Tentamen 1 Matematisk analys,

fortsdattningskurs F/TM, TMA976
4 april 2024 k1. 8.30-12.30

Examinator: Michael Bjorklund (072-8586787)

OBS: Motivera dina svar val. Det ar i huvudsak berdkningarna och motiveringarna
som ger poing, inte svaret. SKRIV TYDLIGT OCH REDOVISA VILKA RESULTAT
FRAN KURSEN SOM DU ANVANDER.

Totalt 50 poing, férdelade pa 5 uppgifter (2 sidor). Inga hjalpmedel!

Betygsgréanser: 3 (20-34 poéng), 4 (35-43 poédng), 5 (44-50 poéng).

1. Lat y : R — R beteckna l6sningen till initialvirdesproblemet
y(0)=0, ¥ (0) =1, ¢'(@)+2/(x) +y(x)=(1+x)e", zeR
Los ekvationen y(x) =0, z € R.

2. Bestdm l6sningen y, med tillhérande maximala l6sningsintervall (innehallan-
de startpunkten x = 0), for det separabla initalviardesproblemet

y(0) =0, (1+2%)y(z) = (1 +y)z.

3. Berakna gransvardena:
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4. For vilka x € R konvergerar potensserien

- 1 1\\ 2
Ztan (7‘(‘(— — —))z ?
2 n
n=2
For varje sadant x, ange d&ven om konvergensen ar absolut eller betingad.

5. Givet en 1-periodisk kontinuerlig function f : R — C, definiera dess Fourier-
transform f : 7Z — C enligt

1
f(n) = /0 f(x)e ™ dy, n e Z.

a) Visa att om f ar tva ganger kontinuerligt deriverbar, sa géller

maXge[o,1] |f" ()|

A2 , for alla n # 0.
™n

f(n)] <

LEDTRAD: Partialintegrera tva ganger.

b) Visa att om f &r tva ganger kontinuerligt deriverbar sa konvergerar serien

N—oo

N
gla) = lim 7 Flm)errine
n=—N

likformigt pa R, och g : R — C é&r en kontinuerlig 1-periodisk funktion som
uppfyller g(n) = f(n) for alla n € Z.

DU FAR ANVANDA DIG AV RESULTATET I A) AVEN OM DU INTE HAR BE-
VISAT DET.
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PROBLEM 1

The characteristic equation r?+2r+1 = (r+1)% = 0 has a double root 7, = 15 = —1.
We make the Ansatz:

Yp(z) = u(x)e™™, for some function u: R — R.

Note that
y'(@) + 2y (2) +y(z) = u'(2)e™ = (1 +x)e™,
and thus u”(z) = 1+ 2. We conclude that

2 x?’

x
=A+Br+ —+ —
u(z) + Bx + 5 + 5
for some constants A and B. Since y(0) = 0, we have u(0) = 0, and thus A = 0.
Furthermore,
x? x2 28
Y(@) = (@) —u@)e = (B+ao+ T —Br+ T+ )™,
so y'(0) = B = 1. Hence,
%(6 + 3z + wQ)e’“””.
Note that the only real solution to y(x) =0 is x = 0.

y(z) =

PROBLEM 2
Integrating both sides of the equation

y@) _ =
L+y2(z) 14 a2

gives us that
arctan(y(z)) = C + % In(1+ 2?), for some constant C.
Since y(0) = 0, we have C' = 0, and thus
y(z) = tan (% In(1 4+ x2)>,

which is well-defined for all —co < x < (e™ — 1)1/2,

1



2 SOLUTIONS EXAM 2, 2023/24

PROBLEM 3

a) Note that (1 — cos(2z)) = 2sin?(z), so if we set y(z) = sin®(z), then

osin(y(e) —y(x) L (@)
iao y(x)? 1/6 d ng0 20 L
and
2 sin(sin?(z)) — (1 — cos(2x)) _ 2(sin(y(z)) —y(x)) y(z)® x5
(In(1+ yz) — V)5 y(z)? 26 (In(l+ V) = vr)>
whence
lim 2sin(sin®(x)) — (1 — cos(27)) _ b (hm x )6
70 (In(1 4 /z) — /x)? 3 \e=0In(l+x)—+x/
Now,
In(1+ V) = V& - 5 + 0"?),
and thus
lim = — -2,
A Y
and

I 2sin(sin’(z)) — (1 —cos(2z))  (=2)° 64

0 (m(+vE) —va)r 3 3

b) The function f(x) = eV® is an increasing function, so the sequence

Sn:Zf<k)

satisfies
n+1
sng/ flz)dx < s,y —e, foralln>1.
1
Since
n+1 Vn+1
/ eﬁdeQ/ ue“du:Z(x/n—l—leV”H—e—(e”‘“—l)),

1 1

we see that

Sp2 < 2(\/”2—!— LeVMHl — g — gVt —|—1> < Sp2y1 — €= Sp2 4+ eVt e,

for all n. Note that since

1
\/n2+1—n:n(\/1+—2—1>—>0, n — oo,
n

lim 6—\/712 + 1Vt =1,

n—oo MM

we have
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and thus

—_n

. €
lim — - 5,2 = 2|
n—oo M

c¢) Note that

4

for all (x,y) # (0,0),

IL'4 + y4
and thus
) < Jsinay)] 0, as (a,) — (0,0
_— sin(x as (x )
I’4 + y4 —_ y 9 7y ?
PROBLEM 4
Note that
= I A
Ztan <7r(§ — E))x = Zamx ,
n=2 n=0
where
0 if m = 0,1 or m # n? for some n > 2
Ay =
tan (7‘(‘(% — %)) if m = n? for some n > 2.
Since

1 1
tan <7T<— — —>) — 00, N — 00,
2 n

the radius of convergence is at most 1 and the series diverges at x = 41, but since

1
n

N[ =

1 1 1 1 2n
(- 2) loen
2 n ‘ oS (w( ))‘ sin(rm/n) — w
we have
im |a,|Y™ <1,
n—oo

and thus the radius of convergence is in fact equal to one (so for |z| < 1, the series
converges absolutely).
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PROBLEM 5
a) Note that for n # 0,

/ Flw)e-2mine gy — [f( z)e ‘2“‘”]: L L /01 F()e=2mm gy

—2min 2min

f(z)e” 2’”"””]1 1 /1 "oy 2mi
. TINT d >
© 2rmin <[ —2min o - 2min J, Jiw)e ’

1 ! —2minx
- _W/ [ (x)e 2™ do,
0

|A<n)| < maXgeo,1] ’f”(:l?)’

472n2 ’

and thus,

for alla n # 0.

b) It follows from a) that > °°

series

|F(n)| < oo, so by Weierstrass M-test, the function

n=—oo

= i 27rinm
i 3 fin
n=—N
converges uniformly on R (hence g is continuous on R). In particular, we can exchange
the order of limit and integration, so

)= [ gty de = g Z o [ e o = o,

N—o0

)

=0ifm#n

for all m.
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