Forelasning 1 CRASH COURSE

Two - (hign) DIM, PRoR. THEORY

X Two dim rtandom vamable (X ;YY) : S= R

X Cumuiobve dostr, Fex  (epf) Fee Xy) = P(Xs2x, Ysy)

preperves ¢ ¢« 0 = F 0ny) =0
+ F (XYY s increasing in eochk oo,
v Py xe) = Rl . Fxy (eo,9) = Fyly)
v Fay(x,-2) = F o (-0 ,y) =0
* Pla<xszb c<¥Ys=d) = F(bd) - F(a,d)
-Fv(b,0) + By (a,0)
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X Two rand. Vor, X & Y owt indep i¢ P(Xsx, Yey) = P(xsx) PlYsy)

PropUty . X, Y indep &> Fau(xw) = Fx0O Fyy) ¥ xy

% Conkrnuows rand. vVor. (X,Y) has wn Countably nknitly
Mmony PosSiklie  Valwes

4
* Cont. t.v has prok,. density fct POF {oy (xq) = 5;2;1 F ()

proper tes e Ly (x,y) 20

‘g o

i I Foe (Y)Y dxdy =1

F,..,(K.\j) = -S‘g va (w,v) dudv
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P(xyY)eA) = SS «?“(x,updxd\‘

(e X912



¢ L 00 = -s.{.p'(xl;o) d\, ' -C‘(;’)= -z £y (x19) dx

X X Y oare indep e (x,y) = £.00 EY)
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* Gomssian [/ nomat Loy = 5_71;5 UP('&L()—‘-;#)‘)
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Two DIM (again) CoNT,

Expecration E(g(x,Y)) = SY qx,4) £y O4y) dxdy
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for fct 5:18‘—»:&

Conds Nonal PDF ot X qiven Y=y

x
£y (2,9)
v ST
Fay (219D Fyly)
¥ Dek: P(xeA lY=y) = ,-E,.‘tm"‘“ij d x ALR
E(K'Y’\dj’ = Sx*xw("hj} d)‘
-
wkes: + P(REA) = § PIxea)Ysy) +,(y>dy Tot prob

Tet exp voa

e EOO ¢ z ECx1Ysy) &y (9 dy
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Two DM DISCRETE RAND VAR

x Hos kniltly or Cowntably many possihle Volues (eq. 2 ~2)

* Pnbmbi!-‘l-\f mass funceon (PME)

Poxy) = Pixex You)

PFQPVH.-S: . PF-Y(""s) 20
b % PKV(’I‘ﬁ) = 1
¢ Fuylrw) = ET_Z‘\, Pee (V)
« P(xYea) = J_ Pe Gy ter ACRY
Ogy) €4
voPG = I Py Py I Py i)
¥ X kY indep o= Puy (<, ) = P 0 Py (yy

IMPoRTANT oNE PIM DISC PRoRBR DISTR
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Binomiat (Q\ p* G-p)"7* pond

Bexrnoull: PXLﬂ: P PX(o) = 1-p
LA

po.‘SSon _-)—-—Ee"h

Geometnic /waiking kime ("P’KP

Two DIM ... Cagoin) DISC

¥ E(g(x,) = .5;_2;.'. Q) Py (x,y) tr g: R'> R

¥ CondiBonat PMF ot X Qe Y-Fua : Pm*(ﬂlv',) z P(X-AIY-\S)

Plyey) Py t4)

Plxex, Yeu) . Pay Cxyd
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Focks  PlxealYsy

2. P

ReA xiy

E (x | Y‘\g') L ; P in(.xuj\

1

(x1y)

poputies « P(xea) = ){.P(xmw-»ﬂ P ()
CEM) = 2D Elx1Y=y) Po(w)
E

¥ Lintomly of ‘he mean E(_S‘:'_cxlx;) - ;'-&:E(X:)
A
A Vomance ©  Vor(X) = o = E((x-E0N?) = E(X') - EC?

A  Covomance : Cov (X, Y) = E((x-p) (Y-py)) = Bl - By

X Det: X A Y owe untomdabed it Cov (X,Y) = 0O

(= E(x,Y) = Etx) ECY))

X Simple fock X, Y indep = X,Y wuncor,

gok (tont)
Ex,Y) = § § xy bag(xg) dxdy = § S“xqi-;tﬂ £y (41 dxdy
2 (xse00dx Sy tardy = EC) ECY)
¥ PBilineority ot covemante - Cov ( Z_o.)( Zb Y;) = Z;f_&;, Cov (XY
j=! i= =]

* Vox(X) = Cov(Xx,X)

Consequence . (me ) = C_OV(ZQX ﬁa)() ZZ.CL Q; COV(X )(

yer is1 J“

= [t x's wncer.] 2: af Vor (X;)

=1

¥ Choxoctensht fct (CHF) o rand vos X Y ) = E(ei®X)

0
X cant . Pr(w)d = _S‘ e I .0y dx bovmtr  tronSform

“ \]
= S’x“) = 2%[1 g \-Pl(w\ e,-wa dw 1at% 781} 'W‘\(‘Mm
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Fore\asning 2 e s

Todoy = S.1- 54

A tondom (srockaskic) process IS o domily {xwi, = P 498 « 1 P
Ok rondom Vosmables indexed by time teT whee &35 iv the

Oukttome OF a rondom e.acptn‘MlM

The bme parameter set T i3 ertheu discrele (e N, 2, 0,1, o, nT)

or Conknuous (eg IR’ R, [a,b])

W hen you hoat done Yowr rand. exp. 4 recieved its owtcome j&S yow can

print the rondomn Process

T x@.t
Somple p ot

oF the rond. Yoo
/\ for sSome §
N\ W ol
\V4 Tt

_J eT

Ex 1: Totauy indq:mden{ process .

eoch Prou.ss-vm,u.e. is o« N(o,1)
' ’ y e b rand. wvos, :‘hdLP. ot

Ex 2. Totaly dcpmdtM pwcus

T

X(t) 29 VtEeT
whirt o i§ o Singie N{o,1) rand. ven,
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What 5% reolly required to know aul Probaan‘SHC into, about 1he randon

Process oare t+he Knlbe dim d"S'h‘lw'l-aULHonS

Fm‘)wmn(x,.v.x.\) = POx@nexy oo Xt 5 Xp) v ot k€T
K',.,_JXH e ,R

N-din~ Proko t:-l‘n'—‘qnf neiN

The meon fot ’.A.x(t\ = E(Xxw))

The outocorrelaon fet Rels,t) = E(Xxc¢sr X))

Cross Covrelabon  fot ¢ Ry (5,8 = E(Xes) Yerr)

Auto covomance {ct K, (s, 6> = Cov (X X))

Cross covarcance det ¢ K, (s, = Cov (X Yo

Rx (s,t) = E(X6y X)) = Cov(Xwy X)) + E(Xesy) E(Xer)

= Kx(s,t) + Pz pmxt)

Rxy €s,8) = .. = Ky Cs,8) & Mgl i €6

Ve, X CteeR) sx,.)
2 POXCY 2x,.00, XCEaYE XA)

X ey iy Sheckly  Stodsonory it PUX(t4h) s x

Y o otyth, ., tath €T | X, X &R | heR, neN

€. Hmt franslahon invexance o+ the Rnike dim, diste buhong

XCt)y s wide /weak Sense Staonary  (wss) f Mx(6) = pe 4

R, (t,t+1) does no%  depend on &



Thwm

Stntk Stah‘ono«‘w = Wi

preot E(xetey) is dertrmintd hy Few, (XY whith does not depend on t

—_— ] —

E(xXtaXttaT)) s deternuned by Fxmx(pn(".bﬂ

Ex 1 tont.

POX,LE,AR) S %, X (tath) sXa) = POX(awm) $2,) - POX, (tn00) = n)

= PUNG, =x,) --- P(N(e, 5 x,) for 44th, . ,tath €R att d:tferent

Whith does not depend on h  Se thot X (t) shwictly SteRonowy

Ex 2. Cont.

P(r] X ., 1 % Ra)

POX (tanY s, . X, (t,2h) $ x.) i

= P(N(Co,1) s min (x,...,%Xa) bor 4yah,. , k,th € IR

whith does not depend on h So that X, () s Strictly S+ah'0ncu\1

Ex 3. X,0() = Ucoswt + Vsinuwt
whtrt U + V ot uncorrelartd ZeD MEON random Voo bies

Wi kih  Lormmen Vomanct o1 ‘ ond wWeR s comsStant.

pr ) = E(x0) = Coswt ECU) 4 sinwt E(v) =0
I by Lineonty ot the mean

Rx‘(t,f‘T’ = E((U Cos wit + VSsinwt)(Utoswltat) » Vain w(t-e't)))

c
= E(U?) Coswt Cos W4T) + E(Vv?) sinwt sin wltsT)
0

¥ E(uv) (Coswit Sinwt+T) + Simwt Cos wilt4T))

e Ot(coswt COSW(tAT) o Stnwt Sinw (t4T))
2 OtCos( Wi~ wi(t«sT) = oL Cos wT
whwtih dots nov  depend orn %

= S0 X&) iv wSS

howestx b 18 not 5b-r‘cl-|\..| S;uh‘ﬁnw ‘ . X’ D fosinuy
PIUCfSS



Ex. " Xyl = & sin (wi+98)

Wit
A\ e , P [, 1 ". i \ Y { & IK
n
Pt = E(s sin(wti @) = [asin(uesn d (14w
"‘. L)
ovuLlr (oTa% ‘ (A m,i ) ; j ]" € ‘, / o

"

&
gas.‘nth-ﬂQ) 7o d @ = . =0
-]

Re Ct, b0ty = E(X () X, (t+T))

ol E(sin(wt+6) sin(w(t1T)+0))

SSNX &'n W =
1

i{ (,(‘C.\‘;, (Y“'P = (_OS(.X*\j))

1"

%‘ E( cosrwt) - Cos(.?.wt*w'r-r.ze))
ol
z

E(coswt - 0) = 2 coswt

2 Whith does not

depend on 4
t}\,T Symme \"ﬁ'\i ot (OS

Se )(L1 'S WSS

& i -

PKOPE{ZT\_QS; D-F.AUTOC.OR.l .FC_T, “or- wss PReoc,

X ) w SS means  thox }.Axttﬁ =']U'~x ond Rx(t,t*t) = R, Uey

do not depend on t

1. Symmebsc @ R (T = Ru(-T) y

2. Ry(C)y = E (xeernW)

2, |R.Ct)] = Ry (o)

proot » 1. Rx€G-T) = E(Xty x(4-13) = [vor. changt 42 t47] = E (XCraT) X (ta0-T)

2 E(X(tr X(e+T)) = R (D)

2, Toxe T=20 in prood ef 1

3, 0% E[(X(t«T)t x()') = E(xtt+1) » (X)) £ 2 E(X WD Xwo)-
= Ry(0) « R,(e? 2 2R, CT)



GAVSSIAN (NORMAL) RAND, PROCESSES

{ XYy 'S Gowssian random process it evtry Ln Comb Z_—_Q;X;(H
IS normal  dvS b buked

v 0\1 - - ‘?:Li\ é’, “I:(m {-i X - ‘ . ‘f‘ i m £ \\'l

»

Take n=1 o,=1 +4,= to see thot each X&) st be normal distr,

RButr S 8 Lo from be,inox enoungyh

Ex 3. Cont

X,,(t) = U coswt =+ Vsinwt

new @ U,V ndep N (0,ct) and welR Const
L"Nmr;-«a'\ {»crk"y.:o '
Xy lt) % o Gaussian process Since
Do Xty = U I eqcoswt + V J_ a;Sinwt,
iz izr izt

adding two notmal =  new novmal with s fidpe | O el ol

= N (o, O‘Q(ZQ:CoSut:)li» ot (st;nwe;)l)

Ex. 1 cont
Z o X&) ~ N (o , Ofa.4 a,,‘) for t, . ){;n € IR diturent

So  Xy(t) s GQomslicon pProcess

Ex. 2 Cont
Zoaxd) =(Ta)g ~ N (o,(Zai)?)

Se X,(t) 5 Gomssian process

Thm A Goamssran rondom Prou.s's 'S fuy Probobilihcally determined
by its mean fck Px(t) A oumxoCor/ omtover fet
R {845 7 K5 1)



Nobe © +Wis @5 move or 1035 only bt 4or, Goamssion processes

\'-«—_f- Check Choxoctenste,. fet
- Shaoy X LEpY 4 o - op X (kA))
kP"(m.n XLy (o, y -~ we) = E ( e,"f’ ; ‘ - )
Un comb o+ proc. Vadues
por E[fwxan] = Swigpan P NG

e

= Zn.znw;wx K,‘, ({;Jt.)

Tl ke

sl = VM[im;XCt,)] = Cov}‘%:_lw:xtt;) Z‘-UnX(t-.)]

Thm A Gomssion process ;s Shwckly Skeebonowy itk ik S WSS

Thm Two GRoamnssian Pmcess valuwes oae  indep b H\e\.’ o€ un Cor,

EX. % Cont

X, () = U coswt + V Cos wt
now - V,V ~ NID (o, c?) Normal  Independent

Plxors 2dgn 287 7

Goamssian = X1 + 2x,(2) w~ N(u, o)

"‘: E [X;(') +2x‘(157 2 0 Snee U AV how mMmean O
otz Voar| k0N +2X6] = Vox [x,¢n] + 4 Vor [X4(r] + 4 Cov I'x,m‘xsc.,)]
K « & §
T Re (o) + MRy (0) + M Re () = brom beteve
' ' i
= (5 Cosw 0 *+ 4 Coswi) & = T (54 Y4cosw)

Solwnon: P( N (o, 6¥ssutosw) 213)



SHM € is ohout INdELP processes &  same ad our Ex T

C.R E discretre vouwed 4disCrert Bme Moarkov Chedins
we Wwill discusy N Setkon §.5 next wedk

SM R Gomssian Pmusses ('\v.u Covertd) dont with

SH & Ergodct Prousus - not in Cowurse

STATIONARY |INDEP., INCREMENT PRoOC (5.4 p)
§ I [ + Yy .

Def © A random process {x““eu”"‘“ StoNonarny indep. incrtments if
s+ X (o) = O Stlart ar 2eévro

o X sy - X (9 dtptr\c\s only on t (not ) loy 0< 5§ <

proRonility diskr o€ O

XAy - X0 s indep of f X}

F&fo,s8Y

(i$ ovso cawed Ltv»_, Pmcess)

Mos+ inmportoant examples

. Po;sson [Process
* Winex Prou—'aS (Brownian mokan) | non exist., dem veoh v

+ Non-rondom Line
Storts ot Zero with Some nonrand « SloPe - .

For a Stosonany indep. incr, Proc, We must hoat
Belt) = E(xw) = E(xam t

Kes,£) = Cov (X, X)) = Var(X(n) min(s,t)

S+t

v 02 g st

- whi'tt nove e,
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Ch 5.6-5.7

Pol1sSoN PROCESSES

. ¢ o

Dek 1: A poisson process (X )y,, with intensity /frate A >0
IS given by

) Xy = ©

a X (e+s) - X ¢s)

is indep. o4 {X N}
2 X Ce+s) - X (e

o
refo, s for S1 20

is Po (At) dshebuted for Stzo

Det 2 A Fo:‘SSon process f_X_(t)‘t?_o with ir\{-eﬂS"{tj/ra,k_ h >0
s gien by ' o ’

1; X ) el where §z, ___ oue indep,
— exponentad dl;srn'_bund.wf'k
T ETE} =
1 ;° , consStrac kv L
EX. }Ax(t) = E[Xt)t = E[xXt-x+X@] -t = At
L rmmromand Lo,
PoCA) &
or: = E[x] = E[X-&-t)h-XCO)*.X-@ﬂ = Ak 4
PCAt) O

Auto Covosance fck !

Kg(s,6) = Cov (Xesy, X(6)) = Vox [RO]-mints 1) = Var [Pola)] min (3,8) = ) mant

s<t . ' : a By omy o
or = Cov (Xt X)) + Cov[X(sH) Xet)-Xcs)
=fon e s T e e s®

Vo [R(5)] = Vet [PoA9] 20 Smee indep increments
o

\—’./‘,_————"_\«

»S

rS 54k
AL k<S

\

:)MM(S,*’)



Ex. P(Xtnh et | Xeaye2)

P(Renz1, Xcde2) P(Bc)-X¢0 =1) P(R(D=1)

=
P(X ) P(Xrca)
P(Potay+1) P(Po(arer) _ et & e 4
P(Ps (22 =2) et an <

WIENER PROCESSES (Brownian mokon)

is o Stawonory independent increment process {Xcor},,  with
X (t43) = X9

iS5 No,ot) dsmmhurtd for 9.t 20

X(H -
Not ditterunbhoble hbecomie at
eocn S, it Chooses o new dir
indep of Pﬁ.m‘ou.s

t Con knuows fct
osci\\ahon en iNAnitesimal Stale
Theorem - -

A wienu process {Xcey,,, is o zers mean Gomssian process wikh

Kz csat’ = R’K (S,t) I ot Mmin C$|t)

Prock: My(t) = E[Xc) = E[XC - Beon + Ber) = E[N(o,o1t)] = 0O

Na,a!t) o
Ke(s,t) = Cov[Ren, R (6] '8 Cov [Xep Rew) Cov[Xen) X (t)-Xa»
Vo [k 11 r o

= Vox [N(o,&14)

. }'als sk
ety &g



To show Goanssian [)rosuc WEC Mmaast Show Z’_‘_ o X (40

1S normod  distRlbwted  for  a, o, &R

j oswean n 7 t1,,,,‘{’\26 .

Wlog © asiume O =4, <

- =t

i X (H) = Oa( Xt - ZC{,._,))+ (On+ xn) (X (tn.,) = X (ta,))

+ (0n+ Once 2 0ng) (X Chasa) = X (tay)) - -
+ Cantonn 4 --.4 a,) X&)

L 'Aden - . ‘ ‘
v o4 Natep GhOaass, u fe ¢

Theorem
We Coan ou.\\-eamo»\-\w)\\ﬁ de & .

e Wienerx jprocess {XCt)fﬂc to bhe o
Gomssian process with  mean fet Mxe = ©

and ocuboCovamance
fed Kyges, v =

St mian (5,1)

Det: A wieneco process with d4t

is o Smh‘bn% fn&;n, increment
Pmccss where H«t r‘e,q,wrtment X (t4s) - XY ~ N(o,om)

in the det ot wiener process hos heen exchanged +or

X (£+3) - Xy ~ N (ut, o2t)

wiener process s Cproba..b.'ush'ca.\u,) Some a8 wienec precess

withour dntt,  with pt o added

MARKoV CHAINS

Det : A discrete tHime , discret Veduwed rondom process (X §‘°-

Nz o

i CoiMed o Morkov Choin

(and oy Yhe Mosrkov. poputy) it

P (Xnay 2 % | K=k, o, X)) = B (X, = %a | XpzXa)



X WL odweny (movt o7 1ess)  assume wisg thad valuey of
MoxkoV Choiny ot integers 2

1£'S Hat Soumt vabth Bt bur we Sertet N

S 8 htioune H\fu} Art Coundn)

Det  The transivon probohilihes p

H P(Zn_,,'j lX,,-i)

are elements oF the ransihon moatsx P o= (P.ﬂ

¥ we AW Y (mort oy [e33)  assume &ime homogenety
P,.j' does not depend on N

EX. Kid colltch'ng su_puhm F{o.,\.wt.s ot fost 4ood restroauaron +$

O 500 ®
SO INS

VL 1/2

34 !

' -~ >

X, = numbea ok .Su_p'orh.uocs owt ot Joux Foss.‘blt Collectked
Are N restrounront ViSitsS

on o / Z“l = 1 B o 1 o o O 1 e
[e) 1,‘1 $A 0 [o] 1

IS o Morkev chain with P= 0o own%no ¢
© 0 O W W 1

L © o o o 1] =

-
1°od
-



Fare\ﬁsninq - cCH 5.5

=4

Ex 2. Simple random wakk
X200 X, = LY where {3 o IID rv

wWith P{y,.n}.P . Pl{Y,=-1} =1-p=9 peto)

4  Aor jm 1=
0 otherwile

This aives  p,. = ii’ Ml

Ex. 8 GCombexrs run
Gamblar inikally  has $X, = d ww\\z house. has $ b-d

He bexs $1  in each gomble and gets 2 3 batk wWith Pmk
Pelo,1) , but gets nothing $0 'Wikh Prob 1-p = q_

X, is oambless fortune okter n bets

P P P P p P
Piy = Pk jmier iedr ke
9 bor jric=t i € {y, b-1}
1 Fov ye i €§{1,b}
o) o Hherwise

et @ The distribuhon peay oF KMe n i the fow mabnx

with tlements  pemy; = P (X, x )



Dek The N=- sk P +roans Hon maobrx B has,

Llements PC"J = P(me"j | X =)

g

; Theorem

ny
Pn = Pn ona P(ma»r\j = ch'y PO“ = PUH) Pn

poot  Gooad: PR o P pm

ity mor then givts ve s _ . X )
POy = POt | Xni) + Rz Eet
_ Z P(Xemanar 2§ Xy, = kX, 1i) PXmik, Xy00i)
x Pl 2%, 571 P(X,) =i

- ; P(Zmﬂut.j \Zmﬂtk,x"ﬂ) P(XMQI’K‘XM:;)

H

SOPU P = (PP, = e = (P

\

and

ptmand); = P (X)) = ); 8 ¢ SN B T

P(Xmin 2}  Xp=k) ) n
P(Xink\ P (Xem 2 ) B Z (P‘ ‘)k; P(m’h

(PLM\ PU“.)

i

Dek . A row moknx P iY o StroNonary distribukon if

1) pP =g
) pi2o Vi
3) ;ﬁ;:

Theorem

| & ?cm) = % , then P(m-«n) n,; ¥ n2

1]
_o

proot . Ptmen) = Pl P = (PPYP™ = p P



DeX ©  The meantimg o rerwn o Skake g

Mi = El[rnsm inzt o Xaziy | X, =]

Ajse all (& Mei D rtcurmrenit 2B a4

Det - Shakt 50 aceesible o Stak | notahren

i« PV w0 frr See N
oy

StHLke A Comanitatt — notabon )
iE Ty A i

Chasn s Mreducible (& i—>; ¥V Staks i,

Ex 1, V'S pot irveduc bl
ExX 2. 'S rreduthle

E< 3. iS5 not

et - o pevicd 4G ot Stoke S d0) := gqed (N2 . P-‘\fm““’)

o Choin @Y apemiodie b 4=l v

EX 1° A0) = 4(2) = 4(%Y = 41)Y = ) d(eY not def
Ex 2: 4CGY =2 Vi

Ex A a(0) = dlb) =1 dC1Y = ... dlb=1) =2



El{mintne D X,=up] = Ef minfnzr t Xq=4 | x,=03

E[wodh‘no) Hre disH, wAlth P"‘] + Elw.r.d sz-q]
+ ETlwtd P=2] =+ E [witd, P="A)

Coa bk ,!' i

45
Tr 3 v 24 = F

1"

T heorem

For an irreducible apw.‘odfc Moxkov Cheain '3 ex %ty (ff
the Mmean recurrence Hme Hi <0V states

" 1
and in that Case P, = /g

Ex Y. Modir&qed Supeshuo Probltm

OO OaralCOamalC)

R R

60 1 6 o © dtiy=1 Vi
©o M % O ©
P- © 0 2 V2 0 Choan (§ [(meduesble

O O O *a Yy

1 6 0 © o©
Does P exisSt?
([3. P f,t f‘;'\ F’-) = P P o= (P‘* 0*;P‘l %ﬁi*i‘: %éi.'%‘; .
= (P ip 22 44 Fe) Z-=g

. e 1
So [D-‘ (2: 2% 2% 2% 2%

E = /U-o" = %-1 = %—s Gooa



Dek o kot i IS trongient 4

P(R,. =i for some n21 | X, =1) <7
e Stote 1 s (,&,C.C%E&Qtl,l?ers:ﬂ&nt i £

P(XRA =i dov somt n2) | X_ =) =1

EX1. 0,1, 2,3 Yonsient = W rteuwrrent

EX2, Remoiny Yo be dekrmined

reccurent 1 b-1 Hansient

y

Ex% o,b

Ex M. 0,1,2,%, Y fecurrent

Theorem

20
i recument ek 2 Pi™ = 0
n=

Theorerm

Foy an irreducikle  either au  statkes are recuwment or o\l Oue fanSient,

Al States hoat Same perod : :

Further i <00 kor some stake i M ;<@ ¥ States

Ex 2. s Simple rondom wWolk recuarent 7

0
Ie is Z.P“"-’“ = 20 or not

ney

" - 19“(1-9)*(‘,{-) N ewven =2k
] n odd

Z(Rlpra-pt = I 3R PrO-pt =
[5\-¢x\:no)s fovrvamla K.Y % Jine k* E.-“. k-b@]

- i msz)“g}‘(
£~ amk K""y{"




' S - kv prisa
/ 2 < oo AAASE I V7

P

1
= Recuwmrence dov P="

Transient +ov P '/

COMPUTER PROBLEM

for own WoTk  Exercise Session 1

Time homogeneous Moarkov Chain {X,,}::o with state space E

iniBal distibulon Py and  transikon mabix P 9aen by

W Yy Y
= 6,1 2 = =
E=fo,2l  p@:liee) a Ps [V B

0 (o} 1
Cn) %) G0

Fnd EIT] 4ox T2 min{nzr : Xx,=2f by Sstahshcal Simulakon

.Eo = 1+ /2E, + Ya E, E, = 4 Ar\a,\v\\%cak Sol
=
Ea = 1+ *E, E, = 3 Put Has ¢ not aliowed
\ﬁeu hort. {0 Pm%rr«rn
1s32 Moienaase o

For [i=1 Rep » 100000

X = © Roandom wirw qgvm digl

2 ;@E#\né ¢ e . 7
while [X=0 |, Time = Timen ; Chance = Random [ ]

; Time =0 i < Rep i+
4 ]

€ [chane <7, | x=2 | 1¢ fehonce <2 x=1 117



Wihole [K:‘I ) Time = T ime s ) Chantt = Rardom (']J

1+ TChans <4 x =2777

N TT\'MQJRLP“

Qut Il = 4 oocooM



Forelasning 5 cisy wiwae s

Suppose thakr & candom process XC&) iy wsS wth ACF

- 1T \/2

Re (b, t+1T) = & = Ryt

E(Zwy, Xte))

‘a) Fnd Second moment o+ X sy

k)

b — of X (8)- X C2)

Soluhwon

EfXw] = Ry(o) =1

Ellxts)-xC)R] = E[x(O] «+ Efx3) - 2E[x¢yxesy = 2(1-e7)
EX S.9L
Consdec rondom Process X g h\,

XY=z Ucost + (V+1) sint teR
whert U 4 V. owe Mdep rve whh EW) =EVY=0 4

E(W = E(vty =1

a) Find outo covamance funcvon ok X Ct)
b) 1s Xcoy wss?
solu,h'on :
K,(s, &) = Cov (X5 , X)) = Cov (Ucos & ~N+1)s.-ns, U cost + (van)sin

Vox (V) Cos s tost + Cov (V,var1) coss sint

+ Cov(Vvi1,U) ens cost + Ver(V+1) S'nssint

T 1.C068% (0SSt + O Cos&sSint + O sinscost

Covom'anll ok mu.p is ©

+ 1 %Nns Snt



WwW§S oL 0 rt.ep,M'rt,s mean (Y Comst

,“,tﬂ = g [ X)) = E(U) tost + Efvar]smib = 5mt

S0 not WSS

MARTINGA LES

Xo=xn] O~

in basic pmhouo;ui-\, EJY X2 26

? {-‘LK-.--X.. (—q .x'l—"-‘(ﬂ)
-

+>§..,.——X.n(x'°£"'tx") % A—‘, 2
= L Tw ik
= LXOf el Xﬂ)
Zn ‘FY,XQ,,._xn(KJKo--—-,)‘n) K ) %
-0 ’(‘x.,.h,x.\(xe,._,x,.)
In  advanced Probabib‘hj Elvy X, _, X = 9 (Xe,._, X))

We wit . to denott the ontormoahon Hig ey X i
Whith i olse denoted O‘(Xo,,,_,x,,)

EIYIX, %) = EIYIFRY = ETY | 6Cx, - Xa) = 9(X,, _ XJ)

With o R - R o alkove

. .
!214— E o rv Y % Comed F. - Measurable & VY ¢ o
funckon o4 X, cee, Xoa

Theovem
1) EfleY,«+nwY, 1 F.] = & EfY,IF) +h EIY,IF)

2) E[YIRY) 20 for Y 2o

3) E[YIF) =Y 4w ¥ Fa messuronle



'*\) E[ZY V&) = 2 ElYIRN tor 2 F, meofuwmicle
5) EIYIRIT = YY) +r Y maepos F,

6) E[Et‘(“‘"n]lpw e ElYIR jor 0 MmN,
tow tangy : ,

) ElELVIRN] = ElV)

8) Elatvri®.) 2 g (ETYIR]) o g, RoR Comvex 4et
Jengeny 1'#\Qqﬁu(\Lih1

Pm‘ oF )
’ 1 LI
Et3(x."—jxn‘-‘= Ys‘ S:. ‘1 4"'*"""!"'(%')("'—'*'!)

dy + /(x ~ Xa) dXo._dX
(A '('xc._w:#,x.) Y Txe %, -, .
. ’ =« L v A

€ R~
= E(Y)

' UnRl durtker nobice  §Xa1 T is e discrete  Bme process

n=e

¢« wecom {F,}17_ & Hitrakon

Det  {x.12. is o MMHnsu\t/‘»wb—M./'awpu‘.-;M. e

Elixal] < o0 v n
EIXn" ' Fn] 2 X-\ Swlo
= Xa
s Xn Supec
Iheoum
ix" N o -y E [xn‘, t E rXo.l Yn
ElXmin ' Fal = X, v me

%g(x,,ﬂm % o Submoskngall 4 : R > R coex



post  ElX) * ELEDXa, 1Ba1) = ElXaw)

ilexrore Y0 X,

El{Xman | FA) . E[EMXmin IF]1F,) k2 n  Chosse krm-
* ETElXminl Frmnad VFaY = E(Xpyno, | FL)
= Xn

E[%CXM.)an.\ f;. %(E[Xan!Fn.l) b 3CXA)

Nok. © Hsw  Secwses oo \ox on Vuﬂ‘ln-,.“nc, E[1xal) < 2

BuT ¢ 5 enowdh to Chelk Second r:roperh, in deA
(ax lea st for mous b ngate ISues)

CondiKonad €xpectobon n  advanced Sense only €XuSkS
when meand ot  Hnite

’

A fo,1, .+l - valnwed rv T S calltd o stopping time if
L 7

§T="‘ % F, - measSuroble

for equiv  $T sn} iy Fo- measturoanle )

Theorem

ophonad  Bropping theortm

For (X172 o Moxtngade. & T ms\-opprmb fc\'mc we hou~e
E[x:;) = E[x))

Lndes Heae folowing  Conditsons ¢

1) ECT <&
2) EUXd < o0
’6) km E[D('J ]fT’n;] £0

n =2 K



EX.

Lee X, = 100

Compuiaonal tead %

h21

and Xa T Z. Y,-

whae  {Y.1%  are I1D v

I}

with PCY,=4)YsYs  PYy=-1)= /g

L]
Then fxn‘ﬂ,, A% A fr\'\w!-‘\‘r\gut Sinee

E[xﬂit‘ ‘ Fn-‘ % E[x"\‘“‘\ cl(I'x.l""‘*l'x’“"-l

% E [ Yagy* Xn'| o]
S
=!$E [Yn-u“ *+ va - xn

Now T = min §{ n2»

P Xn 20 or X, 2200 |

¥ 037  opplhes tuen 100 = E[X] = E[x:]

= E [, Vixeror * X1 Vs 2s00s |

= O P(Xrwe)+ i’ZOO,'Lol, 202, 203% -+ (Xp = 200)

= pPlx, 2200) = [;:o_,’ '122

whor obour mdikons O-& o osT

1) In & wouy hM'SHCO»L\\’ ohwous - See Course wWeh pPage

2) Elkxs] = Elzey) <«

3) Bl 14,1 2189 PCTony =0



FG‘ rela Sr‘\.mcl s

CONTINUOLS TIME MARTIN RALES

De ¢ . \'X(t\i“. is o Sub/SuP“‘/MMHﬁga—\.L wft

F( = O ( {)((“7\;“%*)) i+ . E [lxtt)l) < 00 ond.

Elxtyl Fy) s/a/2 X)) fov 03524

EX. wienecr process (Rrowrnian prokon)

fX!.tﬂno staNonary  indep iNcrements process wA b

XCtes) = XG> ~ N (o0, ot gues

E[xen] = E[Xe)-xteN) = E[INC,0%)1] < so

orvad

E[xwr 18] = E[‘x(_u-—x(ﬂ{ps'\ » EMxH IR = o0+ X3
Lty st

053534
—_—

indep o+ t R, measwrnieic

LomPUTER PROBLEM

Lex ?wm!m be o wienur process with  gt: Vear fwing =1

For oo reor f30 ConSider the diftferenbal rane pProcess

{ageery,,, qamr hy Aty = F(wtier- wee))  te2o

Show rhat  bhe ACF R, (t) = R, (s, 841) » El2t) ag(x+t0]

OF A tY % o dmonglt Lke funchon that depends on the

R“Lt) ditherentt t bttween 5 4 34t only and ther

Raclt) —> f!\ e Rty —* B(Y) oy £le



So\lwRwon !

}A‘t(’t) :

£Y = W(k)
£

Elage] = E [ { =

_ We) = W) W Gkte]) ~W(st
Ry (s, 5080 = | Ef2,00) 5, (s46)] = Ef 3 3
= ;T\ ( min (S4E, $4E4E) ~min (S4E, S46) - pain (5, S444€) + Min (3, $+¢
z "g"i("““ (€,€46) ~min (£, 4) = min (0, 4+£) « min (0,£))
i-f4« 040 = © oL
- 4 f-t+ 040 = E£-F 0E vt &
gt FtE -t -0 &4t = Eag o 3%
HE -t -k )+ = © t<-§
oL
L
process Volwes fusrtner baan &£
cAPoxt ouwe Completely indep,
Sinte Gaussian k& uncorreleted
€ £
. ]
VM(Af_Lﬂ) = Réac” ROEL%.’H = /g
s
: f 1 : ;
' A £ 5.8
| Ve coo
Saugu\NGs THEORY HsLU CH 94
Prepasoson fov Ch 9 about exponenkal dishwbubon
Dex © o conkinuows v T >0 s exp, ditstmbeuttd Witk
Pasomer X >0 i+ It has PHF
o 1<e
;T(tﬁ » ‘.:\Ae"’f\tl t20 ; : .



No\-ﬁ,: in Seme Souxces LAelly = © tee . o)
Yo e A tzeo

THM 1 ' R
“w T, . Ta owe indep ex.[:()«ﬂ,_.,, e.;cp'()-..‘) msfur.h’wlu;

.

then min(T,, _ T.) s explAi4-—+As)

)

THH 2

= R

% Tr oxt indep  explA)), . | exp( i)  resp,

My ey s
then P (min (T T = T;) = £
V3 iy ~ i /\’_f + >'n

THM %
F T~ exp (M) =  P(T > £43 | T>s) = P(T>t) L t>o

Latk o+ MQ.MO"N,

THM 3 only dor exp i) IR Pt L

VO

Prood THM 1 Remembe T~ exp A} means.
oey
P(-r,.k\ = § )\Q—)‘ 4% 2 [._e-—)uS‘\’O - e--t\t
t

PlominCr, .. T, =& = Plmsg, . 7043

indep = Ny Lo - -
N P(Toe) - P, 54) = e Mt... @Mt o g-(hesdat

== min (T"\—---.Tn) = e»,'-P(A,d—*_“A’\)

P(WH (T"""'T"‘ ‘T;) = P(m;n(f:\in(Tft—--fT-'-v,.rf-o'h'--)f-r;)".Ti

D i - L

eXPIMe-apa4Aa4.)  ExplA)

proos THM 2

Provt to LA AVVUN A
(A‘l'.'—'+ Al—-q"Ai*g*——-) + Ai

Means Faarx v 1S Sufkcients +o me_ 'H\r;\ fer n=2

. )‘1
w\:.n(T,,Tj = T s o R ;
P ( p V) ey prove. Hais



Plin (7, 1) =) = P(T, 21,

)
SY FT..T, (%) d=dw a ,5:’ l-y '}‘&e_—hﬂdw] A, e—,\,x A

05!“1*'0 h!.rr.
o o = Ay X
= S A it LIF TP I =
Xz A1 o ¢ )‘1

proot THM 3 PLT >4y | Trs) = PLT >tas, T24)

s;t2
PCT>3) ST
—Aas)
. e -t
2 o= = £ = PUT28)
/
Converse 7 THM 3 ‘rue Meons PLT »&asy PCT > %)

P(T>sy
FunchRonol eguuiahon.

only pos. sel. Plr>¢) = e°F whtres prbk (2o

PEEPARAT!ON FOR BIRTH /PEATH PROCTSSES cH 9

* A bifth-and deoth process is on IN-vaiued EX(H}tza bk

o Xe has o certain random Oy noenrandom ~Nalue n N

. when X (¢} gets a Certain value n e N it Vm\p ar +that value

o min (exp (Ma, A2)) = eXP()A,,-IAn) hme otter whith the Vaiue
Changes to "

N-1 it expl(p) = min (explum exp(A)) with prob ,.4.-'{7(‘,4,\1&)
ni1 if explAn) = - Ak L Awf Cupe da)

Me = O, A My Ay, M,,... 20
txp(,‘n) ‘ expl AR indep

. EX : Poisson Ff'b(ﬁ-ss /_,L‘r},(, 2 ... = O A, = Ap® -=- ® 2

’

Grophicos  Disploy 0k Bifth b deaih processes -

. 3y » A O T -
R er | |
e e My Mo Pra  Be

P L s




Q\A.twnc5 Sysbtem  wal he o SpecioA Case o4

hirth - and dewh.-
Pmc_«esg (descwvmed nexy week)

We wall do  onalykal catculalons e birth -and dea..m pmcess
(quewing systems) in Skeady’ stare anly

So thax P(Xixy =n} doesn't depend on n

S%tav&\.\ store ¢ flow owt of 5\-4\-& = flow into Statve
PXwo =n) (Anrpa) = P(xeey =n-1) A, Nz
+ P(Xteye na1) /'.(n_“' .
Pxtor=0) Ay = PCxcey=1) Py
b«'Htrfmt& anu_tk'\-‘\'(!h et ordtw 2 . mhom.oa)meom
Soabon B, o p, At o (L f e
. e TR L L e, e i
CONTINUVITY
pet Xa—= X in Mean sSquore denoted L.im X, = X
- . e ST S S " if
i+ E[x*) <2 oand E[Xn-X)] > 06 oy n-ooo
Thm
. (l ' — .
s\'-;r: Xa = X ki P Y ® Yoo o .
—-> ln-'.” E [Xn., - E‘rx7 { N A b
Lim  E[x.'] = E[x7)
Lim E{X¥] = E[xY]

A

m‘,: A combBnuons Hme Pmuss XY s Ccm"c‘ ot Hwme t=t, if
Civemm X () = X(.i‘o)

t=> te



Thm

XY iy conk, L=ko 146 R,(,6) is Comt ok
(s.k) = L{o,*ﬂ)

and then L, (8) 75 Lomt o ko=

prook Eltxtor-xenN?t] = R, (&) - 2R (+, ) + R4, ¢,) —°

for Rals,6) Comd ab (54)= (4, L)

& 50 - ’,A,u—)- JMx el = | Efxen) - Et‘xce,)']} < E [ixwr - xal]
— hlhﬂ.f\{alfk 'i’\!"‘"*
c,f N Elkerr-xctnn] —s © v exp. Ve

EX, Stakonar) indep increment processes owe Comt. &S

Re(s,t) = K, (s,%) = /ux(s)/ux(n = Vear [XN]) min (s, )
+E[xt)s ETxn)t

1S CmhnNuons

_Dl FERENTIABILITY

Defr . o conx Eme process X&) s dift.ble ok t=t, wuth
dervauve  X'(8) ik
Li.rm X () = Xk . Xl(l"o)
E-7 &o E—to
Thm
'R, Cs, -
XY is dirkwle oar t=to i 3—;;9—;}— exad ks ab an (s,¢)

TR.(S %)
oand Yhen (5,4) = ? ‘
Re 9s 9t

EX. Staronen) indep increment processes

gRxLs.X) {VM(XUD LS

1
s 5 g 5 o E[Xh).\ t



Aot Conknuous  Se At & ditiecen hanle

= Process not diki.ble

INTEGRALS

f)((!') 4t = lim {Z:X(S;) Ck.--k.-_,) [ W <'l=.,,._.“!:ﬂlb’
S & [t,-,'t:-\ , Mmax t:"'f;-., N o }
154

Thm

a
§ Ray €s,6) dsdt
(5 | S

e,

E[fxcnds . fY(ndc-] =

Pe—D¢

2k f)(('ﬂ Y[H] Cresy Correlahem
proes inteogyod, - Sum  —> W ouA Sum — " begrou

CROYY (oRELATION FCT

Detr . Two wWSS Pmc,e,sses XY oandA Y(t) oue J‘oinHu, WSS i+
Rxy (b, 4+7) = E[ X0 Y]
depends on T onty and not t,

l"’ so, Wb ny(t1

Thm

For XCLE) ond Y)Y joinkly wss we hove

1 Ry (TY = R, (~-T)

A |ny(T‘ | £  Rxtod RYLO’
3 | Ray()\ = % rRx(ﬂ « Ryor]

proo 1 Ry (TY # E[Yee) X(¢+TY) = ETX(ta1) YL = Ry, (-T)

5 -2 ARu0) Ryte) 4 Rulo) Ryl0) = (Ryfo) - VRy())* 20



Pme‘t- 2

0 = E [(———M x Y1) )l] =1+ 1 +2 va(r)‘
- ‘J R)L(_o) VRY Co) v Ex(o) R\_((97




—arelasning 1
Todmj'. C',\v\a.f"“’ A in HSL CpMPUL’cC{h‘onql Toask Exercrse 8heet g

QUEUING SYSTEM

Denoted M/ M /g /K ot MCM/M(,;) /6 /K

44@"

Ap>o se {1,2,...}% Kefs, sa1, .

it
* No “customeny { X, in queing system IS o hirth k dearh
process  Wwiakh

An = fox N 2 Kk

{’A" gn", {-rrneﬁ,_h-,S?
-:Frntz 5,,; ‘f‘WhC'fS"F’:——.K\

Am = A o nzo,1,_, K=
[

LI W VR S S S I
© o e el sl e - @ O

* New (uStomers amve with indep  exp(A)  interamvedr hne

# System hat 5 Servers  taex requant indep exp(m). kmes

A Systenn has  K-3 guaing Slob where Cugtomers waoit fevr  Sensce
i« oAb Senr~ery ot buwsy

¥ |F K<2o Customurys Haox (M H0)  Gumive to Byskem when fuu
KLY =k "bounce owan” and  disappeary



X  Whon X G)L'I'S Valuwe N Next yalune S nN-J oy N1
dthdéno) on  WhiOh thpmS brit (;€ % Smoliedt)

0F an e.x.p(/u,..) hve unhl hrsd Sener hncShes S&f\n’ha

ana L&P(M) Mat wunhl next oavival o0+ new GulStonags

% with Haat CoMPt.H\\'Oh twvaished o0 new  analogue Cmpe,h'Hon < berts
or Hhe vouumt adbker  Hhat whort P - himes 4o Previows

Compth hon owt. +ovoo bhen

¥ Eoawn (ompenhon for next vaawe otter XCt) =1 Jast an
EXP LM tMn) - ket oty whith -

nLEL = { N=1 . wikh prob. fin /(jnt dn)
Nn o+ 1 wi b Pmb. )"‘/C[An*f)\n)

¥ we do M&MHCM CoAtua\oson +ﬂ' q—ueu.ina &15l-<_m$ wihen ‘H-\.a’ hoart
Skody Sttt / eauulibrum LShbuhon

» P(Xcﬂ'.-.n} = Pa = P X >\3 —— An-y
M My - Ma

A Avuoge Eme  pehacen oomwing  Customers s E[expcay) = -}‘—

S0 on owmmge A Customery try do vt do FueUng D yseina

A Foy K< novr oA Customers Haon M‘ o arrive to Fueting  System
realy  owe Ler in (SysHM™m Can bt fum) and  Hucbore  we haas

M} on M\%(_ /\Q. - AU‘HQM& » { ACL"PK.) K< o
p) k= s




Detr ' Trakce intensty P* -53"}:

T!:m . % h ';\\l' 7/ - ' " P
P <1 nec. fur equilibnum to be poswble iF k=4

WE WAL be intereskd N STX quankbes (excepr for State prohabilikes p,)

* L = mean numbper ot Customers in W0\l flekning - sy § em

. L‘L s 1" G‘.u.e_u.,iﬁcb fer Sex~Cce O+ q,we_u«f\ﬂ) sloks

. l-—s - — " Haiot  ane bung Sere d .

s W = mean KRmMe  Cus bomess _SPU‘A o w heLe w >y s ke

¢ Mg = It dquening hedene Sensce

° W = —_— 1 —_— b&\"rxg See d

i . o i e B T R Ry & SR g A"

Thm
¥ K g
L = J n P(xt =n) = Z_ N Pn
Nzo ﬂi.o
L = 'L-q, L g P ‘ ‘ ) .
V.V = WQ, r w; - . ,
Lq, = >\¢ Wﬁ_ Ls = AQ_W‘

Wy = p

Pm;. By msp eekHon

Consequntnce




EX, MOY /M) /1 (821, kot 0<Acp)

S LR NI RN

. .

—

‘P@ 'S selvecked So 2___!33 =z 1

~
= L e (e (&) = =

hr y

Wy = 1/M
s e
b, Ae W s * A . l_:_
L_ = P~ - A P ___At—
" LS M..,\ ,u, (F"'M/‘L

CoMPUTATIONAL TAsk EX. 8ES. %

Me = 100 M, = 1oc0o =+ _Zn.__x;
fXili, owe 1id  with  PCx,=-1) = Y/s  Plx,=4) = A
Se E[X’,\ =0

{M,\L:‘ Morkngele. wrt F, = O'(Xo,."..-,)(,') = G’CM,“_,_, M,‘)

Since E [Hn_“‘ P,n-] E an11*Hn I Fnh\ = E r}fl*/vy* Mr = Hn

we ran Mn to hme T = min{n2o : Mpzo o M, 2200}

Solvtb», computes simulacson

In[1] = Reps = 1 0o0o 000
Mo = 00 ;
For [i=1 ; sucess =0 | i = Reps | T++,

M= Mo



whilt (0 ¢ M Mk M <200,
It [Random [1 = /s  pM e MM Mz HM-1]7]
\& [M 1200, Swuccess = Succeess 1 ]}l

N [Success / Reps )

Outn] = o493

LI | - - « Ty . 4

s ETw e ‘8 e g & »
% .

WHITELINES®




FSYﬁ\aSmr\O} % CRASH (OURSE 2

- Fowwetsr trunthkorm (= merwmennolical version o+ CRF)

- B-duntlon in diterete & Comt, Kme

-  Convolukon g

FOURIER TRANSFoRM (onNT.

1-dim  F- truns.  of £ R > &

t e ) ‘A r -
f(wy = (FPHs = S\&-JW,L{;C)&} 4% | -
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TIME REVERSIBILITY

[+
In +hiy  Sechon {X,‘K s irreducihle  non-null Yeouwrrent Marxkov
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- P(xu—n-1 _‘j 3 XN-n:". ) XN-'\-H = in-q - - -, XN = i,)
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P(“‘: n = /u“‘“ =T v t>o0
T s found by Solving T h =0
Prgoi* Arst Claem Prow,d as in disc. kme
Second cCloim @ TP, = N = 2w ke"
e K
s ) HEa 0 2= VG =0
"N
Dex  Chain is  ireducible 4 Puct) >0 4w Some t.”’
Theorem
P;j(n >o dov some t>o ikt P;J.(n >0 VvV tyo
T heorem
Fovy an irreducible i Eme Morkov Chain  either
1. TT exisk ﬂj & ‘.:V.\. P“.(_{\ v ;‘i oy
2. T« v exysy Lim Pty 2 Wil

-

=M

Vi,

Al

J






FM[O_\SI’UHO\ | 2 Exerases

sShow thet any Sequence ot indep disc v {X, 15, /s «

6.1.1)
Choin Hme homanneau,s?

MoA KOV Cheaun, wWhen 1S  +hat

SOL ’ P { xn*‘ =j \ ani )X"-f = i'n-'l ] e 3 Xo = io{
= Pixh*‘l 'Jj. ) Xn=i i XH-1'= ln‘\-1 , -, Xo = io}
PIXazi, Xac=ian, o, Xo= i}
_ P(Xny, =) POXRE) P (X Tas,) - = P (Xe2 L)
_ Pxasi) - P(Xeris) -
-~ pc)(n-e-, 3‘)) p(xr\:i) . '
; = P 4 = Xn =i
P(xn=1) P (X, J | )
= P..J. (n, n+1)

Time h_omoge,ne,c{—»; means no n-deper\der\c_L {or P;J- (n,n41)

means {x,,;n““ 11D

li o) Let {x.}7, be o Markev chain and (N7, «n

ir\creo.sme Seq,wence o4 noen-neqg int.
oo Mouakov Chain.

hr:-zr A Xf\ 'S

Show thar Y. = X, i
Fmd +Honsikon Proba.bil.mcs wwhen

Simple random  wod

Y ‘:o)

Sol P ( Yl"-u = ifﬂ \ Yl’ = ir ' I-’ g o
P(an"' i"r.., \ )("\r = tf' y - sy Xﬁ°= Eg)
s P(Yf-qc. ’:f’\|,‘\(r“‘\f)

P(Xepw = ipy |V Xaoe i)



6.1.2)

%

o)

)
)

d)

)

)

<)

d)

) - PlY., ") LY =) - P()(“_“”zj b X i)

P" +av :):.".\1

= 2p9 ey =13

q_‘- dorv j:i-—z‘

A die 5 rouned repeattdly . WHWCh ok e following oue
Moxkov Choany 7

Xa = \uzy.g* number Shown up to n'th roll

Na = N.o SiXes in N rous
C,. = Hme Since the most+ recemt b od BEme n
B. = bme to next S\X o+ hme n

pUAqg‘S ‘ xn';,xn—qz En-«,.a--,)(o':i,)
« =3 4or J<;
= i/o bor =1

Ve o for >

S/e i
PNaw = INpsi o M 0) = (e oy
© 12
P(C_,,_,-j |<—n‘i,—..Co'io) a Sle j =i
, ~ 16 y* 0
© o Vuris t

P(Bacw =3 | Basi,--, Borio)

anq z {B“-“ tr Ba2o
Y tov Baso

WUaRne, mme didtr
Wil pouam Ve P i

C 1 by jri-t 2o
/ (Ve ) (Spe) 37 LIS

o 8 Al \ma §



Se

G.1.10)  Lex X, be o Moxkov Chain . - Show thodt
oy = P(Xr = X¢ \ K= Koy woey Xr_‘ = )(‘,_1' Xr” 2 Koy o o & G ankn‘s
= P(Xrt ¢ \ Xf_1=)<r..1 | —— Xrﬁi -xf-|) = (*’)
Sol. ) = MN Prax, ~7" Pranx,
[{ 2]
}Lxu P)-...X-; -— ny.q_)‘rq er_,,,\(r_”(l-) er-u)‘r-u_ R PKT\—' XA
= P Er=sy
r Xg P)tr)tr-n f‘('xr_, _ P()(f-t = X . . szx( ) )(‘__" ‘Xr-el)
Cf—!] -
Preaxen ™ Ay P (s = e s Xemie Xerr
= (*)
(a.\.\zz A Stochastc mat-x P (s cauled double stoch, (+

P =17, ®Suwe-bdtoon  if Z— Pij <1

Show that i+ P is stoch, (double, sub) then P7 s too .

Sol . Cloam koy Skocth., (& Cleon

Assume 2 (PY),. = 7 fex  A=1,._. N

‘?(Pn‘,)"i - 2;2»? (P, Pei ~ %(;(PN)“)P‘J‘
= 2 py 27



b.2.2)' LeX X Be ‘oo MOxkoy Choin Containing on
AkSorkbing Stote S wWAth which ol other Biotes
Communi cove .

Show thexr ok ower Stares owe rrounCend

So\ 4 P (no retrn to & | Xo=1) 2 P(xn;=5 | X,=i) >o

Foe r\‘-= Mman {n21 - P’.s(n) ?.O}

@.2.7;) Show {hatr oo Stale i% Fusrsl-tnk (t+ the meon Mo Wsits

to 1 howmq Stoqted ar | 1S inknite

A i =
Sol. Let T, Cuoy = Xelw) =1
S
So thot +he no ¥isids N to - ¢ s N = é;; T
o0
e fonows thox  E (N | Xe=i) = J_ P(e) = 20
K=o
&S IS recuwgrent
G-2.1) Last exit Let -{,.J.cm = P(Xamj, Xeoy i, oo, X020 | Xeei

Lu(sv = 2 " zl,'j(nj

reg

Show thax P Cey = RT3 L,-)-C53 for 7%
i ! A
Deduce +hox Arst possage Kne A last exit Emes hawe the

Same disStleubon +er Clhaung WArA P”ng :FJ'JCSW Vr‘,j

Gue an excule



Sol\ - P.(sy = 4;:..3“ Pt Wil noy depend on ¢
oy oo simple rondom walk

Remembes P;,-L“ = F;j(s\ Ph(n

\orv “’j according 4o resuat moseet 6.2

S° 3k P;;CS\ - PjJ (S\ L] ',)' -\»ktr\ P“(S\ L'j (5\ - F‘U (s) P“(ﬂ
= L:j (s) = 'F.‘J' (89

= {~-(n) = .. (nY VI,J"n

Nne=!

el
p"j(s\ = i snPu’j(n’ Z I: 3" Pl.j(x'i {‘J (Nn-%)

Nnz) k=o

L
v
®
v
I
~
vy
3

7 s""‘(l_j (n-x)y = P;:(s) L,'J-(s)

L X Nn=x4)

6.’5.2_) Determine whebhs oy not the random walk on the integers

Wi Pri TP, P 2 TP, P re Y i, i

e ?u »Skreny

E\. ', Mean j\.\mP Size 2P s 1(1-13) = %P_‘

It fonews (7)) +hor we hone persistence i+ p= g

Alternatively P (ny = {P" Cr-pH* (‘K“) fr n= 3k
o St L.

TO judge whether J_p (M) T 00

Piilsk) = P*Ci-pyt* ig'c%? Wse  n!~ yZAR- A" e

For M lM%L

® =400 itk ps/g



GM.H) Show by exoample that Choins Whith 0wt not
IO . SO A
irrje.dwuble Mo hout Meqw) dif lerent i%qh'onwnj
st bukons

Sol. S = {0, 1} be F’?—fl?}ti

et ok Sy dishr. fow Maheax  TO s b*uwanw

dvstr.
(6.3.3)  Classigy e Stales of Pae MOKKOV Choin wibha Cfrpo2p o
\.' 'y ; P o= P 1-2p p
Fnd the meon rtwmnc,g Rrwe ot Shoes o zp 1y
SOL'- ANl stales pon-null | recuxrent & apenodic
(’Jo,/-**r ,f‘vz) = (1/1"[0,1/”' "/Tll)
wheh_ w S S‘rednonow, distr. %'m lm} "MP =T
T‘O (1-ZP) * “I P = T‘g n—. = ZT‘D
& [ NMezp + MG-2p) + T 2p = T, &> N, =2m,
pPI, + G-zpdT, = T, MysTg+ Ty =y

n°+n1+n2= 1

&= (“o,““n-;) = (‘,{_\.l/z‘%")

Q,,?_-,.H) A FMHQH_ pectoyms o diserett HFwae random wﬂk on

e vesheces of & Cwuhe

Ar each Step it remodny where it 18wk prob. Yy or  poves

+O one oif iS5 Fhret Neighmouwr NVuhces with Prob /4 Qoclh

Lee A & D denokt +wo &&M&h{(ou\\\f oppoSitL  Verkces

|4 Fhe wouk Stewrts ok A, $HM4d



Meon no steps o Lyst D-wisit

b) N—— %o vyt rtrunn to A A 1 b,
) 0 VWSES ko D before :
Brsy retusn Yo A PR TR S N

Sol i N e 5y Cy
ol - P
GO @)*-—*(“aw

\ g

/4 U

e l/-a

E(Ta) = 1+ M E(TL) + 34 E(T,,)

E(Tg) = 1+ ME(TA) + ME(M) + 2 E_(Tq,)

E(To) = v+ RE(T,) +» HE(T,) ~'4-0

System of eq = E(T,,) = M0 /o

obhesr  frwo Solved in .sm;\,;\oq- wow .

TS S an  IMPORTANT. exomple. .
(.,_‘1,(0) Random wWoAX on a qronph

A Powh‘c\t Pex&arms a random walk on the Verkces o4 o

Connected

graph G whith  for
has nedtwner loops
At eoch Sk-cxcbe_ iY Poves

W.H-\ &q.u.o.x Prob

£ G hos N < 5% Qdcsul
IS oiven b\,’ n. = dv

' lq
du:br!z_'. no edoes in ko v

1-0 oo r\e\'o‘)kbouur Vex kce

s how -H/\M the

srmpu‘cxkf We asSupe

noc mMmulbple edges,

Coach

5’ccxhono.4-\f distr

whexg d\, s the degree of Vorkct'v



C1.3) Show thoat o fandom walk on the inknike binony tree s

trenCitnt

Ve Y2

2> e
NN e
N Y/\\ f/'\\" (/‘\\"‘ -

devt 8

1€ X, iy lexel or Bme n  we see +Haok

. 2 y I ‘. -
. 2/ tov j=i
P )
Y tovr J'si—‘l (sov 30D

le. simple random woak with PI2/q. Whith S bensient

.M. %) At eoth kma Nn=0,1,2, .. O numbhes VY. of pariCles

enter o chomber, where (Ya) 2 e indep PoCA) -

Nag

dishe loued

Lite fimes ot poxrkcies owe geomebmcally didy. w Pe;xum P.

Lev X, be no parkclts in chember at hme n

Show ¢hatd X Y Morkev 4 hnd didh huwhon



o) o

Sol | )(h-n = 2;:1_ %:m * Yn

}

W hert (&f,n\ oxe ihdep wA P Prop P(g;'ﬁo): |.> A
P(g:,n=1) = 1-p
gives Mow ko v F’I'OPUP.’
In equilibr wnn TURPITINPL

E CSK“-") = E ( spoCA')) E (6-73.,“(|‘1-P) (‘)Kn)

(t s —’,:—T e_"") ((Ps°+ (1-P13’)x")

[ Ny ]

1]

Ara (9

g \1

AL G (prmIs) = G ()

vhe 3 Galsy = AP

B Tl = P(Po(,\/f;) = k)

6.5.1) A random walk on the set o1, __. n-1y, nl  has transihon

w
0
T

oty x P°° = 1—/\0 Plab = T—Fa P;’“‘, = ,\‘. Piﬂ.l' = /-(;*_'
{-w i‘ol'-'ln-1 / /-(.'//\,'e(bl-,) A"*H"t 1

Show that the Choun IS rewvessible in equililbrum

Time rewecsibiliby & my B = ™ Pij

for some dishibuhon fow mabrX TT WGk must be SteLly o nony

)\n ’\’ )‘2 )\,\,.‘_ )\n_..

TN NS N
n-1 @’D T-pn
o © ®&_/®L/ VQ -
/A1 "A"lv }A-\, /Anﬂ Mﬂ

Ao A1 - - An
sl M1 Ay Macy Tew Prae = e Ph'-”
A""‘AK - Ae ~ A=
0N1 — - }Lv..-n T, Mo —— M Ay



©.5.6_0) \s +we YoLowng Choin revessible °

i‘—“ K Wf\fk A‘,’B‘> o
moo1-p x

Sol : . we hoae done Hais on lechoe

S {5.'\ Stak spoce Ne Poa ® n“?"b
. (B
&= (“o “'\‘ - K-t,g'. “*A‘)

W WA O Oty Mt ber Lc\-1

6.5.2 o) Kolmegoray Crntmon fur mwsabfuw
Lex X be an imedulible

Chaun. Show +hat X s reversible in eguilbrum

(=) = Vi fhoo -
Pﬂ'ﬂ dijv PJMJ" PJ"J!' PJ'J"\ Panjn.. PJ;J'»;, Pjtjv

Sol: = ¥ Chein reversible then  muikply by T,

e —
S5 Piis Pings 77 Piaae Pingr T Pinga T Pazgs

- le:” %‘31“33 - Jnaja ?Jr\:p

s = E

FJ“" .ny:. T VJanq _PJMMT";’ .
e .

€ Assume () holds, ComSider T p,.

Nipy = PJ,(-‘“ Pd‘j P‘J e AP ::' P"“ sheke Plnl

ﬂ-‘l‘

* P ¥m 2. Piy = P = Py e Py

by, n

= PJ-‘T‘.; S0 reartinliiy

& M s LA

non-nuil persiskent o.Pwn'odc'C Moux kov

P64

n ¢t JT l_jl

= P



(-.8.1)

Fues & wosps land on your dinner plate in e

MAnNer o indep Poisson processes With resp. intensibes

P Y ¥ W

Show o Hie arrived 0t {Ning objecty form e poisson

Process wath NNy A

SOl. Time beiween arrvans s min (exp ), exp(m))
= exp(Aa+ I
Atter thot ovod the CompehKon stoxdsy over becoamse ot

lock ok n\emor\»‘

Q-%.ZZ T h.eran 0,

nsects land in the Soup in the mo’.'}mur ot Q.POI'SSOI'\ Process

wiHh "\MSI'H A

Eatin msect i3 green with prop. P indep ot oal other Mseciy .

Show +hax +he ourivan procesy Ot ‘green ingects $orm o

poisson pmcst va tha nten sy AP

S, A5 Wepen(w) = E (eIWPN) = .. »\AJ‘N
Hee bBne T bobween ourmveaas ot qreen mucH. SNt ey
2
Wrewd = E(™T) = J_parpe )
5 B e = -1 (D 3
P 4 O GTR)

A ! P Y Ap
P - jw Ivtt—p}xﬁ ’\"j“""("P)A = AP"J‘W

- vpepay (W)



C_:_%*_E) Lex B e o pProcess of simple birkh wikria
immigralen X = AN v & B 2o

WRH. down rae Seguence of  ditberentod ditterence eguaNony

e P Y = P(BWY =0)

Use thaem o show +haaad meY s E (B ) Sonshes md) =Amt) ~
Whoix iy mEY when +ask oy been done?
Ie. whot 18 so\l. e oD'E wath mo) =0

Ry inspeckon MY = v (e -1)

MmUY = Amley = VvV

7 )
- - t % . A |
e mitey me Mt amwy = ey o\ £ (eMmu) |
e ey = - ety ¢
mce) = Celt - %7 -mC03=0 => "c,=3,{-

= meeN = 3,{- (e?*-9Y

we hore Pt‘ = P, G oana P,,Cﬂ=/ur€ﬂ

(lu'm Pt]‘n = (f'km PtG’)n = (Ptci)o,n
g ('Pt)o.KG‘K.n = (-Pt)olnc"n,n " (Pt)o‘na c'ﬁ-ﬂ.n

T - Palt) (A V) P""(tw ((r-11A + V)

o b ,A_m‘ (1 © © -

So tnar Pliey

[
m(t) = 3"!? Efmee)) = ad—t- 2. n P(Reter=sn) = ﬁr\Pﬂ'Lr)
Ns | Aet
= E n{- P,(t\ (nA+v) « p, (1) (tn=11 2 +V))
Faly)

3

o0
z .((n-n" Pralti A = NL PRI A) = ;:'.(“'Vh Paltd < (n-ny AP,

~ ~ ’nVPnoy(t)
(-0t p (v d * INPat) o T (A pact)

(4R 9]

. O« 4+ Ami(t)



b.%.6") Let NCUt) be o kitth process with inkns/Hes.

Mo, Ay, Ay, ___ apa N(o=o

Show twok Pn(t\ = [P (N =n) (S given bu’

PrleY = ) a; e ™t

for some suatable &Xo, o, , 0,,.__ >0 W hen A.-#,\J LA

n+1

. ¢
Sol. P (Xw)=n) = P(%i;sts ‘;Z;f;) = S-(—ﬁt‘_(x) P(g..,>t-x)d

—
H

|
S, indep exp(A)

t
§(*S'*——-*{-gn)(,‘\ P({"M‘>t~x) d x

L

<
= ")‘n(t"x\ - ’_l__ p ;i
§(+§1*—--*¥-§0) CX) e‘ .dx ’/\ﬂ' &-'bﬁ-u(( )(\
- =
(*t."‘ SRR S
Can &nd aq
5 T Ai - A \
With CHF E—__A.- 2T T % uege
(a]
So thotr P(Xw=n) = Z__o o N e Mt Can incoypovate A mio a

6.9.3) - M /M(,..q/1 Gueuwing system with X(oy:-o

exploin wh\:) Moxkov 4k +md sm\ionom,’ d'str  wihen )</u.

oo, XY s e birth k death process wath Ap=A 0 4 A M
and thwerefere Meowkoy.

stoahonoy  distl we found ouready in Ch. A o4 Hs, to be

Ao - = Ap.r PR
M1 -—~ pAn = Tl (/u) =(1"%)(;—L)n

Tr = Pn = T,

oNne  many oNse tcdh'ku, chelk thad TTGH = ©  Since

-A A = - + = &
61 e » © Mo = Crepe) o
| S *XTPA Y Tia s acbove



'a~°\-2.2 Thow ok kv oo Modkov Choun (X(t\)t“ WA bl

S=9{1,2% and Gy = (‘I‘JL l"‘) A X(0) = \wherver-er.
PP
Find P(Xwvea | Xoy=1 X(se)s1) P
P(xtey=2 | XY =1, X(1try=1, X(4t)y=1)
%:v!.n (Pt\.‘j -] Pij(ﬂ 'S known

Sol. By oan eoxuer proklem in & &S hook Where we estaklished

condi Nonal independence of e past b obre hablore | Hhe above

Pmbo_h{\.i\\ﬂ‘ts o ree |

N o PXttr =2, Xtar=1, X(3tr=1) M Pi2 () Pa, (t)
il s P(Xry=1, X(at)=1) ) }A“" P 3%
(-M M
.9.1) Consider MC fXl,, with S={1,2] and G=1 ) -a] aps

0) Wrike down the forwosd eQoquabon & Solve Hawem to Kind P ()

) Solve MG =o and Chetk thot i+ Ky wWrth UWm Bty = M.
t=> 00 J J

So. we wnow Po= et . 20 . [G-ATDA]
=N e R A s ATertA

we olse Knew P = P g = &GPy

Psi(t‘ qug(t\ P (1) Prelt) -p M
=
P (£)  Ppy () Pult)  Pralt) A=A
- P,'(t\blp,‘((i HP"(H'APu(f’ Levword
s <y

“HPult) £ Apn e M P ) = 2 py, ey



- - -

P”Lt\ ?11,Lt\ _ .lr LA G VA &y A . . : - «
€ g [ o
Puct  Parlt) |

g

b Vs enowoh o SoWR for diagonod elements ot B, since

Pal®) = - P, 00 > P CEY = 1= P, (%)

)‘Fn'(ﬂ P;ttt\] = I['}AP,,(#)*A(’\-P,,(H\ 'APH(”*M("P'L:“”]

wWhere P'lLe\ = 1~ Py (XD A Fn(t\= 1-P7_2Ct)

5o (1) i A pit _ ~(A+prlt
I P Pr.Ct) ) . A+pe TEVE ey
' P (6)  Paale) ARM | a-pen PSP Y-
- _ A i
Sam€ ODE oy i, -.%.5 t‘-—no> A pa Ata m, n,
L N Wby ) . —L_ —&_ -
ISEYE VTN o 4 (A4 ) T v n, 0,



Exom Jon 2023 ToskK 6

-2 1 1
S= {0121 }4“".-. (1 © o) G = 1 -2 1
1 1 =2

T = min{tzo + Xt) =2}

i @‘———@

st
1

Chox ker @ Wy = E(eiWT) = E (eiwexp®) (5 E («iwT)

4 ) \ oL {w e
exp 2 pecause diodeMh chag bet of \ + 7z E(ed ) )
ot gentatiey 1 how E\:(:.,‘-!“" E,K()c neakan 2 ' '

i }Ir’«\ am o ek ietie o --.»-,.r_ fer . Shoups ek ¢
M .
i ZF‘W(ZWT(W\*E) Yo K 9 Mo e
J > |
A
T
=2 | - —
> -,w) Wil = i |
| )
1
2 = jwe 1 - s . '
=> \-\’T(w\ = J, B wepmseigacs — = E Ce_JwEAP(n)
- 2-fw 2 -,W -1 1 "Jw

Fov stave i we  svay  exp(-9;) bene Swakthing 10 | wdth larob.

_%A v 4

Secomd So . ~
/ 7@ T= ;upcm

Wotw) = ;:T 7 e “Pupm(w}“- | n-1 jumps behieen 041
o Nth fomp fo 2
W snd hme n
&S - ‘:n ( ( -J'w)
poram. /1 , 1

2
it p Mdlead o F ¢ - - T '—P,_—Er = I pG-p™ \p&ﬁ&v_;,"



’U"
-

(a.qzu\..l Led 1 be o transient Btate ot o ont. Eme

MarkoVv Chaan X with X (o) = i

Show that Bae dotal kime spent in i has an exp distr

Coupie ok axlempty ‘o \eone |

Con come batk & \edd Hut wen\m.au\f wall leove A never comae bark

For eotn Wsit or 1 we dtay there on expl-g;) time
Ther we leave @ 4 come batk to i ewntwally with prop f

OF inStead nevel Come bactk to i wibtk prob (1-4;) > ©

ThS meoans +o+ +me T, spent m |

FrOed = E(eT) - :.Z Crmki) 4 “Pupc-sm("‘”n
D It Y AT VR Waihng Kme dist.
I U _,,,“_J.w)
qeomeint na
)' '5\1_Am e P-__ (1_-‘-‘ ( )/ '- ) - ("6.’.‘)(1—*;;)
EIERS Cogig -jw) - (-9 4:)
= "‘57/::(1'4-'.:7
=G (- 43) - jw

We&? (-3” (1 -4 C\')J )I

Q.q,m? Lex X be on assymmatnc ‘.n‘mptt. Tandom \walk (N Contt.

tme On the noN-=neg int, wWith revrenkon ex o Sy

Ah + olh) jrivt 1o

Mmh o+ o(h) jrimd iz
Suppose XB):=o,

F.-J'(M = olr) for other j# i A ga
1=(rap)h +o(r) der =i i)

1« Ah+olr) Aoy jeix 0

Show Haat the tob Hme V. spent In Stave © S
expenentally  disH, with Povomels A-m



Sol. TS S o birth- 4 death process  (sterkng o o)

W' Hh N R P 'S B D P S R R~
%n f‘—)\ M %” -{,A. J-.:;..'I P2

aet b Lj r‘i’y et ha kN q af 0

Fmbc.b‘.\.‘h’ 9. ok ever V|‘$-‘an) &) ha.urnq Starkd oA |

6% R . A o
ELE S q"— 1 qﬁ = /A-ﬁ)\ cq’u'-| * /A,*A q‘l'-u e #
Choxoc ke =SSk Foh.,nom«'u.\

s (B)' = Gleenn)ir Glstay hus do ge e
v ] = [MYy £ %] B
Cy (&)

(= solwng second order ditberence eq )

Therefore the tot kme v, spent in 0 s exp( X (1-4,))
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