Tentamen 1 Matematisk analys,

fortsittningskurs F/TM, MVE700/TMA976
17 Januari 2025, 14.00-18.00

Examinator: Michael Bjorklund, 072-858 67 87
Tentamen bestar av tva delar (Del A och Del B) pa sammanlagt 50 poéng.

Pa Del A kréavs minst 8 podng av 18 podng for att resten av tentan skall riattas.
Om 8 poédng pa Del A inte uppnas sa &r tentan alltsa automatiskt underkénd.

Svaren pa fragorna i Del A skall prydligt sammanfattas pa ett separat 16sblad.
Endast svar skall anges, inga 16sningsgangar redovisas. Om losningsgangar
anda presenteras sa kommer dessa inte att tas i beaktande.

Pa de fragor med flera givna svarsalternativ sa skall endast bokstéver anges
som svar. Notera att flera svarsalternativ ar mojliga. Alla skall anges for full po-
dng; 1 podng ges dock om inte alla har angivits (men atminstone ett korrekt). Ett
felaktigt svarsalternativ renderar automatiskt noll podng pa uppgiften, &ven om de
andra angivna svarsalternativen ar korrekta, sa undvik att gissa.

P& fragorna i Del B skall samtliga steg (utom triviala berdkningar) redovisas
i l6sningarna. Skriv tydligt och redovisa vilka resultat/satser fran kursen som du
anvinder. Standardutvecklingar och standardgrénsvirden far anvindas utan bevis.

Se till att ditt namn, personnummer och din anonymiseringskod ar tydligt
nedskrivna pa forsattsbladet. Lagg losningarna i korrekt ordning innan du
lamnar in.

OBS: Motivera dina svar val. Det &r i huvudsak berdkningarna och motiveringarna
som ger poang, inte svaret.

Totalt 50 poéng, fordelade pa 11 uppgifter (2 sidor). Inga hjilpmedel!

Betygsgréanser: 3 (20-34 poéng), 4 (35-43 poéng), 5 (44-50 poéng).




1. Los y(1) =0, ay/(x)+ 2y(x) =

Del A
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z)

xz > 0.

2. Los y(0) =0, ¢ (2)(y(x)* + 2y(x) +1) = .

3. For vilka reella x konvergerar potensserien

4. Los y(0) = y(1)

oo 3
kark

=0, ¥'(z) = 2¢(z) + y(z) = e”.

5. Berdkna gransvirdet
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sin(xz + 2?) — In(1 + z) — 3arctan(z?)/2
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6. Vilka av féljande serier konvergerar?
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7. Vilka av foljande identiteter/olikheter ar korrekta?
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E) 1n(1—|—a:2)2x2—% for alla x > 0.
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10.

11.

Del B

. Definiera -
flz) = Z (1" cos(z"), € (—o0,00).
— k: . 2k, ) Y
Visa att:

a) f(z) konvergerar absolut for alla x € (—o0, 00).

b) f &r en kontinuerlig funktion pa (—oo, 00).

c) f ar en kontinuerligt deriverbar funktion pa (—2,2).
. Berdkna gransvardet:

I = lim e~ (®*+30) Zkek2+k.

n—00
k=1

Beridkna gransvardet

I'=1lm [ (cosz)"dx.
n—oo 0

Existerar gransvérdet

. |1‘|3/2 Sin(x2|y|3/2) ,
(@y)—(00) (2% + 3y*)3/4

Om ja, berdkna gransvérdet.

(3p)

(4p)



SOLUTIONS EXAM 1, 24/25 IN TMA976

PArRT A

7. A,B,E.

PART B
Problem 8
a+b) We write

Since

1
k-2
and thus [Jug e < 27%, we see that

1
?7

lug ()| | cos(2¥)| < for all z € R,

Z lug(z)] < Z |uglloo < 00, for all x € R.
k=1 k=1

In particular, f(z) converges absolutely for all z, and by Weierstrass M-test, the series
converges uniformly on (—oo, 00). Since each u; is continuous on (—oo, 00), and con-
tinuity is inherited by uniform limits, we conclude that f is continuous.

¢) By a result from the course (that has been covered numerous time), to prove that
1



2 SOLUTIONS EXAM 1, 24/25 IN TMA976

f is continuously differentiable on (—2,2), it suffices to show that for every § > 0, the
derivatives of the partial sums:

n

"L B L sin(zF)
> () = -

k=1

converges uniformly on [—(2 — d), (2 — d)]. To prove this, note that

, |sin(z®)|  |sin(z®)| x|k N\
pu = . —_— < —_—
[ ()] ok EE ‘2‘-(1 »’

for all |x| <2 — 4. Hence

Sl >0 (1-35) <ox.
k=1 k=1

so it readily follows from the Weierstrass M-test that ;- u} converges uniformly on
the interval [—(2 — §), (2 — J)] for all 6 > 0.

Problem 9
Let f(z) = ze**** and define

3

Sp = f(k), n>1.
k=1
Note that f is an increasing positive function on [1, 00), and thus

n+1
sng/ flx)de < s,+ A,, where A, = f(n+1)— f(1).
1

Furthermore,

n+1 e [e9)
/ f(z)de = / 2e” T dy = 61/4/ ze™H2? g
1 1 1

n+3/2 ) n+3/2 )
_ 6—1/4/ (v —1/2)e"” do = 6—1/4/ re”’ dz — B,
3/2 3/2

~1/4 rn+3/2 42
where B,, = 37;2 22 d. Moreover,
n+3/2 —1/4  p(n+3/2)? 2 2
2 (& € 2 €
/ xe® dx = / e du=—e" T — —,
3/2 2 Jop 2 2

so it follows from the inequalities above that
2

I = lim e ¢ —
n—oo

n2+43n _
Yon = =
provided

lim 6_(”2+3”)An = lim e_(”2+3”)Bn = 0.
n—oo n—0o0



SOLUTIONS EXAM 1, 24/25 IN TMA976 3

The limit for A, is trivial. For B,,, we note that

n+3/2 ) 1 (n+3/2)? el 1 n? ol 1 (n+3/2)? el
e’ dx:—/ —du = - —du+—/ —du
/3/2 2 Josa Vu 2 Jopa Vu 2 Jn2 Vu

1 1 (n+3/2)2 e(n+3/2)2
< —e" — -
< 5e +2/n2 2 du

1,2 1e3/27
§§€ +§W(3n+9/4).

Hence,

lim e~ B, =0,
n—oo

and we are done, so the right answer is

-
2

Problem 10
Fix € > 0. Then there exists d(¢) > 0 such that

max{|cos(z)|" : e <z <m—e} <(1-=4(¢))", foralln.

Hence, the sequence f,(z) = cos(x)™ converges uniformly to f(z) = 0 on [e, 7 —¢], and
thus

m™—E

nh_)nolo i (cos(x))" dx = 0.

Since |cos(z)| < 1 for all z, we have

‘/ (cos(x))”dx‘ <e and )/ (cos(z))"dx| < e,
0 T—¢€
for all n. Hence,

lim ’/ (cos(z))" dx’ < 2¢ + 0.
0

n—oo

Since € > 0 is arbitrary, we conclude that the limit is zero.

Problem 11

The limit is clearly zero along the lines x = 0 or y = 0, so let us from now on assume
that x and y are both non-zero, and write

|22 sin(@?|y[*?) _ |xPPalyP? sin(@®lyl*?)  Jal7Plyl*?  sin(2?|yl*?)

(224 + 3y*)3/4 (224 + 3y*)3/4 22|y|3/2 (224 + 3y4)3/4 x2|y|3/?




4 SOLUTIONS EXAM 1, 24/25 IN TMA976
To prove that the limit exists (and is zero), it suffices (since |sin(z)| < |z| for all
non-zero real z), to show that
o 7/
————— = lim =
(2.9)=00) (224 + 3y4)3/4  (@y)—(0,0) ((v/222)2 + (V/3y?)2)3/4
After making the substitution u = V222 and v = \/§y2, it thus suffices to show that
/ol
()= (0,0) (u2 + v2)3/4
Switching to polar coordinates:
’u|7/4|v|3/4
(u? + v2)3/4

which clearly tends to zero uniformly in 6 as r — 0.

= 7"5/2_3/2| cos(0) ]7/4| sin(&)\3/4



