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Answer first those questions that look simpler, then take more complicated ones etc.

5 -1 —4
1. Consider the following system of ODEs: dii(tt) = Az(t), with A = | =12 5 12 |
10 -3 -9

characteristic polynomial: X3 — X2 — X +1

Find a general solution to this system using that one of the eigenvalues to A is A = 1.

How one can calculate the fundamental matrix solution using the general solution? (4p)
Solution.

[5-X -1 —4
Characteristic polynomial of A is det(A — A[) =det | —12 5— A\ 12 =

| 10 -3 -9-2A

5-X 12 -12 12 | -12 5-X

(5—)\)det[ 3 _g_ ] —i—det[ 10 —9- x| +(—4)det[ 10 -3 ] =
(5=A) (AN + A2 =9) + (122 = 12) + (—4) (1A = 14) = A+ X2 = N3 — 1= — (A + 1) (A — 1)?
Eigenvalues are Aj2-1, A3 = —1.

Eigenvector vi to Aq 2 satyisfies the homogeneous equation (A — I)vy = 0 with matrix

4 -1 —4 4 -1 —4
—12 4 12 |, Gaussian elimination gives | 0 1 0 and one free variable and
10 -3 -10 0 0 O
1
the only eigenvector vi = | 0 | . We find a generalised eigenvector satisfying the equation
1
4 -1 -4 1
(A+1 )v(ll) = v; with extended matrix | —12 4 12 0 |, Gaussian elimination gives:
10 -3 —-10 1
4 -1 —4 1
0o 1 0 3],
0 0 0 0
with one fri variable 3 that we choose equal to zero giving the genetalized eigenvector
1
vgl) =13
0
The eigenvector vs corresponding to A3 = —1 satisfies the equation (A+1I)vs = 0 with matrix
6 -1 —4 6 -1 —4
—12 6 12 |, Gaussian elimination gives: 0 4 4 with one free variable xg
10 -3 -8 0 0 0
1
that we choose equal to 2 giving vz = | —2
2

Vectors x1(t) = edtvy = eMbvy; xo(t) = eAtvgl) = e)‘lt(vgl) + tvy); x3(t) = eAtvy = eM2tvs;
build a basis of solution space.



2(t) = Cretvy + Coet (v + tvy) + Cyetvg =

1 1 1 1 e!Cr+ Cset+e'Cy (t+ 1)
Ciet | 0 | +Cael 3| +t] 0 +Cset| =2 | = 3etCy — 2C3e
1 0 1 2 elCy + tetCy + 2C3e?

The fundamental solution ®(t) = [p1(t), Po(t), P3(t)] with columns ¢;(t), Py(t), d5(t) is the
matrix satisfying the equation ®'(t) = A®(t) and the initial condition ®(0) = I = [ey, ea, €3]
with columns eq, eq, e3.

Build a matrix X (t) = [x1(t),x2(t), x3(t)] of basis vectors to the solutions space.

Columns ¢ (t), ¢5(t), ¢5(t) in ®(t) are expressed with help of the general solution:
z(t) = Crelvy + C’get(vgl) +tvy) + Cze tvs

by finding constants Cy, Cs, C3 satisfying initial conditions expressed by linear equations for
Cq
C=| Cy |: X(0)C=e1, X(0)C = e2, and X(0)C = es.
Cs
Alternatively one can carry out the same calculations in matrix form collecting the lenear
equation above into the matrix equation X (0)C = I and expressing ®(¢) as ®(¢) = X (¢)C.H

. Solve the initial value problem z'(t) = (a; - x2), x (0) = &, with the domain for the equation

J x G = R?, and find maximal intervals for solutions for arbitrary ¢ € R. (4p)
Solution.

&= (x—a?); 2y =dt; [ =t +C; [ 25 = fx(ldfz‘) =/ (% - ﬁ) dz = Inlz| -
In|z—1|.

In|-%| =t+C; (ﬁ) = Kexp(t), K = +exp(C)

x=(r—1)Kexp(t); x (-1 + Kexp(t)) = K exp(t);

K exp(t)

"0 = Rexp(t) 1)

Express K as a function of initial data &.

£ = K =

and
exp(t)

(Eexp(t) =&+ 1)

The derivation of this solution is valid for £ # 0 and & # 1, because the integrals above do
not exist at this values of . On the other hand two equilibrium solutions exist: x(¢) = 1, and
x(t) = 0 that are eventually included in the final formula. It gives us the transfer mapping
©(t,0,€) in the form:

x(t) =

§exp(t)
(Eexp(t) —€+1)
We must exclude from the domain of ¢(¢,0,£) points where (£ (exp(t) — 1) + 1) = 0, namely
€= srbr orexp(t) = (€~ 1) € or ¢ = In((¢ — 1) /€).
For ¢ € [0,1] the maximal interval is R. For £ € (1,00) the maximal interval is (¢min,00)
with tmin = In ((ngh) < 0. For £ € (—00,0) the maximal interval is (—00,tmax) With

foax = In (Q) > 0.

©(t,0,¢) =




) ) = 1-uzy
3. Consider the following system of ODEs. = oz
Find all equilibrium points and investigate their stability. Find domains of attraction for
possible asymptotically stable equilibrium points. (4p)
Solution.

Equilibrium points are (1,1) and (=1, —1) can be found by substitution. z = 33, 1 = 2y = y*.

Jacoby matrix of te right hand side is J(z,y) = [ 1—y :§y2 ]; J(1,1) = [ 1_1 :zl)) ];

J(-1,-1) = [ 1 1_3 ] det (J(1,1)) =4, sp(J(1,1)) = —4. Therefore the equilibrium point

(1,1) is asymptotically stable.
det (J(—1,—1)) = —4. Therefore the linearized around (—1,—1) system has a sadle point

and the equilibrium point (—1, —1) is unstable.

We shift the origin of te coordinate system into the point (1,1) by introducing new variables
u=x—1l,v=y—1
uv= —u—v—uv
{ V= u—3v—30v -3

Consider a test function E(u,v) = 3 (u? + v?)

v u—3v—3v2—v

%E(“(t)’”(t)) = {u}.[_U—U—uv 3

= —u?—uww— v +uv—30% -3 -t =

—u? (1 —v) = 3v*(14+v+0%) <0
—_——

>0

if v < 1, (u,v)#(0,0)

The largest circle in (u,v) plane satisfying the condition v < 1 has radius 1. Therefore the
circle of radius 1 around the point (1, 1) is the domain of attraction for the equilibrium (1, 1)
of the original system of ODEs.l

!/

4. Consider the following system of ODEs. { z, : gix gy [In (2 + 442)]
Show that this system has a non-trivial periodic solution. (4p)
Solution.
Consider the test function E(z,y) = 1 (2 + ¢?)

" ZE2 2
4 Blu(t), v(t)) = [ y} [lim—y[ln (02 1+ 1y2)] } — —y?[In (q;2+4y2)]{ ig xzijﬁjZié

The boundary curve 22 + 4y? = 1 is the ellipse with halv axes 1 and 1/2 with center in the
origin.

Therefore any circle with the center in the origin inside this ellipse is never entered by a
trajectory.

Similarly any circle with the center in the origin autside this ellipse is never left by a trajectory.

Such two circles build an annulus that is a positively invariant set for this system of ODEs.

For example an annulus 1/4 < z2 +y2 < 1 satisfies this conditions. This annulus contains no
equilibrium points, because the origin is the only equilibrium point. Therefore by Poincare -
Bendixson theorem this annulus must contain at least one periodic orbit.H



5. For one particular solution of the system d’;—?) = Ax(t) with a real matrix A, the first com-

ponent has the form z; = 2 + ¢sin (¢) .
Which smallest size can the real matrix A have? (4p)

Solution.

The term ¢sin(¢) in the solution is a sign that the Jordan form of the matrix A has a Jor-

dan block corresponding to the eigenvalue A\; = ¢ that has multiplicity at least 2, for example
i1 0

[ é ; ] or multiplicity 3: | 0 ¢ 1 | etc. On the other hand te matrix A is real and there-
0 0 =
fore it’s characteristic plolynomial has real coefficients and therefore all complex eigenvalues
must appear as conjugate pairs: the matrix A must have the eigenvalue Ay = —i havingthe
o . . -t 1
same multiplicity as A;, at least 2 and with corresponding Jordan block { (Z] i ] The
presence of the term t2 in one component of a solution shows that the matrix A must have
010
te eigenvalue A = 0 with multiplicity at least 3 with correspoding Jordan block | 0 0 1
0 00

All these observations imply that the real matrix A must have dimensions at least 7 x 7,
because the sum of dimensions of sizes of Jordan blocks is at least 2+ 2+ 3 =7.1

/

. . =y
6. Consider the following system of ODEs. { Y= o-a2°—ay(yf—a?+ %x‘l) Ca>0
Find all systems equilibrium points. Show using the test function H = % (y2 — 2%+ %x‘l) and
La Salles invariance principle, that the level set H(z,y) = 0 includes w - limit sets of this
system for all points in the plane except a finite number. Sketch these w - limit sets. (4p)

Solution.

The system has three equilibrium points, all on the z—axis: (—1,0), (0,0), (1,0). The level
set H(z,y) = % (y? —2? + %x‘l) = 0 has the shape of co with the center in the origin. One
can see it by solving by expressing y in terms of x:

1
y ==tz 1—5332

The oo figure is symmetrical with respect to - axis and cuts it in points +v/2. The formula
above implies that H(x,y) > 0 outside of the oo figure, and H(z,y) < 0 inside of the oo
figure.

05

We calculate how the H function changes along trajectories.

—X x3
Hiew) = GHG@wO) = | T e

1
—xy + x3y +xy — :Jc3y - ay2 <y2 —z?+ 2954)




We point out that %H(:E(t), y(t)) = 0 on the level set H(x,y) = 0 (the oo figure) and on the
x - axis. It means that trajectories are tangential to the level set H(z,y) = 0. Therefore oo
- figure is an invariant set for the system and consists of three orbits: the equilibrium in the
origin (that is a saddle point, easily seen by linerization) and two closed branches of the oo

figure correspoding to x > 0 and x < 0 in the expression y = + |z| /1 — %xQ.

Hy(z,y) = $H(x(t),y(t)) < 0 outside of the oo figure and not on the z - axis where
H (2(1),y(t) = 0.
Hy(x,y) = %H(:c(t),y(t)) > 0 inside of the oo figure and not on the = - axis where
FH (x(1),y(t) = 0.
By La Salles invariance principle all trajectories are attracted to the largest invariat set inside
the set H;I(O),Were H¢(z,y) = 0. This set consists of the union of the co figure and the x

- axis. There are no invariant sets on the x - axis except three equilibrium points (—1,0),
(0,0), (1,0).

It implies that for all points in the plain except equilibrium points, and points on the oo
figure, H(x(t), y(t)) tends to zero along trajectories. The w - limit sets for these points consist
of one of the branches of the oo figure (for points inside it) or of the whole oo figure - for
points outside it. The origin is the w - limit set for all points on the oo figure. Equilibrium
points are w - limit sets of themselfs.

Max. 24 points; Threshold for marks: for GU: VG: 19 points; G: 12 points. For Chalmers:
5: 21 points; 4: 17 points; 3: 12 points;

One must pass both the home assignments and the exam to pass the course. Total points for
the course are calculated as Total = 0.16 Assignmentl + 0.16 Assignment2 4+ 0.68 Exam - that is
the average of the points for the home assignments (32%) and for this exam (68%). The same
threshold is valid for the exam, for home assignments, and for the total amount of points for the
course.

Points that you have got for the assignments and for the exam are valid and are kept up to the
moment when you will pass all obligatory parts of the course.



