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Tenta i matematisk modellering, MMG510, MVE160

1. Liapunovs theory

Formulate and give a proof for Liapunovs theorem on instability of a fixed point together
with definitions of the notions used in the formulation. (4p)

2. Linear systems
Consider the following ODE:

A7) —en =y | () . . _ _
e AT, T() = ralt) with a constant matrix A defined as A = 2I + ¢ =
2
1 0 0 1
2l 1]+[5 o]
Define the evolution operator for this system. {4p)

3. Liapunovs theory

Consider the foltowing system of ODE and investigate stability of the fixed point in the origin.
(4p)

2’ = g% + 2uy®
Y = 2%

4, Periodic solutions to ODE,
Show that the following system of ODE has a periodic solution.

=y
¥ = -z y(l - 322 - 22
Hint: transform the system to polar coordinates and consider the equation for polar radius.

(4p)
9. Chemical reactions by Gillespies method
1 €3
Consider the following reactions: X + Z : W, W : P where ¢;dt with ¢; > 0 is
€ 4

the probability that during time dt the reaction with index i will take place i = 1,2,3.

a) Using mass action law write down differential equations for the number of particles for

these reactions. {(2p)
b) Give formulas for the algorithm that models these reactions stochastically by Gillespies
method. (2p)}

Max. 20 points;

For GU: VGt 15 points; Gt 10 points. For Chalmers: §: 17 points; 4: 14 points; 3: 10 points;
Total points for the course will be the average of points for the project (60%) and for this exam
together with bonus points for home assingments (40%).
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Lisningar till tenta i matematisk modellering, MMG510, MVE160

1. Liapunovs theory.
Formulate and give a proof for Liapunovs theorem on instability of a fixed point together
with definitions of the notions used in the formulation. See the book by Arrowsmith Place,
(4p)
2. Linecar systems

Consider the following ODE:

dr'(t) _ oo o [ 10T y _ _
BT AT, 7{t) = raft) with a constant matrix A defined as A = 27 + C =
2
1 0 0 1
2o 1[5 o]
Define the evolution operator for this system. (4p)

Evolution operator is operator maps the initial data 7'y into the solution: 7 (&) = exp{At) 7.
The matrix exp{A¢) can be computed using series exp(Af) = T+ At + 4%53 + 54—;.‘3 + -‘%ti +o
Considering A = Al + C with arbitrary A we observe that C? = (. It implies that

A% = INC+ NPT A% = (AT 4 20C) (M + C) = 30N + 1%

A= (BCN + IN) (M + C) = 40N + 1M ete. A" = nCAP™L 4 IO

Substituting these expressions into the series for exp{At) we obtain

2 3 4
exp(At) = (1+1(x) + 1G% + 1G5 1 2G4 )+

2 3
(14100 + 5 + 28 4 100 1) Gt = exp(M)(I +1C)
At the end we can substitute A = -2,

3, Liapunovs functions and stability
Consider the following system of ODE and investigate stability of the fixed point in the origin.
{4p)
{ 2 = 2% 2uy?
y =aly
Consider test function V{z,y) = 22 +y*. V{z,y) > 0. V(0,0) = 0.
V! = 2w(a® + 2zy) + 2yaly = 22t + 62%y? = 227 (2% + 37} > 0.

It implies that the origin is an unstable equilibrium point.

4. Periodic solutions to QDE.

Show that the following system of ODE has a periodic solution.

= i i
{ y =z +y(l- 32 — 23)2) Hint:

transform the system to polar coordinates and consider the equation for polar radius.
(4p)




7 = rsin?(0)(1 — 3r? cos?(8) — 2rsin®(0))

We observe that for small enough v ' >0,

for example for r = 0.5: v’ = 0.26sin*(8)(1 — 0.5 cos*(8)) > 0
One observes also from the equation for ' that

r' < rsin(@)(1 — 2r?) that makes » < 0 for r < 1/v/2. Equality is attained only for § =
0,8 =m.

It makes the ring 0.5 < r < 1/V/2 a positively invariant set for the system.

The only fixpoint of the sistem is the origin, therefore by the Poincare-Bendixson theorem it

must have a periodic solution in this ring.

. Chemical reactions by Gillespies method

C1 €3
Consider the following reactions: X + 2 : W, W : P where ¢;dt with ¢; > 0 is
C2 €4

the probability that during time dt the reaction with index i will take place i = 1,2, 3.

a) Using mass action law write down differential equations for the number of particles for

these reactions, (2p)
b) Give formulas for the algorithm that models these reactions stochastically by Gillespies
method. (2p)
a)

X'= X7+ oW

Z = —e1 XZ 4 W
W= X7 — (cg + ea)W
P =gV

b) Gillespies metod,

P{r, p)d7 is the probability that during time dr the reaction i will take place after the time
T when no reactions took place.

P{r, p} = Po{7}hycpdr.
Here Py{7) is the probability that no rections are observed during the time 7.
hyecudT is the probability that just the reaction p happen during time dr.

hy is the number of combinations of particles for actual nubers X, Z, W, P that can make
input to the reaction u. For reaction 1 in the example by = X - Z, for reaction 2 it is hy = W,
for reaction 3 it is hg = W for reaction 4 it is hy = P.

By(r) = exp(—ar) with a = Ei:l By

The algorithm for stochastic modelling consists of the following steps,

0) inicializing variables X, Z, W, P and time { = 0.

1) compute hy, a.

2) Generate two random numbers v och p uniformly distributed over the interval {0, 1).
Choose time 7 before the next reaction as 7 = 1/aln(1/r).

Choose next reaction u so that Eﬁ‘;ll hic; <pa < )iy hci.

3} Add time 7 to the time variable ¢, Change variables X, Z, W, P representing numbers of
particles according to the chosen reaction:

p=1 - X=X-1,Z2=2-1,W=W+1.




p=3 — P=P4+1 W=W-1
p=4 —-P=P-1W=W4+1
3) If time ¢ is larger than the maximal time finish computations otherwise go to the step 1.
Max. 20 points;
For GU: VG: 15 points; G: 10 points. For Chalmers: 5: 17 points; 4: 14 points; 3: 10 points;

Total points for the course will be the average of points for the project (60%) and for this exam
together with bonus points for home assingments (40%).




