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Question 1
(LP duality)

Consider the linear programming problem to

minimize z = 2x; “4x9 +ars +xs,
subject to r1 +2x9 +3x3 —x4 +325 >3,
—21‘1 +29 +3l‘4 —2£L‘5 24,

Xy, T, xs3, Ty, Ts >0.

a) Let o = 1. Solve the resulting problem, without using the Simplex method,
and state both * and z*. Motivate your answer!

Hint: if you, for some reason, would like to solve some related problem with
fewer variables, you are allowed to do it graphically.

b) Motivate, using a graph of the dual problem, the interval of a around o = 1
for which «* from a) remains optimal.

Question 2
(sufficiency of the KKT conditions under convexity)
Consider the problem to find
fr= inﬁrilum f(=),
subject to g;(x) <0, 1=1,...,m,
where f : R" - Rand ¢g; : R®" = R, 1 = 1,2,...,m, are given differentiable and

convex functions. State the KKT conditions for this problem, and assume that
a vector * satisfies them. Establish that «* then is a global optimum.
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Question 3
(Farkas Lemma)

Consider the linear optimization problem to

minimize z = I3 —T3 + 224475+ 376,
subject to T14+xe — 2203+ T4 +2x6 > 0
—x1 +x3+ x44x5 +x6 > 0.

Using Farkas Lemma, show that z > 0 holds for all feasible solutions.

Question 4
(the Frank—Wolfe algorithm)

As applied to the problem of minimizing a differentiable function f : R™ — R over
a non-empty and bounded polyhedral set X C R", the Frank-Wolfe method is
defined, in short, thus: provide a first feasible solution x to the problem, and let
k := 0; for given x},, solve the LP problem to minimize V f(x; )Ty over y € X, and
let y, be an optimal solution to this problem. If the value of V f(x;)* (y, — )
is (near) zero, then terminate with xj being a (near-)stationary point, otherwise
let p,, := y,, — o and perform a line search in the value of f along the direction
p;, from xp, with a maximum step length of 1. Let the resulting vector be
Tpt1 = T + Py, Where ay, is the step length obtained in the line search. Let
finally £ := k + 1, and repeat.

Consider the nonlinear program to

minimize  f(x) := 10(z; + 1)® + (2 — 1)
subject to z€ X :={xcR*|0<z; <1, 0<az, <2}

Starting at % = (1,2)T, solve this problem by using the Frank-Wolfe method
using exact line searches. For each iteration, provide the best lower and upper
bounds on the optimal value f* of f. Motivate the termination of the algorithm.
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Question 5
(the Levenberg—Marquardt modification of Newton's method)

Given is the problem to minimize the function f : R” — R over R". We suppose
that f is in C2.

a) First, derive the basic Newton method with line searches.

The Levenberg-Marquardt modification of the Newton method is based on
the possible failure of the Hessian matrix to be positive definite. Let & € R".
The search direction provided by the Levenberg—Marquardt modification of
the Newton method is the solution to the equation

(V2 f(z) + pI"lp = =V (=),

where z1 > 0 is chosen such that the eigenvalues of the matrix V2 f(x)+ uI™
is positive definite.

Consider now the following trust region problem:

1
minimize g(p) := épTVQf(CB)p + pTVf(a:),
subject to ||p||* < 9,

where § > 0. Show that the optimal solution is equivalent to a Levenberg—
Marquardt step p with shift parameter 2, where p is the Lagrange multi-
plier for the constraint.

b) Consider the following nonlinear problem:

22 3
minimize f(x) =2} (ﬁ St —) + (wy — 1)%
zeR™

Start at z° = (1,0)T and perform one iteration with the Levenberg—Marquardt
method.

c) There are algorithms for approximately solving trust region problems. Some
of them are based on using the “Cauchy step”. The Cauchy step is the
solution to the trust region problem above, with the additional restriction
that p € span{V f(x)} (that is, that p = aV f(x) for some a € R). Assume
that the Hessian V2 f(x) is positive definite. Compute the Cauchy step.
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Question 6
(modelling)

In this problem, your task is to model the steel production strategy for a fictive
company as a linear program. The problem is a simplified version of an old
project assignment.

To produce steel, coal and iron ore are needed. Both these raw materials are
taken from mines. There is one coal mine and three geographically separated
ore mines available. There are two mills where steel is produced using the raw
materials. At the mills the steel is formed into two types of products, plates and
pipes. These products are then sold to the market.

The cost of mining coal is $g/ton and the transport cost from the mine to each
of the mills is $r;/ton, j = 1,2. There is no limitation on the amount of coal
that can be mined. The cost of mining iron ore is $h/ton, the same for all mines.
The tranport costs from mine ¢ to mill j is $¢;;/ton, i = 1,2,3;j = 1,2. The
maximum amount of iron ore that can be mined from mine i is ¢p; tonnes.

To produce one ton of steel, a tonnes of coal, b tonnes of iron ore and ¢ kWh
of energy are needed. The cost of the energy is $p/kWh and other process costs
are $¢/ton of produced steel. One ton of steel can then be used to produce e;
plates or e; pipes. The customers pick up the plates and pipes at the mills, and
the prices are $s;/plate and $ss/pipe respectively. An estimation has been done
that in total, one will not be able to sell more than d; plates and ds pipes.

You can handle all amounts as being continuous. Formulate the problem of
maximizing the profit as a linear program. Define your variables carefully and
explain your constraints. If you use indices for your constraints, indicate for
which values they are used.
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Question 7

(linear programming duality and optimality)

Let c € R", b € R™, and A € R™*", and consider the canonical LP problem

minimize 2z = cT:L',

subject to Ax > b,
x> 0"

We denote the problem by (P).

a)

b)

Formulate explicitly the Lagrangian dual problem corresponding to the La-
grangian relaxation of all constraints of (P). (That is, the dimension of the
Lagrangian dual problem is m + n.) Establish that this Lagrangian dual
problem is equivalent to the canonical LP dual (D) of (P).

In the context of Lagrangian duality in nonlinear programming, the stan-
dard formulation of the primal problem is that to find

fr= inﬁrilum f(x), (1)

subject to g;(x) <0, 1=1,....,¢,
x e X,

where f: R” - Rand ¢g; : R* - R (i = 1,2,...,¢) are given functions,
and X C R™.

Identify the LP problem (P) as a special case of the general problem (1).
State the global optimality conditions for the problem (1) and establish that
when applied to the problem (P) they are equivalent to the primal-dual
optimality conditions for the primal-dual pair (P), (D) of LP problems.

Good luck!
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Question 1

(LP duality)

a) The dual version of the problem is given by:

maximize w = 3y; +4ys,

subject to Y1 —2y2 <2,
2yp +y2 <1,

3Y1 <a,

—y1 +3y2 <0,

3y1 —2y2 <1,

Y1, y2 =0.

With a = 1, sketching the feasible set (see Figure 1) shows that y* =
(3,3)" with w* = 2. From the graph it is easy to se that the constraints
corresponding to x;,xs and x5 are not active, hence 27 = 25 = 27 = 0

must hold. Both dual variables are stricly positive in the optimum point,

and therefore both primal constraints must hold with equality. For this

to happen, we must have z3 = 1 and 2 = 2. This gives (as expected)

13 9 3
¢ = n = w*.
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Figure 1: The dual feasible set.

b) Changing o means moving the vertical constraint horizontally. We see that
if a < 0 the dual feasible set is empty and x* can no longer be optimal
due to strong duality. If we choose o > % the vertical constraint becomes
inactive and 23 can no longer stay positive due to complementarity. For
a € [0, %] the dual basis remain optimal and so does x*.
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Question 2
(sufficiency of the KKT conditions under convexity)

See Theorem 5.45.

Question 3
(Farkas Lemma)

Show that {x € R" | Az > 0™,b'y < 0} is inconsistent by showing that
{ycR™| ATy = 0",y > 0™} has a solution y = (1, 1)7.

Question 4
(the Frank—Wolfe algorithm)

Starting at <o = (1,2)7, the algorithm proceeds as follows: f(xg) = 41; V f(xg) =
(40,2)T; y, = (0,0)T; the lower bound z(y,) = f(x) + Vf(xo) T (yy — xo) = —3;
Po=Yo— o = —(1,2); f(zo + apy) = 10(2 — )? + (1 — 2a)?, which yields
minimum « = 1 over the interval a € [0, 1]; &, = (0,0)T; f(z,) = 11; Vf(x;) =
(20, —2)T; y, = (0,2)T; the lower bound is z(y,) = f(x1)+V f(z1) (y,—x1) = T7;
p; = (0,2)T; f(z1 + ap;) = 10 + (2 — 1)2, which yields minimum in o = 0.5;
xy = (0,1)7T; f(zsy) = 10; Vf(zs) = (20,0)T; y, = (0,0)T (for example). The
lower and upper bounds are equal, hence x5 = (0,1)T = x*, with optimal value
£ =10.
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Question 5

(the Levenberg—Marquardt modification of Newton's method)

(1p) a) The Slater CQ holds, so the optimum must be a KKT point. Use the KKT
conditions to get

Vif(@)p+ V() + 2up = (V*f(x) + 2uI")p + V f(x) = 0",
p(lpl* —0) =0,
w0,
(1p)  b) The Hessian at x° is
—4 0
2 000V _
which requires a shift ¢ > 4, otherwise the step p is not a descent direction.

(1p) c) Set p=—aV f(x), and compute the optimal value of a:

minimize ¢(a) = %QQVf(:E)VQf(CE)Vf(fB) +al|Vf(z)|?
subject to a < %

Which gives

a = minimum {

Vo IV f(=)]I* }
IVf(@)]|” VI(®)'V2f (@) V()]
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Question 6
(modelling)
Introduce the variables:

Amount of coal in tonnes to be transp to mill j, 7 =1,2

y;; Amount of ore in tonnes to be transp from mine ¢ to mill j, i =1,2,3;7 = 1,2
u;  Amount of energy in kWh used in mill j, j = 1,2

v;  Produced amount of steel in mill j, j = 1,2

w;r,  Number of produced units of product & in mill j, j =1,2;k =1,2

(where k = 1 represents plates and k = 2 represents pipes)

With the notation in the problem formulation, the objective is

min Y (g+7r)z+ DY (Wt + D pui+ Y qui— > skwjk
i g J J k

J J J

and the constraints are

Zyz] S CpPi, 1= 172737 <1>
J
J
u<H =12, (3)
a
u< Y j=12 (4)
< j=12, (5)
C
UJZ 2%7 j:1727 (6>
ke Gk
Ly Yig, Ui, Vj, Wik Z 07 Vi7j7 k? (7)

where (1) is the capacity constraint in the ore mines, (2) is the limitation of the
market demand, (3)—(5) are the process constrint telling how much raw material
that at least is needed, (6) the balance constraint in the production of prod-
uct using the steel and finally (7) the logical non-negativity constraints on all
variables.
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Question 7

(linear programming duality and optimality)

a)

b)

Let the Lagrange multipliers be denoted by p € R and o € R}, respec-
tively.

Setting the partial derivative of the Lagrangian L(z, u, o) := cTz+p*(b—
Azx)—o"x to zero yields that & = ¢— AT g must hold. (This can be used to
eliminate o altogether.) Inserting this into the Lagrangian function yields
that the optimal value of the Lagrangian when minimized over * € R” is
b . According to the construction of the Lagrangian dual problem, b
should then be maximized over the constraints that the dual variables are
non-negative; here, we obtain that p > 0™, and from o > 0" we further
obtain that AT < ¢ must hold. The Lagrangian dual problem hence is
equivalent to the canonical LP dual:

maximize — w = b’ pu, (D)
subject to ATp <e,
pn > 0"

We identify X = R" ¢ =m + n, and the vector

g(z) = <b _ Aw) :

!

The optimality conditions of (1) include both multiplier vectors g and o,
but o is eliminated here as well. Primal feasibility corresponds to the
requirements that Axz > band & > 0" hold, while dual feasibility was above
shown to be equivalent to the requirements that ATy < ¢ and g > 0™ hold.
Finally, complementarity yields that (b — Ax) = 0 hold, as well as the
condition that aTa = 0 holds; the latter reduces (thanks to the possibility
to eliminate o) to T(A"u — ¢) = 0, the familiar one. We are done.




