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1. Let � and � be positive onstants. Give the pieewise linear �nite elementapproximation proedure, on the uniform mesh, for the problem�u00(x) = 1; 0 < x < 1; u(0) = �; u0(1) = �:2. Formulate the G(1) method for the boundary value problem��u+ u = f; x 2 
; u = 0; x 2 �
:Write down the matrix form of the resulting equation system using thefollowing uniform mesh:
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3. Consider the boundary value problem for the stationary heat �ow in 1D:(BV P ) � (a(x)u0(x))0 = f(x); 0 < x < 1; u(0) = u(1) = 0:Formulate the orresponding variational formulation (V F ), minimizationproblem (MP ) and show that: (BV P )() (V F )() (MP ):4. (a) Prove an a priori and an a posteriori error estimate for the �niteelement method for the problem�u00(x) + u0(x) = f(x); 0 < x < 1; u(0) = u(1) = 0:(b) Give an adaptive algorithm based on a posteriori estimates.5. Let 
 be a bounded domain in Rd . Consider the initial-boundary valueproblem 8<: ut ��u = 0; in 
� R+ ;u = 0; on �
 � R+ ;u(�; 0) = v; in 
:Show the stability estimates(i) jjru(t)jj2 � 12t jjvjj2; and (ii) Z t0 sjj�u(s)jj2 ds � 14 jjvjj2:MA



TMA371 Partial Di�erential Equations TM, 2004-12-14. Solutions1. Let � and � be positive onstants. Give the pieewise linear �nite elementapproximation proedure, on the uniform mesh, for the problem�u00(x) = 1; 0 < x < 1; u(0) = �; u0(1) = �:Solution: Multiply the pde by a test funtion v with v(0) = 0, integrate overx 2 (0; 1) and use partial integration to get� [u0v℄10 + Z 10 u0v0 dx = Z 10 v dx ()� u0(1)v(1) + u0(0)v(0) + Z 10 u0v0 dx = Z 10 v dx ()� �v(1) + Z 10 u0v0 dx = Z 10 v dx:(1)The ontinuous variational formulation is now formulated as follows: Find(V F ) u 2 V := fw : Z 10 �w(x)2 + w0(x)2� dx <1; w(0) = �g;suh that Z 10 u0v0 dx = Z 10 v dx+ �v(1); 8v 2 V 0;where V 0 := fv : Z 10 �v(x)2 + v0(x)2� dx <1; v(0) = 0g:For the disrete version we let Th be a uniform partition: 0 = x0 < x1 < : : : < xM+1of [0; 1℄ into the subintervals In = [xn�1; xn℄; n = 1; : : :M + 1. Here, we have Minterior nodes: x1; : : : xM , two boundary points: x0 = 0 and xM+1 = 1 and heneM + 1 intervals.The �nite element method (disrete variational formulation) is now formulated asfollows: Find(FEM) U 2 Vh := fwh : wh is pieewise linear, ontinuous on Th; wh(0) = �g;suh that(2) Z 10 U 0v0h dx = Z 10 vh dx+ �vh(1); 8v 2 V 0h ;where V 0h := fvh : vh is pieewise linear, ontinuous on Th; vh(0) = 0g:Using the basis funtions 'j ; j = 0; : : :M + 1, where '1; : : : 'M are the usualhat-funtions whereas '0 and 'M+1 are semi-hat-funtions viz;(3) 'j(x) =8<: 0; x =2 [xj�1; xj ℄x�xj�1h xj�1 � x � xjxj+1�xh xj � x � xj+1 ; j = 1; : : :M:1



2and'0(x) = � x1�xh 0 � x � x10; x1 � x � 1 ; 'M+1(x) = � x�xMh xM � x � xM+10; 0 � x � xM :In this way we may writeVh = �'0 � ['1; : : : ; 'M+1℄; V 0h = ['1; : : : ; 'M+1℄:Thus every U 2 Vh an ve written as U = �'0 + vh where vh 2 V 0h , i.e.,U = �'0 + �1'1 + : : : �M+1'M+1 = �'0 +M+1Xi=1 �i'i � �'0 + ~U;where ~U 2 V 0h , and hene the problem (2) an equivalently be formulated as to �nd�1; : : : �M+1 suh thatZ 10 ��'00 +M+1Xi=1 �i'0i�'0j dx = Z 10 'j dx+ �'j(1); j = 1; : : :M + 1;whih an be written asM+1Xi=1 �Z 10 '0j'0i dx��i = � Z 10 '00'0j dx+ Z 10 'j dx+ �'j(1); j = 1; : : :M + 1;or equivalently A� = b where A = (aij) is the tridiagonal matrix with entriesaii = 2; ai;i+1 = ai+1;i = �1; i = 1; : : :M; and aM+1;M+1 = 1;i.e., A = 1h 2666666664 2 �1 0 0 : : : 0 0�1 2 �1 0 : : : 0 0: : :: : :: : :0 0 : : : 0 �1 2 �10 0 : : : 0 0 �1 1
3777777775 ;and the unkown � and the data b are given by� = 26666664 �1�2���M�M+1

37777775 ; b = 266666664 R 10 '1 dx� � R 10 '00'01 dxR 10 '2 dx��R 10 'M dxR 10 'M+1 dx+ �'M+1(1)
377777775 = 26666664 h+ 1h�h��hh2 + �

37777775 :



32. Formulate the G(1) method for the boundary value problem��u+ u = f; x 2 
; u = 0; x 2 �
:Write down the matrix form of the resulting equation system using the followinguniform mesh:
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TSolution: Let Vh be the usual �nite element spae osisting of ontinuous pieewiselinear funtions satisfying the boundary ondition v = 0 on �
. The G(1) methodis: Find U 2 Vh suh that(rU;rv) + (U; v) = (f; v) 8v 2 VhMaking the \Ansatz" U(x) =P4i=1 �i'i(x), where 'i are the standard basis fun-tions, we obtain the system of equations4Xi=1 �i�Z
r'i � r'j dx+ Z
 'i'j dx� = Z
 f'j dx; j = 1; : : : ; 4;or, in matrix form, (S +M)� = F;where Sij = (r'i;r'j) is the sti�ness matrix, Mij = ('i; 'j) is the mass matrix,and Fj = (f; 'j) is the load vetor.We �rst ompute the mass and sti�ness amtrix for the referene triangle T . Theloal basis funtions are�1(x1; x2) = 1� x1h � x2h ; r�1(x1; x2) = � 1h � 11 � ;�2(x1; x2) = x1h ; r�2(x1; x2) = 1h � 10 � ;�3(x1; x2) = x2h ; r�3(x1; x2) = 1h � 01 � :Hene, with jT j = RT dz = h2=2,m11 = (�1; �1) = ZT �21 dx = h2 Z 10 Z 1�x20 (1� x1 � x2)2 dx1dx2 = h212 ;s11 = (r�1;r�1) = ZT jr�1j2 dx = 2h2 jT j = 1:



4Alternatively, we an use the midpoint rule, whih is exat for polynomials of degree2 (preision 3):m11 = (�1; �1) = ZT �21 dx = jT j3 3Xj=1 �1(x̂j)2 = h26 �0 + 14 + 14� = h212 ;where x̂j are the midpoins of the edges. Similarly we an ompute the other ele-ments and obtainm = h224 24 2 1 11 2 11 1 2 35 ; s = 12 24 2 �1 �1�1 1 0�1 0 1 35 :We an now assemble the global matries M and S from the loal ones m and s:M11 =M44 = 8m22 = 812h2; S11 = S44 = 8s22 = 4;M12 =M13 =M24 =M34 = 2m12 = 112h2; S12 = S13 = S24 = S34 = 2s12 = �1;M14 = 2m23 = 112h2; S14 = 2s23 = 0;M22 =M33 = 4m11 = 412h2; S22 = S33 = 4s11 = 4;M23 = 0; S23 = 0:The remaining matrix elements are obtained by symmetry Mij = Mji, Sij = Sji.Hene, M = h212 2664 8 1 1 11 4 0 11 0 4 11 1 1 8 3775 ; S = 2664 4 �1 �1 0�1 4 0 �1�1 0 4 �10 �1 �1 4 3775 :3. Consider the boundary value problem for the stationary heat ow in 1D:(BV P ) � (a(x)u0(x))0 = f(x); 0 < x < 1; u(0) = u(1) = 0:Formulate the orresponding variational formulation (V F ), minimization problem(MP ) and show that: (BV P )() (V F )() (MP ):Solution: See PDE Leture Notes, Chapter 8.



54. (a) Prove an a priori and an a posteriori error estimate for the �nite elementmethod for the problem�u00(x) + u0(x) = f(x); 0 < x < 1; u(0) = u(1) = 0:(b) Give an adaptive algorithm based on a posteriori estimates.Solution: (a) We multiply the di�erential equation by a test funtion v 2 H10 (I); I =(0; 1) and integrate over I . Using partial integration and the boundary onditionswe get the following variational problem: Find u 2 H10 (I) suh that(4) ZI(u0v0 + u0v) = ZI fv; 8v 2 H10 (I):A Finite Element Method with G(1) reads as followa: Find U 2 V 0h suh that(5) ZI(U 0v0 + U 0v) = ZI fv; 8v 2 V 0h � H10 (I);whereV 0h = fv : v is pieewise linear and ontinuous in a partition of I; v(0) = v(1) = 0g:Now let e = u� U , then (1)-(2) gives that(6) ZI(e0v0 + e0v) = 0; 8v 2 V 0h :We note that using e(0) = e(1) = 0, we get(7) ZI e0e = ZI 12 ddx�e2� = 12(e2)j10 = 0:Further, usig Poiare inequality we havekek2 � ke0k2:A priori error estimate: We use Poiare inequality and (7) to getkek2H1 = ZI(e0e0 + ee) � 2 ZI e0e0 = 2 ZI(e0e0 + e0e) = 2 ZI �e0(u� U)0 + e0(u� U)�= 2 ZI �e0(u� �hu)0 + e0(u� �hu)�+ 2 ZI �e0(�hu� U)0 + e0(�hu� U)�= fv = U � �hu in (6)g = 2 ZI �e0(u� �hu)0 + e0(u� �hu)�� 2k(u� �hu)0kke0k + 2ku� �hukke0k� 2Cifkhu00k + kh2u00kgkekH1 ;this gives that kekH1 � Cifkhu00k + kh2u00kg;whih is the a priori error estimate.



6A posteriori error estimate:kek2H1 = ZI(e0e0 + ee) � 2 ZI e0e0 = 2 ZI(e0e0 + e0e)= 2 ZI((u� U)0e0 + (u� U)0e) = fv = e in (4)g= 2 ZI fe� ZI(U 0e0 + U 0e) = fv = �he in (5)g= ZI f(e� �he)� ZI �U 0(e� �he)0 + U 0(e� �he)�= fP:I: on eah subintervalg = ZI R(U)(e� �he);(8)
where R(U) := f + U 00 � U 0 = f � U 0, (for approximation with piewise linears,U � 0, on eah subinterval). Thus (5) implies thatkek2H1 � khR(U)kkh�1(e� �he)k� CikhR(U)kke0k � CikhR(U)kkekH1 ;where Ci is an interpolation onstant, and hene we have with k � k = k � kL2(I) thatkekH1 � CikhR(U)k:(b) An adaptive proedure an be formulated in the following steps:Step I. Start with a given mesh size h and a given error tolerane \TOL". ComputeU and R(U) orresponding to this hStep II. Compare CikhR(U)k with the tolerane \TOL":IIa). If CikhR(U)k < TOL;then aept U as an appropriate G(1) approximate solution.IIb). If CikhR(U)k � TOL;then re�ne the mish on the subintervals with large R(U) ontributions, thus obaina new mesh and return to Step I.5. Let 
 be a bounded domain in Rd . Consider the initial-boundary value problem8<: ut ��u = 0; in 
� R+ ;u = 0; on �
� R+ ;u(�; 0) = v; in 
:Show the stability estimates(i) jjru(t)jj2 � 12t jjvjj2; and (ii) Z t0 sjj�u(s)jj2 ds � 14 jjvjj2:Solution: See PDE Leture Notes, Chapter 15.MA


