
L�OSNINGARINTEGRATIONSTEORI (5p)(GU[MAF440℄ ;CTH[TMV 100℄)Dag, tid: 5 februari 2005 fmHj�alpmedel: Inga.Notation: mn denotes Lebesgue measure on Rn; m1 is written m;and ma;b denotes Lebesgue measure on the 
ompa
t interval [a; b℄1. The fun
tion f : R! [0;1[ is Lebesgue measurable and RR fdm = 1:Determine all non-zero real numbers � su
h that RR hdm <1, whereh(x) = �1n=0f(�nx + n); x 2 R:Solution. Sin
e the map x! f(�nx+n) is Lebesgue measurable, the fun
tionh is (R�;R0;1)-measurable and the Beppo-Levi Theorem yieldsZR h(x)dx = �1n=0 ZR f(�nx+ n)dx:Here ZR f(�nx+ n)dx =j � j�n ZR f(y)dy =j � j�nand ZR h(x)dx = �1n=0 j � j�n :Thus RR h(x)dx <1 if and only if j � j> 1:2. If k = (k1; :::; kn) 2 Nn+; setek(x) = nYi=1 sin kixi; x = (x1; :::; xn) 2 Rnand j k j= (Pni=1 k2i ) 12 : Prove thatlimjkj!1ZRn fekdmn = 01



for every f 2 L1(mn):Solution. Let S denote the set of all f 2 L1(mn) su
h thatlimjkj!1ZRn fekdmn = 0:Clearly, S is a ve
tor subspa
e of L1(mn): Moreover, S is 
losed in L1(mn):To see this let f 2 L1(mn); fj 2 S; and fj ! f in L1(mn) as j !1: Thenj ZRn fekdmn j� ZRn j f � fj)ek j dmn+ j ZRn fjekdmn jand j ZRn fekdmn j�k f � fj k1 + j ZRn fjekdmn j :Thus lim supjkj!1 j ZRn fekdmn j�k f � fj k1and by letting j !1 we havelimjkj!1ZRn fekdmn = 0:A

ordingly from this, f 2 S and it follows that S is 
losed.Next let I = ℄a1; b1[� :::� ℄an; bn[ be a bounded open n-
ell in Rn: Thenj ZRn �Iekdmn j=j nYi=1 
os kiai � 
os kibiki j� 2nk1 � ::: � kn � 2nmax1�i�n ki � n2nj k j ! 0as j k j! 1 and we 
on
lude that �I 2 S: Sin
e S is 
losed and the linearspan of the fun
tions �I ; where I is an open bounded n-
ell, is dense inL1(mn) it follows that S = L1(mn).
2



3. Let (X;M; �) be a �-�nite positive measure spa
e and suppose � and �are two probability measures de�ned on the �-algebra M su
h that � << �and � << �: Prove thatsupA2M j �(A)� �(A) j= 12 ZX j d�d� � d�d� j d�:Solution. Set f = d�d� � d�d�and note that f 2 L1(�). NowZX fd� = �(X)� �(X) = 0and we get ZX f+d� = ZX f�d�:Thus ZX j f j d� = ZX f+d�+ ZX f�d� = 2 ZX f+d�:Furthermore,�(A)� �(A) = ZA f+d�� ZA f�d� � ZA f+d� � ZX f+d� = 12 ZX j f j d�where equality o

urs if A = �f+ > 0	 :In a similar way,�(A)� �(A) = ZA f�d�� ZA f+d� � ZA f�d� � ZX f�d� = 12 ZX j f j d�(where equality o

urs if A = ff� > 0g): ThussupA2M j �(A)� �(A) j= 12 ZX j d�d� � d�d� j d�:3



4. Suppose (X;M; �) is a positive measure spa
e and w : X ! [0;1℄ ameasurable fun
tion.a) Set �(A) = ZAwd�; A 2 M:Prove that � is a positive measure.b) Prove that �(w � �) � 1� ZX wd�; 0 < � <1:
5. Suppose a; b 2 R; a < b; and that F : [a; b℄! R is absolutely 
ontinuous.Prove that there exists a fun
tion f 2 L1(ma;b) su
h thatF (x) = F (a) + Z xa f(t)dt; a � x � b:
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