)OO R”



for every f € L'(m,,).

Solution. Let S denote the set of all f € L'(m,,) such that

lim fexdm, = 0.
\k\—mo JR"

Clearly, S is a vector subspace of L'(m,). Moreover, S is closed in L'(m,,).
To see this let f € L'(m,), f; € S, and f; — f in L'(m,) as j — occ. Then

| fexdmy, |< / | f— fi)ex | dmy,+ | fiexdm,, |
R" n R"

and
[ gedmy <l f -] [ e, |
JR» JR™
Thus
lim sup | fexdmy, [<[| f— f; |l
|k]—o00 R

and by letting 7 — oo we have

‘kl‘im ferdm, = 0.
— 00 JRn

Accordingly from this, f € S and it follows that S is closed.
Next let [ = |ay, by] X ... X |a,, b,| be a bounded open n-cell in R™. Then

| / Xrexdm,, |=| ﬁ cos kia; — cos k;b; |
r€kamy, |=
R” ' i=1 ki

2" 2" n2"

< < < — 0
koo ky T maxici<pn ki T | K|

as | k |— oo and we conclude that x; € S. Since S is closed and the linear
span of the functions x;, where [ is an open bounded n-cell, is dense in
L'(m,) it follows that S = L'(m,,).



3. Let (X, M, u) be a o-finite positive measure space and suppose A and 7
are two probability measures defined on the o-algebra M such that A << p
and 7 << pu. Prove that

sup | A(A) =5 [ 1

AeM

Solution. Set

and note that f € L'(u). Now

and we get
/f*du—/fdu-
Jx Jx
Thus
[ irtdn= [ prans [ pae=2 [ rran
X X X X
Furthermore,

A = 1) = [ pran [ s [ prdus [ paa=g [ s

where equality occurs if

A={f">0}.

In a similar way,

—./Afdu/Af+du<./Afdu</deu—;/Xfldu

(where equality occurs if A = {f~ > 0}). Thus

sup | A(A) /———
AeM



4. Suppose (X, M, p) is a positive measure space and w : X — [0,00] a
measurable function.
a) Set

v(A) = /wdu, Ae M.
Ja

Prove that v is a positive measure.
b) Prove that

plw > a) < / wdp, 0 < a < oc.
X

AN

5. Suppose a,b € R, a < b, and that F': [a,b] — R is absolutely continuous.
Prove that there exists a function f € L'(m,;) such that

F(a:):F(a)—i—/mf(t)dt, a<xz<b.



