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1. Suppose
o In(l+x)
t) = o Ldx, t > 0.
f®) /o ¢ 1+ 0 >0

a) Show that [;° f(t)dt < occ.
b) Show that f is infinitely many times differentiable.

Solution. a) The function

In(1
e—tz Il( —|—.%')

,t>0, >0
14+

is non-negative and continuous. Thus f > 0 and, moreover, the Tonelli
Theorem yields
o0 oo (oo In(l+x)
t)dt = / / P —dted
/0 1) 0 { 0 ¢ 1+zx v

_ [~ +a)
_/0 x(1+:c)dx'

Here (1
lim In(l +x) _ 1
=0 x(1 + x)
and
In(1+ z) 1

0< <

(1 t2) = 77 if = large enough.

Since [ % < oo Part a) is proved.



b) Define
~ In(142)
14z
and observe that p is a non-negative measure such that

£t) = / T et du(z), t> 0.

0

dz on [0,00]

Now choose a > 0. It is enough to prove that f is infinitely many times
differentiable restricted to the interval ]a,oo[. For any fixed n € N, the
function

belongs to L' () since

In(1+ z)

T2 < e72% if  large enough.
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Since

0
|§6_m < hi(x), t>a, 0 <z <0

it follows from the theorem about interchanging a derivative with an integral
that

f'(t) :/ —ze "du(x), t > a.
0
In a similar way
92
| ﬁe_m |< hy(x), t>a, 0 <z <0
and it follows that

fr(t) = /Ooo i " du(z), t > a.

By repetition (or mathematical induction), we now conclude that f is infi-
nitely many times differentiable restricted to the interval |a, oo .

2. Suppose « is a positive real number and f a function on [0, 1] such that
f(0) = 0 and f(z) = 2%sini, 0 < # < 1. Prove that f is absolutely

T

continuous if and only if o > 1.



Solution. Recall that f is absolutely continuous if and only if the following
properties hold:

(i) f'(x) exists for mg-almost all z € [0, 1]

(i) f € L(moq)

(il) f(x) = £(0) + & f/(t)dt, 0 < < 1.

In this case

! a—1 _: 1 a—2 1 :
f(x) = az® " sin— + 2% “cos — if x > 0.
x x

Here | az®*sin 2 |< az®™! and we get

1
az® tsin = € L'(my,).
x

Moreover,

1 1 1
/ | 2% %cos — | dx = t:—}
0 T

T

o
=def / t7% | cost | dt =ges Lo
1
Here I, < oo if a > 1. Morover, if a > 1

n2m+
2

= 1 & s
Ia>/ 1 | cost | dt > — / 1t
1 ’ | o \/§nz::1 n2m

1 & 1
ﬁ;n( —I—Sn) 00

since ] 1
In(1 +—) > — if n large.
n(l+ Sn) 2 1o i n large
Thus 1
1z 2cos— € L*(mo,) iff a > 1
x
and

f e LY(mg,) iff a > 1.

It follows that the function f is not absolutely continuous for a < 1. If & > 1
and 0 <z <1,

1 T
= §0%sin = ! 11 <1
flz)=26 Sln5+/5 f'(t)dt, all 0 < 6 <



and by letting 6 — 0 .
fla) = £O0)+ [ fat

It follows that f is absolutely continuous for every o > 1.

3. Suppose i : M — C is a complex measure and f, g : X — R measurable
functions. Show that

| u(f e A)—ulge A) IS | (f#9)

for every A € R.

Solution. Below {f € A,g € B}) means {f € A} N{g € B}. We have

p(feAd)=u(fed geA)+ufeA g¢ A
and

ugeA)=ugeA feA)+ugeA, f¢A
and, accordingly,

pfeA) —mgeA)=ufecA g¢A)—nugeA, f¢A).

Hence

| (feA)—ulge A)IS|mfed g¢A) |+ ugeA f¢A)]

<lul(fed ggA+|pnllged f¢A
=lu|({fed g¢gAtU{ge A, fE€A)<|pl(f#9).

4. Suppose (X, M, 1) is a positive measure space. Prove the following results:
a) If f, — f in measure and f, — ¢ in measure, then f = g a.e. [u].
b) Convergence in L'(1) implies convergence in measure.

5. Formulate and prove the Lebesgue Monotone Convergence Theorem.



