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B.
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PART A (must be delivered before textbook can be used)

1.0 Incremental sources and BOR1 antennas (25p)
In the problems below we do not require correct constants in the far field formulas.
1.1. When we present far fields of antennas we choose a special convenient coordinate
system. Give the name of this coordinate system. Make a sketch of it inside a
rectangular xyz coordinate system, showing the three special coordinates and their
associated unit vectors. Write the names of each of the coordinates and what kinds of
surfaces that are described by each one of them being constant, and the remaining
two varying. (3p)
1.2. We have two kinds of fundamental incremental current sources, from which all
radiation originates. Write the expressions for the far field functions of each of these
two sources, when they are polarized in y-direction for radiation along the z-axis.
Explain the shapes of the far field functions in the E- and H-planes. (5p)
1.3. Write the expression for the far field functions of the same two incremental sources
when they are polarized in x-direction for radiation along the z-axis. Explain the Eand H-planes. (3p)
1.4. Write the general vector expressions for the far field functions for the two types of
sources. (5p)
1.5. There is a third classical incremental source, which appears as a linear combination
of the two previously mentioned sources. Write the name of this source, and give the
far field in the spherical coordinate system when it is y-polarized. Explain the shapes
in E- and H-planes. (3p)
1.6. Explain the mechanical and electromagnetic characteristics of BOR1 antennas, and
write the general form of their far field functions. How do we need to excite them in
order to ensure BOR1 far fields? (3p)
1.7. Explain the conditions to get zero cross polarization in the 45 deg plane for BOR1
antennas. Can we use this explanation to obtain the cross-polar performance of the
three incremental sources considered above? (3p)
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2.0 Aperture theory and fundamental directivity limitations
(25p)
2.1. Consider a planar aperture of area A. Write the formula for the maximum directivity
of large apertures. We always evaluate this in dB. Write the formula in dBi. (3p)
2.2. The above formula cannot be used for small antennas. What is the maximum
available directivity of small antennas? Explain approximately at which diameter we
have to switch between the two formulas. (3p)
2.3. Explain the three conditions to achieve maximum directivity of an aperture. Which
quantity do we use to measure how close the directivity is to the maximum available
one? (3p)
2.4. Explain the differences between radiation patterns of circular and rectangular
apertures. Make a sketch. Do you remember the level of the 1st sidelobe for both
cases when the apertures are excited for maximum directivity? (3p)
2.5. The far field function of a planar aperture can be described as a product of two
factors. Explain. (3p)
2.6. Explain the two incremental sources we normally use for aperture antennas, and
when and how we use them. (3p)
2.7. Aperture theory can be applied to many different antenna types. Describe briefly
why we can use it to determine far field functions of planar arrays. Hint: There are
two alternative sum expressions for far field functions of linear and planar arrays.
(4p)
2.8. Consider a very small rectangular slot oriented in x-direction in an infinite ground
plane. Write its far field function (correct constants are not required), and explain its
directivity compared to an incremental source in free space. (3p)
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PART B (You can use the textbook to solve this problem, but
only after PART A has been delivered)

3.0 Diversity antenna (25p)
We have access to a two element antenna that we would like to use as a diversity antenna
in order to improve the performance of a radio unit that is used in a rich isotropic
multipath environment (RIMP). The CDF curves for the two individual branches and that
of the selection combined signal are shown in figure 3.1. The two elements are of
different types but we know that when element 2 is characterized as an isolated element
(i.e. without the other element present) it is perfectly matched at the considered frequency
and lossless.
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Figure 3.1. CDF:s for the two individual branches and selection combined signal,
respectively.
3.1

What are the effective and apparent diversity gains, respectively? Assume
selection combining and a CDF level of 1%. (3p)

3.2

What is the absolute value of the complex correlation coefficient between the two
branches? (3p)

3.3

Assume that we can measure the two elements separately, i.e. without the other
element present. Then, what are the measured normalized power levels for each
element at a CDF level of 1%? Assume RIMP environment. (4p)
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3.4

What is the radiation efficiency for element 1 when it is measured without the
other element present? (4p)

3.5

Instead of using the antenna whose data is shown in Fig. 3.1 we have the option to
use another two-port antenna. The only information we have about this new
antenna is that it is lossless and that it has the equivalent circuit shown in the
figure below. The values of the impedances in the figure are
Z11 = Z 22 = 82.4 + j 32.1 ; Z12 = Z 21 = 76.1 − j 0.7 ohm .
What are the effective and apparent diversity gains of this antenna if selection
combining and a CDF-level of 1% are assumed? (6p)
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Figure 3.2. Equivalent circuit for diversity antenna.

3.6

When transmitting we excite Port 1 with a generator with 50 ohm internal
impedance and Port 2 is either left open or short circuited. Determine how much
power is radiated for the two cases. Give the answer in terms of the available
power from the generator. (5p)
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4.0 Design of planar dipole array (25p)
You shall now design a planar array operating at 1GHz with required broadside
directivity of at least 30 dBi. The aperture of the array is quadratic with equal element
spacing and equal number of elements in both x and y directions.
It should be possible to scan array to ±30º from broadside in both E- & H-planes. The
array elements are horizontal dipoles which are half wavelength long and located at a
height of quarter wavelength above infinite PEC ground plane, oriented in y-direction.

Figure 4.1 Planar array of dipoles over ground plane

4.1

Identify the co-polar unit vector in the center of the main beam of the array, and
E- and H-planes. (3p)

4.2

Write down the isolated far field function of a single array element by assuming
sinusoidal current distribution on the dipoles. (3p)

4.3

Find dimensions of quadratic aperture, the element spacing and number of
elements so as to avoid grating lobes. (3p)
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4.4

Assume the uniform amplitude excitation, and linear phase progression ΔΦx and
ΔΦy in x and y directions, respectively. Write down the expression of array factor
using element-by-element sum.(4p)

4.5

Find direction of steered main lobe when ΔΦx= - 60° and ΔΦy= - 90°. Determine
the directivity in the new main beam direction, and determine if you have grating
lobes or not. (4p)

4.6

Locate new dipoles in the empty space between existing dipoles, so that there are
almost double as many dipoles as before, and assume that these new dipoles are
excited in the same way as the initial dipoles and for the same directions. Make a
sketch. What is now a) the directivity of the broadside beam, b) the directivity of
the beam that is phase-steered to the same direction as in §4.5. (4p)

4.7

Each dipoles of the array is connected to a transmit/receive module that is
digitally controlled to give the correct amplitude and phase. The dipoles were
matched for the original element spacing. What happened then with the realized
gain when we doubled the number of dipoles. Please explain. (4p)
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PART A (must be delivered before textbook can be used)

1.0

Incremental sources and BOR1 antennas (25p)
In the problems below we do not require correct constants in the far field formulas.

1.1. When we present far fields of antennas we choose a special convenient coordinate
system. Give the name of this coordinate system. Make a sketch of it inside a
rectangular xyz coordinate system, showing the three special coordinates and their
associated unit vectors. Write the names of each of the coordinates and what kinds of
surfaces that are described by each one of them being constant, and the remaining
two varying. (3p)
1.2. We have two kinds of fundamental incremental current sources, from which all
radiation originates. Write the expressions for the far field functions of each of these
two sources, when they are polarized in y-direction for radiation along the z-axis.
Explain the shapes of the far field functions in the E- and H-planes. (5p)
1.3. Write the expression for the far field functions of the same two incremental sources
when they are polarized in x-direction for radiation along the z-axis. Explain the Eand H-planes. (3p)
1.4. Write the general vector expressions for the far field functions for the two types of
sources. (5p)
1.5. There is a third classical incremental source, which appears as a linear combination
of the two previously mentioned sources. Write the name of this source, and give the
far field in the spherical coordinate system when it is y-polarized. Explain the shapes
in E- and H-planes. (3p)
1.6. Explain the mechanical and electromagnetic characteristics of BOR1 antennas, and
write the general form of their far field functions. How do we need to excite them in
order to ensure BOR1 far fields? (3p)
1.7. Explain the conditions to get zero cross polarization in the 45 deg plane for BOR1
antennas. Can we use this explanation to obtain the cross-polar performance of the
three incremental sources considered above? (3p)
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2.0

Aperture theory and fundamental directivity limitations
(25p)

2.1. Consider a planar aperture of area A. Write the formula for the maximum directivity
of large apertures. We always evaluate this in dB. Write the formula in dBi. (3p)
2.2. The above formula cannot be used for small antennas. What is the maximum
available directivity of small antennas? Explain approximately at which diameter we
have to switch between the two formulas. (3p)
2.3. Explain the three conditions to achieve maximum directivity of an aperture. Which
quantity do we use to measure how close the directivity is to the maximum available
one? (3p)
2.4. Explain the differences between radiation patterns of circular and rectangular
apertures. Make a sketch. Do you remember the level of the 1st sidelobe for both
cases when the apertures are excited for maximum directivity? (3p)
2.5. The far field function of a planar aperture can be described as a product of two
factors. Explain. (3p)
2.6. Explain the two incremental sources we normally use for aperture antennas, and
when and how we use them. (3p)
2.7. Aperture theory can be applied to many different antenna types. Describe briefly
why we can use it to determine far field functions of planar arrays. Hint: There are
two alternative sum expressions for far field functions of linear and planar arrays.
(4p)
2.8. Consider a very small rectangular slot oriented in x-direction in an infinite ground
plane. Write its far field function (correct constants are not required), and explain its
directivity compared to an incremental source in free space. (3p)
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PART B (You can use the textbook to solve this problem, but
only after PART A has been delivered)

3.0 Diversity antenna (25p)
We have access to a two element antenna that we would like to use as a diversity antenna
in order to improve the performance of a radio unit that is used in a rich isotropic
multipath environment (RIMP). The CDF curves for the two individual branches and that
of the selection combined signal are shown in figure 3.1. The two elements are of
different types but we know that when element 2 is characterized as an isolated element
(i.e. without the other element present) it is perfectly matched at the considered frequency
and lossless.

10

0

Cumulative probability (CDF)

Branch 2 (element 2)
Branch 1 (element 1)
10

-1

Theoretical Rayleigh

10

-2

10

-3

-30

Selection combined
element 1 & 2

-25

-20

-15

-10

-5

0

5

Normalized power level (dB)

Figure 3.1. CDF:s for the two individual branches and selection combined signal,
respectively.
3.1

What are the effective and apparent diversity gains, respectively? Assume
selection combining and a CDF level of 1%. (3p)

3.2

What is the absolute value of the complex correlation coefficient between the two
branches? (3p)

3.3

Assume that we can measure the two elements separately, i.e. without the other
element present. Then, what are the measured normalized power levels for each
element at a CDF level of 1%? Assume RIMP environment. (4p)
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3.4

What is the radiation efficiency for element 1 when it is measured without the
other element present? (4p)

3.5

Instead of using the antenna whose data is shown in Fig. 3.1 we have the option to
use another two-port antenna. The only information we have about this new
antenna is that it is lossless and that it has the equivalent circuit shown in the
figure below. The values of the impedances in the figure are
Z11  Z22  82.4  j32.1 ; Z12  Z21  76.1  j 0.7 ohm .
What are the effective and apparent diversity gains of this antenna if selection
combining and a CDF-level of 1% are assumed? (6p)
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Z11

Z12 I 2

Z 22

+_

+_

Z 21 I1

I2
Port 2

Figure 3.2. Equivalent circuit for diversity antenna.

3.6

When transmitting we excite Port 1 with a generator with 50 ohm internal
impedance and Port 2 is either left open or short circuited. Determine how much
power is radiated for the two cases. Give the answer in terms of the available
power from the generator. (5p)
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Diversity antenna (20p)
We have access to two dipole antennas that we would like to use as a diversity antenna in order to
improve the performance of a radio unit that is used in an isotropic multipath environment. The CDF
curves for the two antennas measured separately (i.e. without the other antenna present) as well as
the CDF when the two antennas are placed close to each other, as they would be when used on the
radio, and using selection combining are shown in the figure below. We also know that antenna 2 has
an efficiency of 0 dB.
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Figure 1.

CDF:s for the two dipole antennas measured separately without the other antenna
present and when placed close to each other when selection combination is used,
respectively.

a. Why are the CDF curves for antenna 1 and 2 different and what does this difference
represents?
Solution: (2p)
The reason for the different CDF curves is that the two antennas have different efficiencies.
The horizontal distance between the two curves represents the difference in efficiency, from
the figure it can be seen to be 3 dB.

b. In the figure, sketch the CDF curves for the two branches when the antennas are placed close
to each other.
Solution: (4p)
See figure.
- The curves for the two branches should be shifted to the left (2p)
- The two curves should be shifted equally much (2p)
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c. What is the gain of using the two antennas and selection combining if we compare with using
only antenna 1? Assume a CDF level of 1%.
Solution: (2p)
From the figure the diversity gain can be seen to be approx. 7 dB

d. What is the gain of using the two antennas and selection combining if we compare with using
an ideal reference antenna? Assume a CDF level of 1%.
Solution: (3p)
- From the figure the diversity gain can be seen to be approx. 4 dB (2p)
- It should be realized that antenna 2 represents an ideal reference since it has 0 dB
efficiency (1p)

e. If the efficiency for each branch is assumed to decrease 5 dB when the antennas are closely
spaced compared to when they are far away from each other, what is the absolute value of
the complex correlation coefficient between the two branches?
Solution: (3p)
The apparent diversity gain is given by equation 3.12 in the book, i.e. Gapp  10 1   (note
2

that it is Ok to use other, better, formulas for the apparent diversity gain). Since the
efficiency has decreased 5 dB due to that the antennas are closely spaced as compared to
when they are far apart the apparent diversity gain is 5+4=9 dB (from d). Thus, we have
Gapp  109 10  10 1      0.61
2

f.

Now, we have got an offer from an antenna vendor to buy a diversity antenna instead of
using the two dipoles. The only information we have is that the antenna is lossless and that it
has the equivalent circuit shown in the figure below. The values of the impedances in the
figure are; Z11  Z22  82.4  j32.1 ; Z12  Z21  76.1  j 0.7 ohm .

What are the effective and apparent diversity gains of this antenna if selection combining
and a CDF-level of 1% are assumed?

I1

Port 1

Figure 2.

Z11
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+_

+_

Z 21 I1

I2
Port 2

Equivalent circuit for diversity antenna.

Solution: (6p)
The apparent diversity gain can be obtained from the knowledge of the correlation coefficient which
in turn, since the antenna is lossless, can be calculated from the S-parameters as given by equation
3.10 in the book (note that there is an error in the book, it should be a square root in the
denominator, it is however Ok if the expression in the book is used). Thus, the first thing we have to
do is to determine the S-parameters. For the given problem Z11  Z22 and Z12  Z21 so that

S11  S22 and S12  S21 .
S11 and S21 can be determined from the following circuit;

I1

50

V1

_
U +


1

V

Z11

Z12 I 2

Z 22

+_

+_

Z 21 I1

I2
V2

2

V

Since port 2 is terminated in 50 ohm V2  0 and we have the following relations;

S11 

V1
V2
,
S

, V2  V2
21
V1
V1

We also know that V1 

U
U
 V1  V1 
2
2

We can now express the S-parameters in the total voltages as;
S11  S22 

2V1
2V
 1 , S12  S21  2
U
U

The currents in the left and right loops can be determined as;

I1 

U  Z12 I 2
Z 21 I1
, I2 
Z11  50
Z 22  50

Solving for the currents gives;

I1  U

Z 22  50
Z 21
, I 2  U
 Z11  50 Z 22  50  Z12 Z 21
 Z11  50 Z 22  50  Z12 Z 21

We can now calculate the port voltages as;
V1  Z11 I1  Z12 I 2  U

V2  50 I 2  U

Z11  Z 22  50   Z12 Z 21

 Z11  50 Z 22  50  Z12 Z 21

50Z 21
 Z11  50 Z 22  50   Z12 Z 21

The S-parameters are now given by;
S11  S22  2

S12  S21 

Z11  Z 22  50   Z12 Z 21

 Z11  50 Z 22  50  Z12 Z 21

 1  0.10  j 0.42

100Z 21
 0.43  j 0.35
Z

50
 11
 Z 22  50   Z12 Z 21

50

Now, when we have the S-parameters we can compute the absolute value of the complex correlation
coefficient by using equation 3.10 in the book (or rather the correct version of the equation).

 

1   S

*
S11* S12  S21
S22
2

11

 S21

2

 1   S

2
22

 S12

2



 0.41

The apparent diversity gain is given by equation 3.12 in the book;
Gapp  10 1    9.12  9.60 dB
2

The effective diversity gain is defined as the apparent diversity gain multiplied with the radiation
efficiency, equation 3.11. We have by using equation 3.7;



2

Geff  erad Gapp  1  S11  S21

2

10 1  

2

 4.61  6.64 dB

Name:

4.0 Design of planar dipole array (25p)
You shall now design a planar array operating at 1GHz with required broadside
directivity of at least 30 dBi. The aperture of the array is quadratic with equal element
spacing and equal number of elements in both x and y directions.
It should be possible to scan array to ±30º from broadside in both E- & H-planes. The
array elements are horizontal dipoles which are half wavelength long and located at a
height of quarter wavelength above infinite PEC ground plane, oriented in y-direction.

Figure 4.1 Planar array of dipoles over ground plane

4.1
A:

4.2
A:

Identify the co-polar unit vector in the center of the main beam of the array, and
E- and H-planes. (3p)
Copolar Unit Vector:- ŷ
E-plane: φ=90°
H-plane: φ=0°

Write down the isolated far field function of a single array element by assuming
sinusoidal current distribution on the dipoles. (3p)
The dipole is y-polarized and λ/2 long, located at height of λ/4 above ground
plane. The far field function of such dipole is a product of incremental source
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factor, Fourier transform of current distribution on dipole and ground plane factor
for dipole located horizontally on PEC ground plane.
Using equation 4.70, the y polarized incremental source is written as,
Gid (, )  Ck I o l (cos  sin ˆ  cos ˆ )
Using equation (5.11), Fourier transform of sinusoidal current distribution is
given as,
ˆ
2 cos(kll  rˆ / 2)  cos(kl / 2) 
j (klˆ  rˆ)  
k
1  (lˆ  rˆ) 2  sin(kl / 2)


lˆ  rˆ  sin  sin 
kl / 2 

2  1 

 22 2


cos( sin  sin )
2
2
 j (klˆ  rˆ) 
k 1  (sin  sin ) 2 


Using equation (5.64), the ground plane contribution due to imaging is given as,

Ground ()  2 j sin(kh cos )  2 j sin( cos )
4
Thus, the complete far field function of the array element is written as,
cos(  sin  sin ) 

2
4 

Ghd (, )  Ck I ol j 
 sin( cos )  (cos  sin ˆ  cos ˆ )
2
k
4
1  (sin  sin ) 

4.3
A:

Find dimensions of quadratic aperture, the element spacing and number of
elements so as to avoid grating lobes. (3p)
The array is quadratic having equal dimensions in x and y directions. So
Dx=Dy=L. The required directivity is at least 30dBi along broadside.
4
4
 Do  2 A  2 L2


L 

Do  2
1030 /10  2

 8.92
4
4

Element spacing to avoid grating lobes is given as,
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dx  d y 



, (sufficient condition)

1  sin 0 
L

 dx 

1  sin(30) 
8.92
 d x  0.62
And for this array the element spacing is equal in x and y directions.
d x  d y  d a  0.62
Nx  N y 

L
 14.38
da

 N  15 15  225

4.4

A:

Assume the uniform amplitude excitation, and linear phase progression ΔΦx and
ΔΦy in x and y directions, respectively. Write down the expression of array factor
using element-by-element sum.(4p)
Using equation (10.66) & (10.67), and assuming the phase of the center element is
zero, the phase progression in x-y direction can be written as,
 y
 x
  x, y  
x
y
dx
dy

1
( x  x   y  y )
da
Now, using equation (10.62), element location can be written as with rc=0,
15  1
15  1
rmn  (m 
)  d a xˆ  (n 
)  d a yˆ
2
2
 rmn  (m  8)  d a xˆ  (n  8)  d a yˆ
  x, y  

 rmn  rˆ  da sin   m  8  cos    n  8  sin  
 mn 

1
   x  (m  8)  d a   y  (n  8)  d a 
da

 mn    x  (m  8)   y  (n  8) 

The complete array factor using element by element sum is written as,
15

15

AF (rˆ)   Amn e jmn e jkrmn rˆ
n 1 m 1

With Amn=1 for uniform amplitude excitation,
15 15
j   ( m 8)  y ( n 8)  jkd sin   m 8 cos   n 8 sin 
AF (, )  1 e x
e
n 1 m 1

where d a  0.62
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Name:

4.5

A:

Find direction of steered main lobe when ΔΦx= - 60° and ΔΦy= - 90°. Determine
the directivity in the new main beam direction, and determine if you have grating
lobes or not. (4p)
Using equation (10.75),
90
k y d y 3
tan o 


kx 60 2
dx

o  56.31o
     
 2   3 
 0.62    0.62 

 


 

k
2

sin o 

2

 
 3   2 
     29o
1
o  sin
0.622  42
No grating lobes.
2

4.6

A:

4.7

A:

2

Locate new dipoles in the empty space between existing dipoles, so that there are
almost double as many dipoles as before, and assume that these new dipoles are
excited in the same way as the initial dipoles and for the same directions. Make a
sketch. What is now a) the directivity of the broadside beam, b) the directivity of
the beam that is phase-steered to the same direction as in §4.5. (4p)
4
4
2
a) D0  2 A  2 15  0.62   30.4dBi


4
4
2
b) D0  2 A cos 0  2 15  0.62  cos 0  29.8dBi


Each dipoles of the array is connected to a transmit/receive module that is
digitally controlled to give the correct amplitude and phase. The dipoles were
matched for the original element spacing. What happened then with the realized
gain when we doubled the number of dipoles. Please explain. (4p)
The realized gain for the denser array will be decreased, since the spacing is just
half of the original, the mutual couplings among the elements are stronger, which
leads to stronger mismatch for the scanned port impedance. More transmitted
power reflected by the antenna. So the realized gain is decreased. We had a deep
discussion in the lecture for this question.
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