11jalplilcUcel. 1ll5a 11jalplliCUcl al ulllatlla
MATEMATIK Telefon: Karin Kraft, 0740-459022
Chalmers tekniska hogskola 2003-12-16 kl. 8.45-13.45

TMA372/MANG660 Partiella differentialekvationer TM, IMP, E3, GU

OBS! Skriv namn och personnummer pé samtliga inlamnade papper.

1. Consider the boundary value problem for the stationary heat flow in 1D:

= f(z), 0<z<1,
u(0) = u(l) =0.

Formulate the corresponding variational formulation (VF), minimization
problem (MP) and show that: (BVP) <= (VF) < (MP).

2. Consider the initial value problem:  4(t)+au(t) =0, ¢>0, u(0)=1.

a) Let a = 40, and the time step & = 0.1. Draw the graph of U, :=
U(nk), k=1,2,..., approximating u using (%) explicit Euler, (4¢) implicit
Euler, and (#4¢) Cranck-Nicholson methods.

b) Consider the case a = 4, (i = —1), having the complex solution
u(t) = e " with |u(t)| = 1 for all £. Show that this property is preserved
in Cranck-Nicholson approximation, (i.e. |Up| =1 ), but NOT in any of
the Euler approximations.
3. Consider the problem
—eu" +zu' +u=f inl=(0,1), u(0) =4'(1) =0,

where ¢ is a positive constant, and f € La(I). Prove that

llewIl <IIfIl, (Il -]lis the Ly(I) — norm).

4. Let u be the solution of the following Neumann problem:

—Au = f, inQ C RY,
—0Ohu = ku, onl := 01).

where d,u = n - Vu with n being the outward unit normal, and k > 0.
a) Show that ||u|lo < Ca(|lu|lr + ||Vul|a)-
b) Use the estimate in a), and show that ||u||[r — 0 as k — oc.

5. Consider the initial-boundary value problem

i — Au = f, z € €, t>0,
u =0, x € 01), t>0,
u(z,0) = up(z), = €.

Show the stability estimates:

t t
2 2 2 2
u(®)] +/0 1Vu(s)][2 ds < |Juol| +c/0 1£(s)][2 ds,
t t
||Vu<t>||2+/ | Au(s)| 2 ds < ||Vuo||2+0/ I1£(s)][? ds.
0 0

MA



TMAZ371 Partial Differential Equations TM, 2003-12-16. Solutions

1. Consider the boundary value problem for the stationary heat flow in 1D:

—(a(z)u'(z))" = f(@), 0<z<l,
(BVFP) { w(0) = u(1) = 0.
Formulate the corresponding variational formulation (VF), minimization problem
(MP) and show that: (BVP) <= (VF) < (MP).

Solution: See Lecture Notes Chapter 8.

2. Consider the initial value problem: () +au(t) =0, t>0, u(0)=1.
a) Let a = 40, and the time step k = 0.1. Draw the graph of U, := U(nk), k =

1,2,..., approximating u using () explicit Euler, (i7) implicit Euler, and (i%)
Cranck-Nicolson methods.
b) Consider the case a = i, (i*> = —1), having the complex solution u(t) = e~

with |u(t)| = 1 for all ¢. Show that this property is preserved in Cranck-Nicolson
approximation, (i.e. |[U,| =1 ), but NOT in any of the Euler approximations.

Solution: a) With a = 40 and k¥ = 0.1 we get the explicit Euler:

Un =Uno1 +40x (0.0)Un_1 =0,  n=123,... __ [ Up==3Un1,
Up=1. Uy =1.

Implicit Euler:

Un = mUn—l = %Un—la
U =1.

Cranck-Nicolson:

_ 1—1x40x(0.1) 1
Un = I+1x40x(0.1) "1 — —3Un-1,
Uy =1.
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b) With a =i we get
Explicit Euler

|Upn| =11 —=(0.1) xi||Up—1] = V14 0.01|Up_1| = |Un| > |Upn_1|-
Implicit Euler

|Un| = |Un—1| < |Un—1|-

1 1
- = W= —
‘1+(0.1)><i‘| n-tl VI+0.01

Crank-Nicolson

1—1(0.1) x i
Unl = |75 [Un-1] = [Unca
+35(0.1) x i

3. Consider the problem
—eu" +zu' +u=f inl=(0,1), u(0) =v'(1) =0,
where € is a positive constant, and f € Lo(I). Prove that
lew|l < 1I£ll, (Il -|lis the Ly(I) — norm).

Solution: Multiply the equation by —eu' and integrate over I to get:

1 1 1
(1) llew"(1Z,cry — s/ zu'u" dz — 5/ wu" dz = / (—eu") f dz.
0 0 0

But using the boundary condition we have
1 1
/ zu'u" dx = [PI] = [zu"?]§ — / (' + zu" ) dz = {4/ (1) = 0}
0 0

1 1
= —/ uw'? dx —/ zu'u" dz.
0 0
which implies that

1 1t
(2) / zu'u" dr = ——/ u'? de.
0 2 Jo

Further

1 1 1
(3) / wu' dr = [uu]§ — / u?dr = —/ u'? da.

0 0 0
Inserting (2) and (3) in (1) we get

1 1 1
||su"||%2(1)+g/0 u'2d:c+6/0 u’2dx=/0 (—eu") f dz

4 1
) = ||su"||i2(1) < /0 (—eu'") f dz < {Cauchy-Schwartz}
< lew"|| Lo @) fl] 2o (1)-
Thus we have
llew"||Locry < Nl Lar)-



4. Let u be the solution of the following Neumann problem:

—Auy = f, inQ) C RY,
—0Ohu = ku, onl := 9.

where 9,u = n - Vu with n being the outward unit normal, and k > 0.
a) Show that [|ulla < Co(||ullr + ||[Vul|a)-
b) Use the estimate in a), and show that ||u||[r — 0 as k — oc.

Solution: a) Assume that ¢ is a smooth function with Ap = 1, then using the
fact that Vu? = 2uVu we have

lull3 = / Py = / W20 — / Ve Vo
Q I Q

1 1
< Cillullz + CollullllVull < Cullullz + S llulle + SC5 11 Vulle:

Thus
llully, < 2C1[Jullf + C3IIVullg, < C*(llulle + [[Vulle)?,
where
C? = max(2C,,C2), C;= mrax|8ncp|, Cy = max(2|Vy|).

b) Multiply the equation —Awu = f by u, integrate over (2, use partial integration
and the boundary condition —0,u = ku to get

IVall3 + Kl = / Vi - Vu+ / (=) = / w(~A) = / uf
Q r Q Q
<llullellflle < {use a)} < Ca(llullr + [|Vulle)||f]]
1 1

= [lullrCallflla + [[VullaCall flla < §|“||12“ + §||VU||?2 + G313

Subtracting f|ul|Z + 1||Vul3 from both sides gives that
1 1 1
(k- §)|U||12* < §||VU||s22 + (k- §)|U||% < G313

which gives that |u|lr — 0 as k — 0.

5. Consider the initial-boundary value problem

U —Au=f, z € Q, t>0,
u =0, x € 092, t>0,
u(z,0) = uo(z), z€Q.

Show the stability estimates:

t t
2 2 2 2
u()] +/0 [Vu(s)][? ds < |[uoll +0/0 I1£(s)]2 ds,

t t
IVu®IF + [ AuIP ds < |[Vwll* +C [ 117(:)| ds.
0 0
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Solution: Multiplication by u gives
. 1 1
(i u) + ||Vl = (£,u) < [|f[[lull < CFNIVull < SCIAAP + 5[Vl
Here (@,u) = 4 ||u||*> and hence

d
el +1IVull” < ClIFIP.

Integrating fot -ds gives the first inequality. To get the second one we multiply by
—Au:

. 1 1
(i, = Au) + || Al [* <[] [|Au]| < SIIFI]* + 5| Aulf.

Here (i, —Au) = 14||Vu||? and hence

d .
g IIVull® + 1 Aul® <JIF11
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