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Answec: No' INPS Eq[b\‘.\m.\@(ﬂ‘,



T\‘lecre.u-& .

E vector Spacc with  fiaite diwens) oo (c\'-u-xE’wm)

= Al| ﬁorwa on £ are equEVm\en'lf.
(gclru,q\\b &> but need Forn's \ewwea * ’?f\ou‘;)

Weesl 1
Assume +hat  © = dit B (o positive \M%U) anc
let %, %z, ....%n be a basis Loc E,
For every xek

X= o 0%, + .. .+ x 0%, where  a,x), .., axa0) unrq_ug
Set
.“x“*:\dn("')|+. o v \Ozn(”‘}] y XGE,

C\_a_.li_.;_-.\\x\* defires 6 mocmm on E (4o Prave Fhris,
Swply hede norw condibons 143 as wsual ).
Fix an a.r\:l-’fmr& meeax Y sen E.
Uaiw: WU, ace cquivelent.
Note: Lo xeE
Nl =N\ olGa %, + ...+ oald%, < VAN X 4 v Ja G W nll 2
SN evael PR ERC \o&.—.bﬂD)

L_:\,Z, = S
=y

Seb 3= wmon

Then  Ix\ = 2lxl,, VxeE.
Tltma.'ms Yo ?rave. +hece ex'srsS & >0 such thaet
aMxlly < ), VxoE



(Fdowing, net vart of  prout)
cled E Le o Vector Spoce WM hnorun WL and
(Vn\::‘ a  sequence in E. We Sy thadt (Vﬂ\::
Converges in (E N-1) i€
Avel * Wa=vll —2> 0
Netakior: v, —>Vv in  (EW-1)
Note: & W, N, are equivalent, +hen
Ve =V dn (E00) <=> V, =V in (EN-1,).
(Back = proof):

T

o We GL('SLé. \93 Con-\-(och‘cﬁoﬁ,.
* Assuwre  Ythere s noe X >0 sucdh Phatr  xllwW, € 1<l Wxe

* Foe k=12 ... Yhee are Yy eE  such that

\

I > hy v (%%)
° L&.)c. \f\av:.

A () () (SA i
3\;: By WKy o TG X O e M un\q_ue
Sc_.q,\ﬂ.arsu, L_ = \,Z, Ce
(% %) :

Elyl < Tof™) L« V)



We have
k\\%}_“ 4\ ' \C= ‘1‘2,...
whidh wples that  y — © o (BN,

o &:" v — oo
then  seb %"“ =R A
Ny, - 0= M- 2w, « v )%l <
2 Yo - 1wl & le®. o xd
—>0 \-(ao i o \ “____:i“\\j&- T::,o

.“%“ = aen-a < DR-50 + B

— 0 —>0
v —>ca L=

B
YR YEN. | .. #3EY =]

and P contradicts the Lot +hat

X~ s Ry S ok basis!

N % e



x)

(™1™ ., ™) eel2,
w\flcft
75 [PUR [PV IR

(x):

1«1 <1, bEely, ...

% gﬁ\m“o'mclem‘l'mss Meoceun there exishs
Convc,rgexﬁ Su‘a&:qrucnce_ (o&ff)h o (wf,"‘):;

k=1
_ \ (0
Se,* xl = k__;‘:o d'}l
Congider
(€3] () ()
(d\,t r Ry ,...,0(\'\,. ) k::l,QJ*--

wﬁ» \‘\auc —l'\’ld_:\'
\O‘n(.:dl < ¢ \L"-"l,{).,...

. : (%) '
&;\' oA, = k\‘_::o 0(1_1 4 C+C.

2

|

(4.9



qzr&\gs't\“g 3 ('—‘OTQ\O\SS QQ \’Loru—n-c.r.l '5.?0.(..6:3‘, m
'-Bo_na.c\"- 5‘?&&:;’.5 )

A nocuw 6{“2(‘&.‘\'{35 o distance Luschon
(\Mci‘r.‘d

c\(x,b\ g~ | BF fb\\ , x,se E.

Exmuele.: : . —
R A I x\lz =V ghﬁ;\ i ““",3“1 - Buclidlian  dishance.

Clras1) deg)=Ne-al - X \$Ga - (=)

let xeB and o, Delfae
R(x%, ) ={\56E:\1x- 6\\ < '."‘.S (.C\Pen \aa.\\)

BOG) - { ye B bxenla vl (elsedtma))
Definkion :
A subset A<E ((E,\\-\ﬂ) s cealled open V anw
Point x oFf A s naer, i.e.
dc>o: Blx,MNeh o @
A subset AcE s called @Vesed’ f B\a s open.

e
(5]

wuapleient

—

*Open balls are Open sets.
e Closed balls are desed Sets.

o Ced) BRI~ Ut 1Fe),
. la¥ B ba Rual.
{ge (D : § < 80, Vxelold cpen sed in (i)

{%é (@) : £ i.s(xl Vxe["-ﬂg closed <t in C(t%\‘s‘)



Propeches (Open sets)

s an union ol? oPen sefe s an ¢ pen se.\',
° Fln:) Cate ntesechon of open weh s open.
. é a.nd E are l:--\-\\ O?Ch O-m:! c.lasco‘

t_O?O\t'&m\ Spaces sq;hs?b Yhese condihions = nocuwed Spaces Qe
"'b?a\os.cd SPa.t.csw

h Le¥ (‘E,'ll-!l) \;e. o Nocuwed s‘mcc, and et

Xn be a Scquence i B (Oe bo.b Ahat %X, Converye>
o xeE f

‘Yn'xu-—*—‘O, N =9 OB

Q’QC_E s closed ££ any C.onvcf'sev\‘\‘ Sequence

in A has o Vuwid e A, s.e.

Assuue O 15 closed and x. — X, x.€A, bt x&A.

1P & s dosed, then Ev s open, and hence
Ar»0 £ Blx, ) c BE\a

Hencg_ ix. -x|| > ! YV - COr\{‘l‘h.Ll:c.'“or\!

B Xe > X => xeA £ A closed.

B Assaune Hhat Lo any  Converaent Xa€A: X, — X We have
Assuwe A s not (osed, then EV is pot spen, we A,
T‘\Qﬂ:.‘Q.,f't_ BK‘ E\ﬂ b._)\mc.\‘ S nNod imner

= VB(“‘--‘-\‘) Contains Pownts outside E\ﬂf ‘.,
dxne BY), x.enA.

We 30-* 6. quence Xn €A Wxa=XW ¢ %  and hence
W, Sl O Cﬂ“’*f‘ndckon_ 2}



A<k

OP Q s dhe u.«m.w.q_\ c.\csse:gl "i:,x.x\:-ht..’f

2 C_‘l R - _‘_\‘e Se+ QQ Cl-“ \,wu.;* ’?U‘\n‘\"b Op ﬂ -
{xeﬁ Txnah: Xy = %3
Peoof  kf} s exercise.

Delinthion gensey ~ E F aA-E
<=> VxﬁE Ve ro 33&F\ \Ix Wl <€

EXaw\E\t.‘;.
1) Q <R, Q is dense in M.
2) The Weiecstrons  thearemn sans Yhat the set of
‘Po\hmu«icxls are  dense  \n (C([e\\'ﬂ,“-“u)-
V§e C(E».\l)‘ Ve>o EIP ool - e [f - p< €
Exawmple: (e ni)

o™ 1Bl S P g —0c

‘o= =a

, 1x g = sup X,
(Co,“'un) IS & hocued S?acz:.

Ce *i X = (%, %, ;)0 flé\.:‘““g e C
. %0
Shatewent: ke dense (o Co.

IS N

'Pmop: V\_ceCo,VE':o wst gincl ‘Q&CF_ dSuch '\"M-'\' 1152‘“!5“‘-2.

Xel => e Weoprag I Yero dg \X <€ VX,
Lg+ Nows "_.'5_ = (_““ 5‘;_,
Then WX -9l =V (o0, ... 0, 8%, %ears .. Wt = Sup x| <€,
L?

PR (E00) s colle) cEpmmEE f contaies
Courtdable dense Subset.

.’\(\“0,0,...) EC_F

E_M ('\,Il) g Sc?a.rn\.lc_ (%) @ \s Cpuf\“’b“c O.Y\A
dense  n B (R14) sepandle as @



sy i~ (E01)

—_—

WheaEp A subser AcCE s @8

Sack -y Gy Sequence
Xa€A has a %KLLSC“_QMCL Cnnucr&gn* o elewent wen,

M" B bounded ond cloved subiet W R (™) s compac:

a '-::e.q'_umc_e, Xa Q‘C [eN \oounrle:l 'Sc-* i baua&cs\. Towa
Ou'\a\bs?s one knows +hat it hay a 5u\-:>¢4u.e.ncc. +hat

s C_Onveraent 1€ o subret is dosed, then the Kuwit peinte
s in e set.

i IF S is cﬂm-‘,ma i (E,l\-u\, Yhen S s derad
and  bounded.
(5 \>ou.nr.‘¢c\ Uleans -\'hcd 5 C-B(O,?.\ ‘pur Do € Q "0\.

! L-C"' S c<E b& Cbm?&(.."‘. ﬂ%su..t.u.c "'Lq.“ b QN no“‘
\:ouhde(,\. Y hen -Cuf C\-I"\ia N >0 tMere exish 'Poiﬂ“‘x in S

which o outside Blon), d.e.
Bx,eS 5 I Aen,

T"‘Cﬁ W Coon ho+ Vave o conyer crd' 5u\:,-s=q‘_u¢ncr_ Since

if Xa — X, then nktlxnklh\\x.%—x-«rxl < 1 xa %l Uxli— it
Hence S wust be \:)ou.hdec‘--

S wust Lbe doscc[, \pg_ca.u.se 5 \:.\,,_gwc, then a.n5

S
w\obcq,um —2X. “TFrowr dfindien of Cguk?o.d'ness. and
u.nlq_u;ne.ss of  Phae iy we have  xeX. Z)

o In Se,ncru.,\’ D bounded and cloged 74 S % Zowpasth
El"“";__!'_l'-'- E - C([O-‘“, S'{SGC(E-.\]) Nl s]’S"" Ct:"i.:“i\k;;fd,
Take ()= 4", %, e$
Xn do«r-s net have o ‘b*da%:q,u.cmc: Cohuc.r:jg“-\ 2 o cont Kt
18 %o =X in YA, $hen

Vi elen] |x..(¥)-x(4)l $ r‘.f:-l \x,\(—ﬂ- x®| —> o



Le’m.mau (?.ie.sals \e\.u.u-ua.\

C.lobtr..l 5ubb?uc¢. csp a r\oru.».zd

12 4 ‘is (¢ f‘h?cr‘
space (E W), then
Vee (o) _—-jx ek, Ux=\: Ixg-xN>¢%, Vxe X.

’Prn,o-c’; Lc,‘\' = & E\X (\?( ?m?er = E\X ¥* ¢ )
Set d:i= infPl2- wll, xeX,
coint and hence

As X is Clobec.\ J>O (o¥\x¢rw se 2 1> Yhe Liwid T
in X (c.un'i'rq_dudna))

Fix €elo,).
= T U TP
L.C:\' KF. = £

W2 - W -
We  have  lx =) onc
e NE, “ ﬁ\ xWh=z-x N -2+ X, “

N -l =) x -

W2 - %\ V2 =%\
“W\—E“ z rij T
T
(0w
diw E<on ¢=> any Cowpact set ACE i3 closed and bounded.

: @l’ \-¢ c,lnu..kE*OO = A > c.ou-s?o.c-* W a i \bnll'lﬂckb\

omd desed. (Lelt as @.v.erozse)
\ﬁl Ehoug\,\ e ‘?nwc ‘Cu“(bub'lﬂb’
(B B =omdhen Mo ind Ball §e {er Wxl < (} .‘:out;td.
ket x.€S, consider ¥X- g’Pﬂ-n[“ } e Prper dosed m‘bs?uu of B
Hence, by Riesz's lewsma Ty, pwgii=l = Nxg-x,0 g
Consider Span {‘ﬁi R Proper closed subspace of E,
% Risa's lewawia E\x e, wx, =) ll‘*-;' X .\ 2'91
Confinuing in 4he Sawme Ffashien we qev X, Wxall=): A¥a- Yol
Cl&xr\b, Xn€d hos no convecgen®t Subseq uence. R o M,
Hence, & s net  cowpact =




Canehnmseguencey i~ (€, )
DElENE Xx.<E s Ca.“c.lq i e
Ve>o AN ! IXa-x 0 <€, nuw = N.
Brawple: (Ce VL), Ixba=sup a0 x= (e, )
5“'(‘»’1“,!‘,---,%,0,0,...)

!r\ i:} CO.L&C.L\D as “"_‘n"Emu_ zﬂ(o,t, — u"tl:'l ..l.o o 1“.

l La i A=

wa &\

Observe +hat % 'S Cowuc.ratn*’ n (C,,“'“-), \Du-)"
not in (g

1X

R W ey

—'-' A C_or\\rc.(‘ém‘{' Seclu.cnc,(, [RY G.L.\)a:)b Co.uf-\‘:j
k?t‘oo'c \:Q“’ 0> Cxe_rclsc)

;: A hO(ch \}Lc.‘\’of 6?@0: 'S called *

1F &“5 Cauc\-«é '&cc{,ucncc_ o B s QonUcrstn+ n B

Da

Egamglc: CF \S VL¢+ . C.O\u?\t.“‘c.

Defadsw: A C-O\M?lch:, o ruted space 1y caled Rocumael
Space |
Exauples: (1), [(€\1) - Banach spaces.
(13 0140,) - nocued  space
L% - E(“--“.»_,...): ;lx;\"(oei

C\‘\C(k 1? (’.Q/“'“ls) ‘|,:, Co\u.rle_,"‘c (ﬂ.u.A LICYPCI:
78 r%ano.r,\n 5?::.::)_



Lg\— X = (x?'x_:" o ) \QQ_ o Couuc\ns ﬁec}uenu:. n &

Musk Shew et & has & Lad 3 L.

B\F—CES: 1) Find & candidete —Q.Jr Lkwd o
2) Show that aef?

D} Nx.~-all —»0 a3 W —roae

%1: X, = (%, %, ...)

KI.:(XTIK:,...)

En.: (’éf\" x;.“l'- ") ) " A *t ) L
T ani © i sepuence, (] (1 e e ek )

Each Sequence ie Cou , o5

o=

n wy “ K '
\Xk- Xk \ < (g\xk_xt\q.) ‘ — “b_(r\_' Eu-.“f_‘:.e : \dﬁ,u—k 3N.
As (1) Cowplere, X0} Lo o lwid o e €.
Condidate For Wiy of X, s

Q = (o";at,---;an)
5&:}3 2: Wede a= Xn - (%,-a)

el?

In ocder o show tuat aedl’, it enouﬂ\« o see that
¥ -0 el For some n. :

Xn Caudy => VE>o AN Vnu 2N Ixa- %N, < €
Consder e sowme M>0 . :

XM s e el s < €8
led v — s, |

We ae¥ “ "
Z_\X:‘— a‘.lz s €

iy Tadls B any MeN, hence
Z\xf“—a;\"sia = ‘_(.,"C_}.G..LZ

Clﬂd Worc.over \\‘fn -all —» o

-t @



Arathec exomple : (ClTawd), -ll.) s a Banach

Space.

N 5 l,z' e
Rewrack: E- (@s1) , New,- (Smmm) o T T Sh

o conbinuouy

One can P rve Prat i
(C(E\ \:ﬂ \“ ) 1S nst o (P:aa.hu_c\m $?Q.C-=.
Exzr“c_xbc Y_‘-’k 1::1 T_ﬂ 1] 1
B W
Rhow that £ s Cauchy / :
in (c(t..n\\uw} Xk T

fo 7 LeC(reny)

: The Seanes an e B A%

o Vi=

ip {ixn} > — ,H“__ Secl_l-kmc-'-'- o-p "Far*-io.\ dJuwrs s

C-O“Vct:ﬁe_n"' n  E. =
IF Zuxu<m, thea we say ot '_>:~,<

n=)

_ A norured Space e is C_o-.u.?kd'c \Qg-\ every
abaulw’rc,\b c_onvcr&cnk‘ Serie> Convemes n B
By B Suppose B s complebe and  HMxellcoo,
Let \ = g ef. -

VS, =S =) 3 0 < 2o Inl & Z\lxnu——-—-,o

M N n=flel LA SR LS NET

Hencc, 'Sn 'S Cauc}\n. as E o c_m...r‘f_:\c., S., \')d.s o
1im.+ T E’ q.e .
2o Converaes oo B

_ _ '.'; -
Tl 1Ty R v B
B et L 1 (PRI



r“ Q'ssuuu.c. -\"'1&'\' Q\mrﬁ a..'b&o\w\'cls C,on\!t(atﬂ‘*'
Secies s oanve.r&e.n* in B Must sec dhat E s cousplete.
Ld' ixn.(} 19'-'- C—’J-“l-\’ﬂa Must Tove ik,,ﬁ has Liwd in E.

\ \

Ve Tn 0 xn =%l < 70 Ynwozng

Can ASBAULe. {n.‘l N 'mcr'\msins Sequence.

LWe' e &
it
X—n\_‘ (,xh:— xr\t_‘\ + (X"t_‘— X“k-z\ 4 P . - (ynl— Yﬂ° ) P
- ,;; (X"A - xf\,__,)
o - % uiz—-lr <o > 7%, % ) obwolude
L= s Lot Le=. L=y . ' CD“UGI&H

(B& &t&um‘fr{on
Zf(xn*-‘xﬁ_‘) TS @ C'_onvc.ram-l' Vv E

Muwuu@wmxmm-

Cu’\(}t '\'\’L\Ls 'H'u-_ Sequence \‘nti Con Vcrag_'&, "‘n Gn e\cu.ucn“
x ek, C.onseq_uen‘\*\\s

W=l € K= | +lix, -x} — ©

be cause Xa id C-‘w-r.\ma. 7



c__rﬁsﬁsn'mg H
Mappinas betueen wocwed spaces

« (&10), (B, I'N)  noruwed spaces
s T:E,—» E; (nat V‘le.czssuc'\ls linear) is called FoRRAESY
agaEasy
X, —* X, in (8 00) = T(x)—> T(X) a (€,,0-1) .
I+ is cdled [EERRWEBEY T Y s conbuuowe at xeE,
‘We zay T:E,—E, ;> GEEW F YREE,
T %)= NT0) + 2T, VM eF, Vx, x.<E,.
° T:E —> E_ linear is caled Y °
3H>0: NTLON, <MIXI, |, VxeE,
* 18 T s bounded linear E —= E,, defire
T =0T L =@ M0 NT0I, s MU, Vxe B
hewuwo
ThE e -‘1‘;;(—':5 - et ITeON,

<%® = |

Pespssiieny Assuwme. T:€ —E, linear

Then these BB are :q_uEValtn+:
1) T conbinucus ot O <€E,
2) T conbinuess af X% . 6E, fur Sowme X%, eE
3) T continuous at x.eE,, Vx,
H)T is  bounded

Tjﬂi?: (10-*: q)

Assuwe T is continuous at O€eE  de.

Xy = © 0 (1) = Tha) —> T(0) £ O,

by Ehmr{fj



'P«-ouS‘- T s \;gun‘;\t_df e
3M>0 : ITeN, € Mpxl, , YxeE. ()
Assu ule (x) c\(bc'.::; not ‘1 ) \c\ . T Y‘-=L2J st

Dxa et WTe, > nllxgl,,

Set e
Zne pixal " 2 N=\2,
~ (nete dhat WX >0, oV n).
2\, = || Ao ||, - oy, b = e @
But

I, = lawsms TO, = Zpey ITE, 1, Vo

%ol
Hence

T('E“) 7L> O a (E,_J “'“1). CO(\‘\‘(‘Q({;C‘HOI’\..
=]

Assuwe | bounded. “For sowe ™M>0
ETeN, sMix\, , VxeE,.

To shew: T conknuous ot ©eE, ic.

Xqp —> 0 in (8 N1) = T —> T(O)= O in (5 \4).
Fow | T, £ M%), —> O, -

S0 TH) — ©  in (Eq, 0N,

Exawple: -E,-E, = (({=1)> £
TN =N, wio - norwes

QLU = Uéfi::tlp(x\}

1=

T($)x) = Sm‘m(‘x,&\-ﬂ&\ c\b ; QGC('EQ.\‘Q . xelo

S.-\LLQ-“—"-_". 1) T(;)GC([O,G) ;}*-‘(" 'peC(t.'o'--.h .
2) T leeac
) T bouwnded
Y) Ca.\(.w\a}c. NTh



1) Fix  FeCllal) ackiteacy . Fix  xelo.
Dhow TH) 3 continuous ot X
Consider o Sequence (x“\:‘ in [l swk  Yhat
X, —> %X in (R\Y
To show: TO(xa) — TEGA e (uzn)

TR - T = {assume %a ¢ %Y -| ; m(u,:l)f{,)éa Sm(n@f@;ﬁ

=%,

] S(\u\m(\cnb\ win (% 0\)%\&3] *| Slum(xn @Rgasl <
< SJLM.W\ " \ - ¥ £l \Mtn( )\C(\\
(‘&5 tain ( 5\!\ Q\d 1_ ) | Fll dy

l\'- % <IN < | ?ﬁ-r
: 5 ~ 2
£ Xa- %1€l Os ... lx.~xl{rl
n
‘ I§ x.>x We aet o
o1 — - Wiin () swilar  Calculation.
" 4 | |
| L win (x mb\ Condusion: .
T T(H)x) — TEWO ia (R4

2) T Gacar _
Fix £ el@i)  and N, )\ scaacs.
TN NEG) = Smm(\ca\(XE SR dy =
. ] \F(ts\*)\ (U‘Q
- % Kmm(\g@ £Qdy * Stum(_xb\'e (dy = NTEI)+ \TR06)

¥ elanl,
8T bounded T
F\‘x 'F'G C(E‘-"h‘. For xe'f_c,ij i Cuvﬂm&@u:\g:on
L T0 Equas ©°  =im

has CSnvhunt \ﬁl‘l

Chrgj :ta{:q Sa\l-\'m(%%sl TR %"‘Cb o
AT = W \TEM] < 1-yeu, V& e



) Caledare TN
Colcvlatre WAL b‘- ) eln )
: § alxy db -

L % A u.nn(u,a")

N g
Cose 1: |-x<x
ST‘*":‘,‘:&% -[-J:‘S“]‘- = 2 (1-%)
Case 2 X<l-%, e ‘5(.‘_‘;[
.jﬂw.\h(x'.b)é‘s , Y:{«) +Txd3 C bt w(1-2) = X - £x*
Qaiwes NN =wax((eg 3 0-x1, EFalx- 2x)- 2.

Note: BTN R TW LY
NTAM-UTH ) where 1(0=% , xelonl.

Eﬁ“_*&ls: E. "‘.C(T_O,l]) with  Wax-noru,
Ex=R woikh obsolute yvalue vocua .

T:€E,—>E, = .
TCe) - Yy - ) Slgdy , FeE,
lig, = oo
l-r(mnl [ Ry - §¥(3\%) ..;i 5‘}_,(%\*
<118y
chc.e. L bo\.mclcch ond 1TH<|

]

§ F(b\ < Sl%\\éy S\g‘(:g\c\b <
- Ab' Py R A T




T(5) - jk(sﬂ:tb\db where

% | ; 2 = £ (W)

—— l_F s DA
Vi \ =b ,.I ‘:"-b'i':_:L e

- e )
s RN

TR 21 (- oo g-&)=]-5, n=lg, ...
Note k(@gn%\ 0 Lo 3:.[0, B!
Fleace NTH2 1-L% L n=)2...
Conclusion: WTN =)
Heee IT(O1 < T NEN, VP eClTe)
=
T, Sounded linear Wtagpings (B 1-0) — (g, 11,), N\ scalac
Set o (T T)(x) =T,(x) + T(x), xeE,
¢ PN ST, xe€,.
S AT oy W4 Y g (e
AT, are bound © Wappings (G I1L) = (Eq, W),
%tE.El)J denctes the Vector Space of al bounded
linear U—ka-fp'mﬁ'; (e ) __,.(E\’“.\m_
3) UTU=inf{M>0 NTC, < Mi=, | VeeE}  defoer @
Necwn  on  DB(E,E).
Toleo D ITU=0 = 1T, = 0,VxeE, = TR = O<E, .
— T - 0e B(E,E,)
@ TeHE,6), ) scalar
NATH = in® {M>0: WODEN, < MIxl,, VxeE]} =

= E-__TI( =Y

= inf{M>0: DINTEN, < MU, VxeEY <



= {|¥ )\#03 -‘“¥{H>3‘ ‘T(n\“ ‘I__‘]‘K‘ V“‘E}
‘\1 !
« I\ m?iH *o “T(ﬂl“ = ﬁ“::-“u .V"'E-j.‘ 2

® T,T, e HE,E)

AT, 4T, 0 = af [M > HQT nt‘)(x)\\ s MU, NweE) ¢
c'li)ﬂ(x‘\

$ind [Man, so D IT000, « MY, WT0ON s M, Iixh, , xe® ]}
sUTH + UT M
Conclusion: ('b(E.,E,j, \\-ll‘._m\ s & Norwed Space.
Tes +his o Panach SPGC!.?.
- Yoy, i€ (B0 1,) 3 o Bancch space .
Proof: Assume ()., s o Cauchy Sequence in e g,)

iz

Wwhere (Et,"“,_] s o ‘Bnnu\\ spaces “Fix KekE,,

UT“(K)-TN(K“t = |\ ('T,-Tw_“u}“i < |l g - 'Tﬂ*uq‘_‘;s“ “'Ku‘ WT* &)
a0

(e (“-)):,, % o Co.uw.kb Sequence  ia ( E,, -0, , which s
a Banoadh 3space, and hence converaes In (Ea,0-0).
Cal  +the Vit T e E,, ¥xeE . Need o shew  tha

1) T:E, =€ is linear
LV)T:E = E is bouded
3) RauE w7, “W... WS> o

1) Obsecve
ha (\‘K.-v M %o ) > {T.., \in:e\.r% = X.Th( \\ L ¥ _E__(_‘:ﬂ
-’:»T(x\ T ()
N e
o (Eq M 1) = NTX) =2 T0x,)
— ~ _—

Tl Sd —> NT0) + M T(%e)



2) T bounded
“Fix €50. Then
ANNT Tl Lo < €, Sor wwm 3N
Do For xe e,

N, 00 - TGNy < BT, - T, L Il < el 5 b 3N
(%)

Lt wh —> oo
I T, - TGN, < €lxl, , n 2N
Qe
WT 6O, < 0T6) - T Gl + W T Gall, ¢ WX, + T Mg e, Y, =
= (€40l Lo Ml , VxeE,.
NI Tl e, =20 (By &)

(LUA'. focun  boundedrness 'Pr'm ci?h.)

°(E-,“'“.) i3 o Banack Space. "Thia is «a 3&0& theocewn !
o (E,.Jll-i\.d Vioruced Space. - PeYer
. Fe &(E.,Ea)

Assume e I TN, <0, ¥xeE,.

Bdup
- TeT “T“E.—'-E._<‘ s

r‘l&\.uo.r\r_t T\ﬂc. '\w«.?\{co.*ion <= % eu.sb *o ?mvr.,

'D\uu.uhr\.'- 1f C:E s a Q'm':\c_ 56-*, e '\-\tcum is

+r‘\V :Q_\.




Tead: Thwe ?ruuQ 15 done in hoo steps.
g‘ We Preve e theoreun under the adsumplion
' Fx,e€,, Ar>0, IM>0, VYxe B(x,.0). YT TF:ATEI 4.
Fixw  on a.rLH-ra.ra TeF. “Yoo KtE wikh vl g7 e have
NTOMN, = N T(x e - N, =NT (x,a%) - T, 3
S HT(x, oM, + ATGON 5 1M,

h.)l-\u‘c_ we used the \inc_o.r'&m of T Hcﬂc&, Qur x % O b
fFolowy Mnak

Moz (G0, - g N Teol,
Wwhere e linmr’.‘\-b of T s u.sq—_&. Thuws
NTe, « By, |, vxeE,.

L‘J’- C-°ﬂc\u.c.lt- 4'\\»*'

SU .
o 2 R

Yte 'Rchln\ o T reve et the CLS.SLU-M?%M D s
teue, We a.réut. Bﬂ Controdichon. %o asSauic 'HW-‘\‘ the
ﬁf—&&"n‘on o®  Phe  stuteuwrent. (x) iz truc. Hence

(xx)  Vx,eE, Vrro, VM20 dxeBlx,,r), ITeF : WTCAN, > M.

This  shdewent s eq‘ulvq,\en‘\’ o
(xxx) Nx €€ Vrro, YMso, Ixe Blx, ), ITeT - | TN, >N

Snce

Bl e)e B, ) e '-g(x,,qj R . e, 2oy S

The idea iy ® @od o Caucky sequence ()L, in B (whick
Converaes simce B s a Banwd spoace) and o sequence (T.))
o T sk dhad Tox)on &Kf n=2,% ... oamd olso

T, X)>rn Lor the Lwdr x. This ‘SQ_\A:, o ConYradtchon
Yo +the \rla?u-ﬁ\csl_s of 'H‘t- Iheorewa.



Feoue Drued 44 [sen Mk Pea adds o
X, € g(_®;1) Cu\cl T. L T %\A.r..\'t Jt'\'\a.*' “T‘(%'}“L > \ %:'ﬂ Ce

T, s bounded I'renr and hence conbnuous  there exishs

O 4 ¢ & ‘—.l such P T GON > Lor ol xeB(,r) and
E(kwrt‘ < R(‘M,q‘)-

Ta Yhe Sawe wu% it Collows Qraw\ (.KKK) that  there
exists & ¥, e Bx,q) and T, such thaet NN >2 Mor-
TN, SRR T').. 'y bYounded \linear it Lollows ¥hut dhere
exists 02 o< () sudh beed AT000, »>2 B ol 4B
X6 R(x,, )  awd Blx,, )< B(x,r). Proceed ‘\nJuL‘r-'“)&-
We obtain o Sequetce (x,,')':m in B, and a Sequence
(T"‘\:m - F ond (rﬂ\:n ‘n (0.00) Swh P& Goc n=\2 ...

o NTxlp>n for ol xeRx,, v
- E(x“rrn)c %(\(n--, T‘,,_.\
¢ O = w (%)h

L\)C— conclude -H-u.:\ (}(“)::. S o CML\A Scc%'u.e.ncc. in E

i
since for VU uA

Exn=%ul, ¢ rna < (—%)M_____, o

Nus —5oa ==

Strce (E,I0) is o Bacach space  Yhe sequence (<)
C..OﬂUf-{'ae.g,_ Ca-u '\’Ll& ‘.{\M--'-'\' K HErC- we %(.““ﬂ.rn‘) C’B(“'n-‘; ("“_‘\
£ie al n oamd Nence

L]

TGN »>n-y, n=§2,5
and  so

ST WTCA 2 3P (T, =oe

TH.&. s o C_on‘\‘ro.ol:c‘\{on v He \ﬂ-bPoH«:s:s anch

+he &SSLW.L’F'FQQ K\uvx.) s Lo Se. E



T\“' ‘?bw“n-c\\- &g‘.n\ﬂoﬂ.\s theareur (PO | L\'. u.sn.-_l

Several -\:\mf-s in Yhe Counc Here We \.S"’“ﬁ \‘);“' -
C.bc‘o(\c-.r% 4 the VYheaceua.

L—Q—"" E‘ b!. O (E)QJ\M..L\ 3?&!..: u‘.'.l.na.l E"L O how ".‘n‘?&.d!. ‘
Morcover let (‘Tn\:! be o sequence in YNE, E)) Such Fha¥
Tx) = B T (W) exish Ke all xeE,.

T e B(e,,E,).

Thex

To  skerch Ihe '?roc.?' rnore Yhat T iaherids the ’?ru?cr-} of
k:c.'.ns “nf_c_u‘ '?-row\_ Ihed Kr AV Th. [tacew mh.‘,‘. (T“[,L%:“

Coﬂvcr'sc.a. in By S ol XeE, it i3 a bounded sequenca fur
all! % and hence \DQ the MRoarmadch - Mtenhans Yhesraum we
have 4hat Su'P“lThﬂgc- T s '\u.qli':_h Mmed T iy a bounded
h near u.Lw?'PinS <ince fur xe E,|

ITeoll = || e Thoal = W WT.0al ¢ SUP T il



T:r\-_\asn;ns 5

E&“_A? : Consider

?(ﬂ *Sg:uin(t;s\glts\ Ab = 3(\:\ " Ka‘_o,t—] (K\

Where q € C(Te.1).

C\*:M'-T\ncr: existy  a u.niﬁ_ue. selubon QEC(CO.F])
To (x).

Tdeo- -
£00) = 400) = 5 funin Cog) Flghdy
Set TR0 = RHS 6, xelon]. To find o solubon +o

W the soume as  Linding Le C(Tor1) such dhat
_ !;: - F( )i
Cl“‘"‘s T:C[=0) » (tc.,\—?. £

(Con'h'nu. ed later)

Banoch’s fived paint Yheocew:

.(El‘-l‘) fBG-ﬂOcL S?q.cc

e T:& -2 E (no assuumphon ogw laeacty) s o  Contrackion on
E, i‘e. Yhece exists C<i suwchw Huat
BTy - TN ¢ CW\x-%0, VxXeE.

Then Yhere exishs a Umigue XeE . % =T(x), (? s a
fixed -peint).

Uh;%g._gncsﬁs_:'
Assume TIXx1=% and T(X)=X . Then

Lo S0 = AT TR ¢ ShR-RL
zo Py

Thus W%-Xl=0, l.e. X=X




?};a*mcn. !

Pick an cu-LHm,-B clewent ¥, &E.

%Q‘¥ x“?\ =T(x|\) ' n SO,\,?._, R

Cladu: (%) v @ Cauchy sequence in (B0

Note:
X, ox We N T0e) -Tx, oW A R=X%, K 5. 2
< X, - %0 , n=l2, ..
For no>wa
X=X = WX mx v X~ A X, %l
LI DSOS SN 0 SRRV TR (R S W B
e L wd™ o | DI X A f: % -xb T O

Hence (607, is o Coucvy sequence in (EWW). (E W) is e
BOJ"\&C.\A :’PCLCC__‘ So (K“\.:e. Conuc_rsgs in (_E,u‘l\\- Cﬂ.u +‘\t \;M;* X.

—

Cladws ¥ 35 & Buad point for T.
% - TN =1 %- %,

< I%-%_.N+cl\x, -x)\ —
i o n n e
i kﬁ_“':.o

Ay ~Tl ¢ DR (Nl X - T <
T(%a)

LY

Q&u&o.r\. K

Y -'—4';_(' n —»ee \I.hc,\e.?cr\(_&t\‘\*. ofF *-‘h; choice of . P
@ Fix »eE
WX -2\ =\T(x)-T¢) +T@- 2N NTR) - Tl + 11T -2l <

< Cllx-2) +T(2)-2l

Flence NIx-2l < \_‘c_ T -2




COA*‘.nuo&bn Qg QKMHP‘S-_‘
(Cltent) 1) wibve Wpue b lfel i a Banadh s?.“‘
T o"??lb Banachs ficed ?0.!\*‘ Iheorent, We TNeed % 4o be

a conterachon!

T £.0 eCtenl), Ko xa\_° 7
(T -F(e))x)| - |5 J i ey - 5 Jm-n(m359(3143|=
15 S in (o) (£,(4) - “b““:s\ 5 Sm(x.nx\. L(9-Rialdy 5
<5¢ u.m;paam 20 < Enp-p T
Hence VT8 —‘r(ctm 4 -;\\ L. -C\.

We conclude '\‘Lg‘\‘ -T' s o controchon with cC= ‘S/c (_-'Q.r umrk),
8:3 fg"-“‘lf.t\ls QKIA ?-‘.n'} ‘heorewm * \QCLS G uniqruc Q““Ol

Po;“+' ﬁ:r;‘b (x) heas (% un'.q'u.r_ sslution ¥ < C(]:‘-'-ﬂ)
C:l‘s ?.'.tﬂ'

'(‘;.Hl\ Ranoh Syace
OT : F —_> F L..Jkg_r:_ F s O c\nsmé St

in E.
“ N Positive "\ni‘car_r.
(“‘Muq_ TNBTaT-.__oT 'S 6
—_— e 0 Y
N Hues
Dea)l AT -T(RW s Clix-X}, Ve %eF

Cpn*rad;an an T e

r

T\\tn T \"las O LLr\i%_ug ‘c;ud ‘Po:n'i' ;(, ;-C.. ;5-‘-(\?) e-'ep_

=i\l “Fix X, € F ond consider (Kh):, where ¥, = T(x,),

Here (K...T:_. s o C_M\.\b ch_uencc_ o n a0 Ne
hence Cor\ue.rat.) in B slnce s 33 4 Bamech Space.
Cal 4he hwd X,
Note: Fax, X in € oand T is closed
- i"f’. The rest of }he &.rsumtn‘\ s Fhe Boumwe &S behe .



N)\’H rgb Previous result Loe know  Fhad 3
hos @ unigue Fixed Foint e F, de R 2TR)

Caiw: X iy a ficed peat e T

ITRY - U = T (1) - T = WTTR) - T N 41T R) - <lke
Tha awes WT(x)-RkN=0, de % =T

Existence of o fixed peint Foc T, dene

Uhia ueness: g&uw..c_ = V(&) and X = T(X)

Then
Xa T(X)= THR) = ... ="TV(R)

X=TER) =TYR) = ... « TR
rE)u—+ -TN \'la._-, O u._n{q_u.g_ -c:)ce_c\ "?Q'm"“-

=D X = X
*

R'—\M&FL :

@ EE (0.\] —p (0,\] L;Jl'u:rc_ T(x) = ‘1;'_ . C\carln T s o
ControackRan on (o1 but has we Ql\fed 'PO:“*-
N ete +hat (o, \j ‘s hnet a  closed inkecval.

® T:[o,ou)—-—p'[o'm) w\t:rc_ T(x) = ‘K"’_\i. Cle..o.f)% \‘_0,0*\ \s
oo ClOBeA <set In m bat T hoe ne ‘P'\‘KCA '\Do;f\"‘_

Uaiwa: T is net o contruckon, but close to ‘oc.‘m& a
Contrachon.

T -t < 1x=-%1 e % eften), %%
Note: \T(\c)—'\“(”x“\\aw\x—"i\ for Sowe T behuenn X and %,
(-4)<! for +eli,0)
Exawple: (€,1-1) Banach space
K cowmpady set in E
T K=K where WTG-TGIN<AX =% ¥ x,%€¥, x#x
Shew: T has a unigue Pixed Point in K.



U, “.tauc.ne:\s :
Assume XK=2TR) | X =T(R) and X = X ; X, xe¥X.
Then
IX-XU=UTR) -TE < UIx-%ll. Contradickon.

u‘. hﬂ.\’g :ZI: ;E.

E*;S&tme.!
To shew: ERE there existy xe¥ Such that X =TO0Y, (T

NTky\-x\=0.
Set d = .‘“c\\'l‘(x\—x\\

xek
Let (xn\-:_‘ ]DL O 52(:;-1.Lencg_ in ¥ sudh ot

ITN =% Il — d as n — e o
o Couspact ;l-u.“..u-.g\, et thece exists a Subsequence (qn\um
(xn)n., such  that (‘inf_' Convr_r&as in K.
Cal the lNuwd %, % ek,

We krow - _
Xn—2 X in XK

WT (% - %l —>4
Queshon: T(X,)>T(®) in ¥ 2

Dince UTGY -T2 Ux-X1 K al x. X €K  we have
Xa —> X in ¥ luwgplies T(X,) —>TUR) e k.
Hence WRROAUMEL W T () - 2N e— M T(R)- %M —d 0 —ee
Question: Is d=0? ¢ !
TE dso, then X%+=T(R) , % T(%) ek
LT (R) -T el < N R-T(M=d = 328 Wx-Teal
Contradichon.
Thas gives  d=0  and %= TCR)



EKCLM"P_lc_-.
C. on 3:c§ e

P00 = § KGughh g, 5i0dy + 400, elon) (x)

LUL\C(C. %E C(Y?.‘jL \L & C('[o,\] xT_o,\j) and
hfen]xR — R sahsRes

Continuows

AMr o\ bz -hixz)l ¢MZ2.-2.0, Vxelon), 2 2, eR.
Qatwn: (x) has « unique  selution £eC(le]).
For Fe((Tonl) set
T(E)x) = S“h(x,b\k(ts.ﬂ@\aﬁJf a0,  xelen)
Heee T(€)e CCen)
Waet +o show: T CEad) — () has o wrique Fxed

Peoint,
Stat with Yre DBanach Space (C(.\‘."n?l‘“'“..).
Checd i€ T controckon on (C(Ten]).
cT:x -C. "?‘L & C([G.\TS) "

T -T (O = Sh(x.gp (Wl fle) - Wy L) dy
\c is o nhviuows on the C,owc\bad' set [0:\_5 KLOI.\—j So
S &
(x.‘gettt |l = N <o

(e obtain X
(v (e)-TEN ] = SI Uw\\!}_\w(gﬁ(ﬂ-‘b (5,1&;(31)) dy <
; N MIf R
< \N L= 5 P
< So HC\J NE-£ 1< NMOUR-F,0 2 "-'P,_H

This wieds  AT@ -TEIN < NMIL-R)
‘L‘C NM <l dhen T contrachon.
Teide: For ar o set

ien, - Wi R Fe C(enid)



Cladun: Ll defres a nerw on  C([212). Bosy ched
Clazees W, L, are  equivelent
“Follows Ferow
SNel = HEN, <« Wew R ol Fe C(Tend).

C 'f&t‘ ua t ( C([o,l]) , “ “K) s o rBo.l‘\a..(_\"- 'ST)CLC.E_-

ms '@e“ou; pr—eu ‘\-l\,l\-uk qu.lvcale.n"*‘ and C(E‘-’.C{.“‘[[) ;_‘3
a Banadch dpauce.

Clown: T is o centraction on (C([o“—l\, “‘“q) '[:'ur r0 \ar‘sa:.
C.f\uus"n.

Foe 0.0, eCIen)) and  welond e have
X
2| o) Tl « SIMLE-8)wIdy =
- f MM ™|E-0 ) dy & NM§ &3y -18-fil

<R "al.“a\ \-_\:::_,

S =€)
e (T(c) =T ()] ¢ |-~ NE -5\

- %
= iz

= ITE@ -TE, ¢ WL -a,
“For o > NM T s a contrackion on (C.(["d]), \H\J.

(BMW,\&IS ‘Q': K.cc& T sl n+ H’\Lﬁ Ceun ;W—‘PL‘:LS )('\\ a_.* *“\’\.r..fe 'S
o waigue solution £ e Cen1) W~ (k).

Pl

Exerciges:
Chapter 1
@ Prove +har the solubon Yo
SN TS
-Coruq) o Veckor spuce.
Reaing P rove  Fhat  (f 5“+5=o and 2'az=0, el

+hen (\34\'%)“-\- b* 5 e

(\b‘“‘\- >'b =0



@ Show  Yhak e, n=\2, ... 15 [ “""“‘"3(}%
'“-,;lg.?t.n «nT,

QSBU.LU.Q_
G a,‘c.u-x-,__ 4 B e =0, Vxe
To S\\um= Dy e A, O
Ve +ea®
At x o'+ +at"=0 ad >0,

(fD:C‘F:Ftn‘h'u:’rc, set Y=o, vepeat. Done thic belore).

@ Shoew +hat: C“UD_) is nfinte diwensional.
?(fm is on nBate diwensianal vecter 3pace.

SD(W\)C.C“(Q) viu.._?l.'c'. C”(KM s inRaite diwsencional .

(E\; "'“.), (E,_' 1,)  nocwed spaces

T: E,“—"*E,_ avugp. Continuwous
L &E Covupack
=5 T() cCowpact set n E,.
Tosuly TBia ar\:%mrs Scquence (‘5.\1

For each n Fx a x,e8 such thar T(x) =\
_This is a S=quence in the c,ph\)c.r'%en.-{" et

e V(3= i‘\'(x\: xg—S}

C_on".bider (K
w B Tkgrg_ ex sts a C,or"U?J's@X\i‘ 3“‘95%\-*-:'“‘-" (.x")n¢| of
(’( \,,‘_‘ n $ '|.e_ K,.\ —> X eS TR S

. Ht o (-T(;Ens)“'

Consicler (T(gn\ Su_‘o:sec“_u.mce_ of (‘:5\
onverael i ‘T(S} n €, 3ince
K> %X in B = TR >T(X) n TE) e &)

S:ﬂCc_ T ;.:, Cnn+'|nmuus.

) L¥: C(Tend) — (1)
LAY = § penar

%\’\.0 w 'H\q,'\" L.. ‘I S C_.ocx‘{'; [ (SRS N
’?L‘L.O' (B’OM(JGJ aud Lnewr = Cum‘{'{nu;uu\_



E Xercise:

Shew that
\ n
\i\_"‘:{:. Z F - o Q—ir C‘J‘L X-:C‘l""ixl“o "") ell
et 5*\"\ “ 1]‘&:
5.;\\.-.)(0:\.'- > " V;l

XeL* (le \1) < 00

We \"G-"C- \5 B\ ecs me.g_u.o.\r}b

o '
Z\.i"——\ < (Z(ﬁ— L\\xt\f
§ Rl 4

ney 5*‘“ =y
¥ Den < o
Zam s (ho [0 4 e

(1) sechon 62

Tluo Norckasy on R_‘

Wy, - ’LlZ’,xh\ “ PREEIIEN

we

At Dl defnes & nerw on £ (Bosy 4= ched)
Clatuc: Iy, Wl are  equivalent norws  on L
Fix xed'
I el li\v.\u 3:2 ol ¢ E Tlxal= Iyl

we=l

N X! = ilxh\ = el e L < I+ Ul

e

Ho rcover

CAE lx + Z\vnl - Z,h‘-..ll < \ X\ 4 \zx

Wy

et
€ Wiy, ¢ Y < Wl

Hence
kW <allaell o Moty = Bl

= e LW R0 are equivedeat wocws o L1
(Li'u-ﬂ) s Ca (Bbmc..:.lx Space m(l:ll-lI‘) 15 G Revwecda Space .



Tgrd&snins__g_
T heoceu
* (E0U) Banadh  space
o (% 1) norwed space
T:ExV — E where
1) Ferl N Tleyd - T Ryl = cll x- XU, Yy, Zek, et
2) Y2 E where T(B\t \(‘As\ ys  continuous \fo—-k:

= “Fuc e_verb \se\’ hece exists o L_Lm&-%_(%)_e.E SLL(..\«.
+hat 6(5\=T(3(;\‘3\ aamd S-.L(—-:E R ey . nt‘ii‘

” The existence o o uniﬁ_ur. elewment b(:)) et '(ﬁ.:ur
‘?-U"-ns :55\) Silaios Lrowe PRanach Fived -Fc."rd' theocoua.
Assuwme W — ‘S [T (\?,\i-l\‘)_ Rewrains o  show Yhak

aly.) — 4(X) in (E1W.

Uqly) -a@t = T(glan), 4. - TG 3Ot =
= IT(als), wa) - Tla@). §) + Tla@Eh ) - T 4@ 9.0 N <
2 lT(btan),gn) - T(ﬁtg),bﬂﬂﬂu‘\g(&g)@) - Tlyd3) \\

gk dl&ﬁg@ll 9) m::f, o
We obtain
Nals.) - (@< 7= \\‘T(s& y,) - Tla@ ‘TJ’%
Brouwec’s Pixed poiat Yheocews

\il

. Cpu.a..'Pac.+ ('C‘Oucl g bounc&c‘&) ConNex Su\:bﬂ"‘ of 'ﬁl
B a2 Continuous

p\}_\_ \"ncLb oo Q’.xgd ’Po'\n*. i.e. dhere exists X e ¥ suh
+hat T(i\=?



Q.‘.E‘i“_‘&f_‘_&-: No L&.w;ci_ugng-;.s.c.onslé.:( Me cose Tﬁ]—"l‘\b'

A real valued nxn - watrix with ?osH’iV‘G— entries
A= EQ:;);;,.\W,&“ a; >0

—_— T‘P\Q_ u,LC-kPP.\Y'IS

sceu i/

N> yr—Quxel”

ha.s an el tnvm\ue‘_‘ro Wikl o c.th‘c.nved-or Wikh oxihive

Qn+r\|'e_5. e Yhere exists %>O and I‘AG CSuch Haak
A% =XE and all entries in X arc positive.

m USC_ %muugr.5 'cnng 'Po'\n-\- .-\-\‘\.t.w.)rr.u-k.

Set K“i(‘c‘"xt,---,?‘n): ¥y 30, W, ?“U‘S
Cladia: ¥ -is

n

o CF\OS-I'-G\-, Edwmc}«d, -C_.unvL;( set on &-
C o eince X
.,{"’JU{‘X“-‘*—;\L b‘n:i*-e
divensiond vecter
Spuce QA doced
(E‘-c\‘mE<¢a <&=> YFcE - FC,,..?G‘¥¢=>_5 1)
\L(——‘)-/’-‘
Set T(x,,...,x.) [

=\(&-&‘G “--l ; Yk, .. ‘x,.)&\(
Cloawn: W0 T:K —>K is contnuous,
Sinee X, — X vort L'~norwe, G &)
To show: Tl »T(x) n K wWet L'-norw
X = (k Xar o %)

4

(%] (ti &) "
LY“; I-,- xlc:l) kEI“lf...

n—r(xu T GOl = llmi e - gy A% e

< A . '\ \ \ _
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_Thc-n & i l’las O ‘Cixeé ‘?nin‘\' ™ F
Sd‘_{%i: T oS (*.\
T G, _T(C_(r_a.ﬂ)) < Q(Cﬂm",l)

Pk l((“‘b} continuous on loalxle.f] and —L".l-_\"[“;\.l s
(_c..w'?o.r.{- i ]Df, ?m?\&cs "2 unl&rm\a Conhnuous on [enlxjel],

‘F;X. E >0 Then
4$=%(e) 0 * ll«(‘f\,\g.\ ~ kbt g ¢ %‘ for
| Ceow) - (xauydl < S



Fx £feC(ln) ‘
ATEN-TE ) = | § (klxny) - u(h,ﬁx)k(w@cbl <
< Slk(“ub\-\L(xa’sﬂ“ﬂ(tﬁ‘:(tj\)‘cla < £ ?ruvidt{l \“.'xa.l 48
S o
3 € lx-xl§ €8
Conclusion: T(P)EC([O,J) For ‘;E C([E’t‘—.n
M- C_L'\oosa:. F
k Conbruous Qu.nckoﬂ on Com?o-c-{‘ set ["r‘j“E’-q ‘\NP“‘LS

b el xw)|=A<ceR
(H,\b)all::hl[n“] \ k( 5\\ :

Hevce | T(H)X(0) < AR, Ve C(Ten1).
Set Fe{feC(lo.aD): |0, < AR} Cleacly, F is dosed, convex
n (C(tr-.t"l),u.ll“) Which s oo ‘Ranadh Space.

Co"“—\g:bgor\-‘ T-‘ F - F, = c,'losq_,,\ COnVEx n rBa.u.u.t..[L “b'i:-ac_c_

LC @ea), e ‘

Sh-_g -
Clatuu T(F) s ("‘v_\o:Hve,\ts Cuu.L'Fac\-.

TO "Pr'bvr_ Hale we Uee A(‘ Ee.\ou- As-:o“ .+L1¢:ore_u.a.
[ K be o Cou-u?u.r_‘r Sed In m‘n. let fgCC‘(K\ (rea-.\- valued cont.
'Fu.hc:‘rlcﬂs on \(_\.
Thes S e (‘c.\cd’lvdb C»m'?u.r_‘\" n (C(Kl l't-llu) o
1) = U-uwgumb Bou.nc!e.tj ¢ sew

SU IRl < oo

l) Eci-u'.'c‘:'"ﬁnu."\-d &L £ 1ia \S, ¢ o
\-/£>-c>{ AS@rs, YfeX |
\x\'x'r_‘ égz_ X,, X2 & U ]‘p(“..)“-p(xﬂl <‘€- a

———



In our exmu?\c.v T=F, K-l wn W

s Check 4okt 1) aud 1) ‘n AR - theorews acre Sensfed.

‘l) F s U.n'.Qer\kS bounded wivce
S o
STIAAR <o

2) Eq_uiaun"'{nui"\‘\l} fllows Frow calcuwlations in S‘{'c.? ; N
CO\"\C_‘\\-A";‘LC_;(‘\'. T(‘Q\ s rl.'_\n*‘wr.\l COM‘PO-(.*‘.

@ Y': Clatw: TiF=2F contnuwous,

\'bhay_J feF
%

A% i Tond = TEAx) DT in E_J
S}.&H L. -=f \» F
Show TL) =T n Clen) h
Note: ot e ) x-Ar AR —R
'S Cum?ar_‘\- set in R
Se h:lenIx[-A%AR] —0 s Lm‘.-(f.,r...&.s Continuowus .

is  conhnuous omd Joslxbas,asl

32({_}\,0 . lh(‘:}.;‘.)'\”(%t- z‘)] < "i"" ‘ﬁur \({5“3.)"' (_‘3.“3\.,)\ < S -
TFor PR e F with N0-LlcS we hove

I T —'T(Q,_}(ﬂl = \ S;k(x,b\(\'!('ﬁ, Q‘(bﬂ - \\(5.4’,’(3\)) c\m ' <

s SQLH%&QJ\‘ &(3.4?(‘9) (RG] dy < €

A ~
qE/A
Mﬂl T: = F is

Co r\‘\‘-n'n\.kuu\ ,
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R SRR A SR
« (E3W0) norwed Space.
We saq +hat (BN is & couplebon of (gruw) i€
(Enm) s o wnorwed Space Such that
1) 3:E~E one-4v-one and linear
2) Ixt =U3CM, VxeE
3) $(e) dense in E
Y) (E,un) s o JRarnach space.
Construckion: (xn)n.,, (4)i, Caucky sequences in (EX4).
\%c- say  +het (\ch\:;”(g,\:m are  equivalent, dencted (xa)~ Cyn),
WXy - Wl 752 0.
Set E = {[taly: (<), Canchy sequence in (500}
Ve ctocr Space structure:
{" [Gean ] « TR =[x %),
o WG] =[O
Show +hat  +hese defnibione ore wel-deflned, i.e.
 independent of the chelce  of  Copresentatives.
Norwu
L] W= N e,
Nede -
(x)~ (9.)
= “\j};«““x,\u ‘h\i,“f,u‘én“
Since
-y a4 W -yl <20

n =D eoa

'C\f'le_c_\g +hatk +he O ¥1OULS Ir\o( bezﬁ\s & horwi Qre
Sathisfed .



Now we have (E,“l-\li) s o horwed ‘S‘FM—'--

Dellne d.
TFor xeE sek $ () -[("-\;.IN where
(x) 2, = (vo%, %, oo, %, )

g-!&)‘_: 1 £ 2 e.a.sﬁ ""B'?rb\/&-
g—.._.t_.““;‘.“_-* ) §(E) dense in (g,\i\-‘lﬂ.
Eiv 0] _cE.

Ccns';c_\c.r E("-y_\ where X ® Ahe element (a the kith Tos
in 4+he Seguence Cheiiig . s Mg vunifls

I o] - Bl = 8 b = ©

S ince (X.-\):_‘ is o Ca.u&.kb Seguence .
Clatws: Ll) (é,“l-ﬂl) ‘s o Banauda Space.
+Corsider o Caudhy sequence (R.).. e (B0
To show: IXeENX.-XN 20,
% '5) B(E) is dense in © s e n=t2 ... Here exiets x,e€
w=.2 .. Such thak
MR, -BAWM <5 L n=l2, ..
Seb Xa[tx)] . Need 4o show that (), s o Caudy
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W, = e N =B - DLW B - M« |l X BRI
TUE RN cf AW -RN 42 ——s 0
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¢ Consider C(EOA?:) =24
(C(T_n,iﬂ,ll-ltm) s o Banach zpace.

=Pl [w“f'(g.:\ﬁn\l?dxr? definey o Norus for Q).
Rewiarks: \2
() € ﬂp.\’ﬂ,‘f‘ﬁ"
"-F, ¢ ”L - '2. (TP v‘\(n | ;-—;:'t,:i
“::.I"J_Ln “i. [ (Qn):' is « Cau-clu} Sequence 1N
(C(E‘"ﬂ'j) (R ) ’E,ujt (Cn\‘- c\uc.s. hot C.Ohvtrjg_
n (C(E’ ) ullk) oince 1F W& -£U, —':lc
ew £ e C([c,\']) Then
o ST
£x)= 2 Wil
V. xelz,1]
Cc(\r_lus\_ef_-\-. (C_(T_o.\])’“-uu) s not a %o.mc.k S'T..'a.c_g_
2) Cohs‘.c.lc_r" \ & Al
' Y
chu{ e
O, xeloIMY

\IFHL. =o=llol,
C'OU-L?QFC. +his with dke clrs_d‘ Gxriom of © nerw Lunchlen.

%"bhcz L. wan R. a:For f:R—-R Se}\'
[\CEQ_ £6) Z,FQ)S closed

Su")?or‘}-(?)

Set
C. () ={96C(ﬂl)‘.5u.ﬂ>or+@\ Co\u?ad- set \n W_}

Claiua: Co(ﬁl) —C@ru.&_s o Veckr 5?0_0:_ and R ~Ei\a‘er¢.3 ?zl
MUp = (S RPdx)? defines & morw on CM).
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(U(W\L“I\L{) s o QQM")\Q*:tQI“\ of (C‘,CQ.),&‘“L-)_
H‘(‘ue, Gor al\ ?,‘),

n0+¢-: Acn\ ) A \aou.mlr_c\
@A(x\ - {1 ® A
O x&A

Lg\,es&uum&m ot A= IIEN = (A
AR, A unbounded
par - K p(ANEwn)
We- san that Acl iy o O-sek ¢ L all €50, thece exishs
BTy Cpen intervalls T, ., . Such thak
1) AcUI,

ey
[

In poctcdar
A=@-la:in=12,.) is & O-set.

“Bacdde 4 Hilberr Space>

“(E,<‘.'>\ inner 'Prudud‘ B'l)c;.cc.
ol =4S« e

Il satisfes “the —Famlleilcamm—la.u.).
No’{t: Ceal case

Norw in E,

\|K+3lllillx—allz' = <xag gy -Kxmy, wouwd =
2 2<% y> 4 A<, gy = Hnys
= <x,y> "'T}f(\txfbﬂa_ux_Bu“)
Convergence in (<))
Steong F Ry =2 % B A~V —=n

Weak : &\‘(n = X I‘Q <xq"¥’55 ‘::‘:Q F \dSGE‘



But % % and Bl = Wxl = X, =%
Nete:

X ¥ == Uk, — Uxd

Xu =5 =A et st . R WP <oe,

(\-\-knb(“gvﬂ-w
A<t
AJ_‘ {xaE :(X,a)zo' VaeFol c\obq! 5,&?5?0.&:. o? E-
O“‘Hmanggl__dsm»a? osrhon  *hkearcus
(B ¢.3) Milbed pace
« S closed &uha?ac‘g. of E
E-Sett
i-e Qgg..'{ » W2 Unique.
[f_m__-: A< E  E Hibect Spase.
= S = ()
No'l-c_‘. i
= AC (A'L) A C.s?g_'\ A
shmpace —1
0? E‘_ SPO_hF\ C A
&
eere | gt (e
SpanA < () |
Hence
SparA < () < ((S\mn A)L)L
oDT .
( S?“ . ?” — 1\ L
E':S'F""AJ @(S‘?a_nA )




P £ of ODT
342 i-

*d closad convex et ia Hilbert poce e
== Vxe 3'.3&5 :“Y-al\ﬁ § %—3“ : Vs"s-

e, “"";5‘ -S";'g “X—Sﬂ
F'nv. K#- S

;mF
365

“Take (%n‘:. % S suche +‘\(d' ux'ﬁ.uh:id .
ot : (5,,\:" [T S C&ug‘& Sequence .

IX—SH-dvo.

(0311 "?o-rn.uﬁ.“t-smu-t - luw -G.n- u"] 3
L e Tk B Jelaldd

Sﬁ E
S as in  stakwent in ODT. Nete Fd S west be wrvex,
F;x xe k.
. ‘\'SGS : H“—B\‘ EHM—SU , Vseg.
Sc:\' K = 3+ (1—6\

LW

= >
To ﬁhwz *,(-5&&-1_ Vc;r.'nd"-or\n.\ MQW"-

Show + <X-4%,V>*0, Yy es
“‘“6“’-‘-3 “‘"51"(\’\‘& = n.“ Sr_q\o.fb .
ux—«ﬁu‘ € X~y xv, x-‘ﬁ+du> =
o LA ATV EE TN R 1 Y
i O Qch.(-?O‘--s,\O) + |<:!~L\2 vt

Set =1 {x-9,v>, Fel
= 0 < Ut|<x-y "+t <xq,vo ] VAL



Assuue <kmw, V> % 0
(otherwise We am done)

We have
0 ¢ 2%+ +*vil* | ViteR.
24 <« AYul At +<o
L 2 =4 Ui®
et +10
24€0. Contradichon.

L
C“nr.‘u.'b}c.;ni {x—\&rv> - = \(—-&E%



-Igrc.\é:snlr\é 9
(D Bounded linear Funchonals on Hhlbect spaces’ Riese
Cepresentahon theoreut.

@ ON -basis  in H.S. Exawples and -Prb‘u:r’ﬁes.
®L1nmr O‘Pcrcdws on HsFa.:ca,.

S —

'(Hr'f-'f"ﬂ -Hilbert space = laner product  Space wkiiih i

Cowplete wort

il =A<, >
cler M be a closed subspace of H.
ML = fyeh:dxyr =0 Uxe™M}
« Then . We kpow H':MQHJL, Lk
Uxel, FlueH zaMt t x=ure.

¢ (H;<':'>) - Hlbvert s?a.:_f_
e led £ Le a bounded linear Loncbonal on W,

« Then

= b XoeH - L) =<x%, o>, YxeH.

- More_av‘t.r

EW=llxel,, .
16 F:H->-C i« of the Hrw

£0) = <xtyy Vxel ond some wel,
then £ s bounded ond linear
' lnear follows frow clanendary calculotions,
°§ bouaded
£ =1 oeupl < gxlingd = W€ R« Dyl

Ca
- Schwat 2



s If £ i *he e linear -pumjﬁomu\, e, F01=0, VeeH.
Take X% = 0.

s Assume nows that £ is not the Tem Funchional, and

Consider N\ = Ker § = {xen: £ = 0Y.

» N(ﬂ i vbypace £ H:

X,,x, eN@®), x,peC =>

Flax, o u')?x,_) = 50 )+ [S‘R‘M.\
Hence  «ix,, pre e N(§) and NE) is o subspace.
NE) S closed, since 1€ xa6ME), xn =% Shamgly,
then g_i’f_':l —5Lxy as £ is bounded and hence cont,
diving 'C‘Ef)=6 => N(®) s clesed.
e N(£) 3s « Propec closed subspace (N(E) # W),
s Consider N(OY', /4 is non-zere.
o dim V(1= 1

bef 2t s NGE
£(x). €0 0
dae € : F&) +a £G,) =0

*'C(K‘fa'?‘t\
Qiving X, vax, e NN N@! = {0},

HCVICQ_ Kl-i-q,(l--o
°A“_3 Yo v=24.r,m. hnen.r-"a clc?cnc&m’r m N(*
=D c“u.n N [{_.\.l. _'1



* Take :}'GN(Q\J: “3'“=1 and \eX
g = 75—') '
C ek w%. Need
O, %xeN(P

<‘K.,‘)(c> =
<>QI"E(_3T13'} 7 X=\>\3‘
\
mﬁ-kug.p =g ) =50 s
"‘(b\.hct_ krl\\s c_,lg_u;_:rl\ﬁ' v H i's S\Vm bb ')(4-\:3' -Q-_r e
°Uﬁ::3 \:nc.;..r;’s Wwe &d
‘c(x“‘\d) - £(x) +£0~x3‘) = <x,%p > +'(\MQ',~.<;.'> -—-(x.+\,.\6',y.¢\,.

e A'Exsu.wu..
ax”x.‘_ : £(x) = B &, Fid W, i U x e\
=2 X, X -¥.7 T 0, Uxelt
‘}'L—glckb N ’?“r*fq_u_\w 'Q'r)r h'e =%, ~M,.

(““Kzr\c\-xt)': O = Y|'¥1=O_

f (W:H‘ Sec \\(—’l{sllxg\\“)

crfbu-h f_c.\.u..a.r\_ LWe \”ln.ﬂC.
£0) = <%, x0> = WEL s Ul (1)

New - 358 1Sl 1RGN | Uxent
= Wxeoll W et

=lixen (2
(0 4+ (2) = I€U-lxet

"(Emwn:c({:té inear @ur‘r_'hlor\als an (E, U'l”
= Bour\c\eql \inear waps
Fifen0 — (e v
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EX&\».P_\:.'.
E"‘C‘F'{(y‘,,xl‘,,,) on\b ‘c:n:k nu,_\_u.‘at.t‘ o'p ’K-\'#OBC'Q‘-
* On Cg consider L2 - juner ProJuc-'f‘

(xé>n§:x.‘7& . X'becf‘

®Cp ‘s noet o Hilbect space &S W+ is not

Courp lete Loy . "
s = (%)™

* “I

ine  a CMJ Sﬂu_:ﬁcg (,\_)\\,;c.t\ c_{oes reot Co"'”el‘pae—
t+o an elewcewt i Cge.
> Tiﬂd o Pper closed Subs‘fbaf-f— M such dhat
M* - {o}, |
(‘I’H{_«, wouwld wiean n ‘TQH‘-‘C_L:‘:LF +"“‘-‘\_ C—F .#'H&“L)
Consider M*i_(*.,x;,...)ECr_: Z"u_':l =°‘5

-y
¥e=(L g3, )esf

M = Ker -C(]C{: where ‘q:ﬂz“—“’d—. LG - {x, xg>

e M
1

- T )

Mt = all elewents in Cg¢ which S
wre: A QeeefR

Ff:}u..; the ’?@Q.C 6'(? ’D,;c_,-,a -\-\\Q_Qrgm we \'\ac}
d““*(ller@) is T-diwe and

\}(p € (\.’.er FY-
HEv\cg (Eer-?)l - i )0(‘_. : )ﬂi(f.s

We  have (ker €)'NCe = {0}

By St e E
M+
@ (H:'<':'3)“ HL\BP_«"‘\' Space
{;|.SC-—H iu«‘-l orl—he&aad Sb;‘!‘c_u-«. R
?‘:éﬁ::: LW, Wy mo, Visy,
ON"%&R\H Y
<ui,§“3¥ = %LJ )



Or-‘-\w&‘-’na\ sustews of won-ecnm
Vecters ore ‘;ﬂ&urb ‘\ndc_?tr\d ent.
“Pruof b+ oz exercitm

“Ho.o:ﬁs \{nmrl\a inAg?gnAtﬂ"’ 'Cu.m:\a of Veders, we can wake
or-‘-ku&ona\ uc,‘mé Gieows - Schuady.

{odl, - Lr Ay

ul =' J\
Lo, o> -
G50 P " ok, Sust
YT e ey fudt, e
o
Uy= 03 - B>, KT w> = Spanic. e}
(“uu") <-ut,ql.~’ ‘ﬂ'S?q_n sul... L&{._H
. = Vi,
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L !

-
L PR §

gu;.} - Ol\]—s&dcu-\ , xeH
Z<K,U.;SU; é"—&f‘u&u‘ Sene

s K%D&r sencs of X \“c.\a:“.uf_ ON—%W $\u 1\
’(X,UA;> - e;_)ur\t.r Mden*\ E

CEnaD), {ud- g ke 2]
S (ATmEy <ow)
_ Shape S“F(ﬂg(_ﬂdf
LU = FL) e— wunt o5 -eoept
*ég%;“*m
Dont o Sce When i(ﬂ,u;‘}-u; s chu..‘-S-_n\- o x|

‘ Av ON-sg-ﬁe.m v called an ON-Lauis foc W 1€
H.

'|+.5 S'Pc_un :5 (_\c_h_sr_ ;"\
D= Seaty +het OM-—'&bgﬂ‘m\ \s Com?\cﬁrt A€

CVery xeH s 2a<xadug
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Y X



N

°(H,<-.-‘;] Hi\berd -s;‘;acg_, &UEB ” OM"&&V{'C\M [ F

‘Tollcu'mé are ee:_uiuu.\:n* .
@ il—\,\zg - Cowny lede ON-sQchu-« (<-> X = hlzf‘(u,q.,_suh )
@ funl Vs on ON-basis fur

Iy
@ (?ufar_ua\ls 1::\:.er+3) W sl = (g-tl \<"".u\._'>‘2) ; VKGH

@ <“~t5> = Z:(X,\-tt}(\a.u\_} y Vx,b"H
t:l
@ (*‘rqg>20,\i‘k‘-‘> X =0,

Pl =@ . .
84*,‘-\;‘»&;

- ("\:)C. \\o..uc_ X "?_\4.*,\-\;\)“; p Vv Wieans XY= \\\M
VEy 1 =

@an\s xeH 13 In S?mn{uz.iz13::-'~ iU\;.s i+ OM-basiy, "W“‘;‘.;l“

m et iu;\‘ be ON-basis .

Assuwne (x,u >=0 VYk. Then Ax\wY =0, Vu‘%‘?“" iu*\.» Y
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OEION
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e
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oo
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“Fouwde Ressel's ‘t_ax_uog\\% we hove
STk, al = b - L% - Doyt € Axt, N

k=t st
and h evice
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=
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e=1
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in Y. o o
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1=
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1=
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Evawple:
. Li(U\nn < 35" SFM a(s df

{_..L. nt , ne '!8 Oown- 'z;x\shm 1 L"([_u.n]}
h‘ The 5}51.*“ s an OW-basiy, $ar \(Ew, u1)
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<> HE- T end, o )

k'ﬂ-“
M‘Pf.&ﬁ_‘
® Stene - Weiertrucs theoren

¥ Cao!u?n.d" set
- QR C(’(,(} contnuous Funchons  with  Wwplex values.
o Levt M < C(x'(_)

-Suh&r..oce_ Hatd sahsfies

(D it ‘-bcrcho.“cs ‘Po§n+b O'? X, e
Vx.rngx FJEe M : £(x,) # F(xy)

x\* Ka
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+he
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FeMm = EeM,
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Lo.feM =r 88 eN

Then H s demse in C(K C) wet Wl
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@ L s opzru.ﬁ-qn on Hilpert spaces
‘(H\; <'!'>§r (HQ,L','>\
bounded linear wap A:H =W, is called o ‘Bounded

EKMME\\'_\ ( H = Hz - LQ([o, \]))_ K :e.V] x[o.f) —> [
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~SchuwsartE
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1 [ ' 1 ! -
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¢ (BuW) Banack Space (cé Hilbert a?qc,c.\
: A":@‘(E E) bonded Gvame o-r-rw‘w'
o [AN= StFNAGW
o A «B(ge)
o (AR - A(B0), xe<E ¢ JABRI<IANILRY
In -packcular A& =AA A
DA = DAL, et
Exauple: E = lf(Lo,t]) -3-?,3
<SS, = § 513G dx
Hets = (Tiecaras)
k(k,g) e CenTxie.)

AR (x) = S]Y(x,d\“:(s\cb , xelonl  Sor Fel(le1)

A< (55 ko liay Y ) ™ < =

Exwt\c.'-(?“‘"\
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= there ace noe AReR(EE) such that
AB-RA-T
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) - ]

(A'B ’BA) (—ﬂ = (X?(k-)) X3 -C(x) = §£0
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n=2: AM-pal=(A%R - ABA)Y(ARA - BA)

= A(AR-DA) + (AR- BAJA = 2A
- -1

h=3: A'B-BA? =(A'R - A%BA)«(ATBA-BA) -
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‘(B <.>) Hilbert space
c R ExE—C is o blinear, bounded, coeccive Furchoral.
«£:E= € bounded lineac Funchonal on E.

= A X B : FK) =00 %), VxeE.
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¥:ExE—
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on E (with H=\c=1).

Shep 1t DTAREE) : Ry =R, Al)>, V<€
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=> \l'#?{-il{ « MUyl Yy «<E
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1) Ae B
xh - X n E = A(\(,‘) -—p A(.""'\ o
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