April 6, 2020

Ordinary differential equations and mathematical modelling
MVE162/MMGH511.

1 Prerequisite knowledge for the course.

This relatively difficult course uses the whole scope of linear algebra and
analysis that Chalmers students from Technical mathematics group and
GU students from the group in mathematics learned during the first year.
Students with different backgrounds might lack some of this material.
Before starting learning this course it is good to check notions and
theorems that are supposed to be known during teaching this course.

If you miss some of them, check Appendix 1 and Appendix 2 in the course
book by Logemann and Ryan, where all necessary mathematical
background is discussed in detail.

Some internatinal students might also need to learn Matlab or use other
programming tools to make computations in obligatory modeling projects.
Notions from linear algebra and analysis:

Vector space, normed vector space, norm of a matrix. FEigenvectors and
eigenvalues of a matrix. Matrix diagonalization.

Cauchy sequence. Complete vector space (Banach space). Open, closed and
compact sets in R". Continuous functions and their properties on compact
sets. Uniform convergence in the space of continuous functions.
Results from analysis:
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Space C'(I) of continuous functions on a compact [ is a complete vector
space (Banach space). Example A.14, p. 272.
Bolzano-Weierstrass theorem. Theorem A.16, p. 273.
Weierstrass criterion for uniform convergence of functional series. Corollary

A.23 | p. 277.



2 Introduction. Initial value problem, exis-

tence and uniqueness of solutions.

The main subject of the course is systems of differential equations in the

form

'(t) = f(t,z(1)) (1)

classification and qualitative properties of their solutions. Here
f:J x G — R"is a vector valued function regular enough with respect to
time variable ¢ and space variable z. J is an interval, G is an open subset of
R". Equations where the function f is independent of ¢ are called

autonomous:

Finding a function z(t) : L — R" satisfying the equation (1) on the interval
L C J together with the initial condition

2(1) = ¢ (2)

for 7 € L is called the initial value problem (I.V.P.).

The curves z(t) in G have the property that they are tangent to the vector
field f (t,z(t)) € R™ at each time ¢ and point z(t) € G.

One can reformulate the I.V.P. (1),(2) in the form of the integral equation

() =€+ / f (0,2(0)) do (3)

Continuous solutions to the integral equation (3) can be interpreted as
generalized solutions to (1),(2) in the case when f (¢,z) is only piecewise

continuous with respect to t and therefore the integral in (3) does not have
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derivative in some isolated points. If f is continuous, then these two
formulations are equivalent by the Newton-Leibnitz theorem.
More general notions of solutions can be introduced in the case when
f (t,z(t)) is integrable in the sense of Lebesque, but we do not consider

such generalised solutions in this course.

3 Classification of ordinary differential equa-

tions and the plan of the course.

1. Equations where the right hand side is independent of time:

d'(t) = flz(t))
f = f(fl?),IL’EG,

are called autonomous as we mentioned before. General differential
equations are with f = f(t,z) are called non-autonomous.
Autonomous equations have a nice graphical interpretation. One can
consider and also draw a picture of the vector field f : G — R". For every
point £ € G this vector field gives according to the differential equation, the
velocity of a possible solution curve z(t) going through the point &.

All solutions to an autonomous differential equation have the property that
corresponding curves are tangent curves to the vector field f : G — R"™.
One often calls autonomous differential equations continuous dynamical
systems.

2. General (non-autonomous) linear systems of differential equations in

the form
2'(t) = Alt)z(t), =z(t)eR", teJ

with a matrix A(t), A(t) : J — R™ " that is a continuous matrix valued



function of time t on the interval .J. A particular class of non-autonomous
linear systems is the class of periodic linear systems with periodic
matrix A(t + p) = A(t) with some period p.
3. We will also consider linear non-homogeneous systems of differential

equations in the form
o'(t) = At)z(t) + g(t), z(t),9(t) eR", teJ

with a given term g(¢) in the right hand side, both autonomous and
non-autonomous.

4. Linear autonomous systems of differential equations in the form
o' (t) = Ax(t), =(t) eR", teR

with a constant matrix A.

The plan for the course is: to consider after some introductory examples
and then all these types of equations in the reverse order, from simpler to
more complicated: linear autonomous, linear non-autonomous, linear
periodic, nonlinear autonomous. At the very end of the course we will
consider the existence of solutions in the most general non-linear
non-autonomous case. Many ideas will be introduced and exploated first on
the example of linear autonomous ODEs. Later these ideas will be
developed further and applied in more complicated situations. This way of
studying pursues two goals: to have more material for exercises and to
introduce many general mathematical ideas in a more "user friendly" way.
The course is divided into two large qualitatively different parts:

A) one - devoted to linear equations and using and developing some
advanced linear algebra, and
B) another one - devoted to non-linear equations and using reasoning based

on relatively advanced analysis.



4 Main types of problems posed for systems
of ODEs

I) Existence and uniquness of solutions to I.V.P. Finding maximal
interval of existence of solutions to I.V.P.

We give here two simple examples illustrating that solutions to a differential
equation might exist not on any time interval (solutions can blow up - tend
to infinity in finite time), and that solutions do not need to be unique
(there can be two different solution curves going through one point (¢, z))
Example of bounded maximal interval. (Ex. 1.2, p.14, L.R.) LV.P.

. By separation of variables we arrive to a solution that exists only on a

finite time interval (—1, 1) called later maximal interval for these initial

conditions.
dx dx 1 2 C 1
— = tdt; —=[td; ——=w+o; —S5=+C; C=-1L
a3 ' /x3 / ’ 222 2—'—27 x2 & '
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Point out that for another initial conditions the maximal interval can be



different.
Example of non-uniqueness. (Ex.1.1, p.13, L.R.) L.V.P.

() =t-22 teR,  2(0) = 0.

Point out that the right hand side has infinite slope in z variable %(Il/ 3.
We will say later, after giving corresponding definition, that this function is
not Lipschitz with respect to z.

Constant solution z(t) = 0 exists. On the other hand for all ¢ > 0 functions
x(t) = %32/)23/2, t > c are also solutions to the equation. See the calculation
below. By extending these solutions by zero to the left from ¢ = ¢ we get a

family of different solutions satisfying the same initial conditions x(0) = 0.

y

Cl.%' 3 2 1 2 2
3/2
o 2 02. L (2 — c?) /
3 ) (3)3/2



Here c is arbitrary constant ¢ < t. Check the solution:

3/2
%x(t) = % (%) = %tm = ta!/3
IT) One can for particular classes of equations pose the problem of finding a
reasonable analytical description of all solutions to the above equation.
Such an expression is called general solution.

IIT) Find particular types of solutions: equilibrium points 1 € R" of
autonomous systems (points where f(n) = 0), periodic solutions, such
that after some period 7' > 0 the solution comes back to the same point:

z(t) = x(t + T') for any starting time ¢.

IV) Find how solutions z(¢) behave in the vicinity of an equilibrium point 7
with t — oo : it is interesting if they stay close to n starting arbitrarily close
to it, or solutions can go go out of 17 with time ¢ — oo for some initial
points ¢ situated arbitrarily close to 1 (we will call these properties for
stability or instability of the equilibrium point 7).

V) Find a geometric description of the set of all trajectories of solutions to
an equation. By trajectory we mean here the curve x(t), that the solution
goes along, during the time ¢t € I when it exists. In the case of autonomous
systems of dimension 2 we will calle call such a picture phase portrait.
VI) Describe geometric properties of so called limit sets, or "attractors"
of a solution: such a set that the solution z(t) "approaches" infinitely close
when ¢t — oo.

Examples
Pendulum is described by the Newton equation: Force = m - Acceleration;
Acceleration = 1-0"(t),Velocity =1 - 0'(t).



Tension in cord = mg Cosé

Mass of

bob = mkg Acceleration = a

— Inertia
\ mg sin @ f\/ force = ma
N \
Equilibrium Y mg Cos 0
position '
\ .

| Y -

' Amplitude W=mg
(@) Simple pendulum (b) Forces acting on bob

mlf"(t) = —~10'(t) — mgsin(6(t)) = 0

Both for theoretical analysis and for numerical solution one always rewrites
the second order equation as a system of two equations for x;(t) = 6(t) and

zo(t) = 0'(t) :

ri(t) = wa(t)

() = —Las(t) = Lsin(an (1))

We can rewrite it in general vector form as



This non-linear system of equations cannot be solved analytically. We show
below results of numerical solutions of this system in a form of a phase

portrait of the system.

Phase portrait.
The picture of trajectories - curves (z1(t), z2(t)) corresponding different
solutions to the equation for the pendulum in the phase plane of variables
x1 and x5 looks as the following. Such pictures are called phase portrait
of the system. We will draw many of them in this course, in particular in

modelling projects.

d o/ dt)

Points 0 = 0 + 27k, & =0 and 0 = 7 + 27k, & = 0 on the first picture are

equilibrium points. One can see closed orbits around equilibrium points
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0 = 27k, §' = 0, corresponding to periodic solutions. Points § = 7 + 27k,
0" = 0 correspond to the upper position of the pendulum that is a
non-stable equilibrium point. Higher up and down when the angular
velocity is large enough we observe non-bounded solutions corresponding to
rotation of the pendulum around the pivot. Orbits for the pendulum
without friction can be described by a non-linear equation.

In the case with friction on the second picture one observes the same
equilibrium points. But the phase portrait is completely different. Almost
all trajectories tend to one of equilibrium points 6 = 27k, §' = 0 when time
goes to infinity. No closed orbits and no unbounded solutions are observed
in this case.

Van der Pol equation . (Example 1.1.1. p. 2 in Logemann/Ryan)

g(t) = f(x(t))
—21 + 22(1 = (2,)%)

Phase plane for Van der Pol equation

We see that the equilibrium point in the origin is unstable but all
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trajectories tend to a limit set or "attractor" that is a closed curve (depicted
in red) that seems to be an orbit corresponding to a periodic solution.
For two dimensional systems only stationary points and closed orbits and
some chains of stationary points connected with orbits are possible as
"attractors". In dimension 3 much more complicated attractors are possible
with a classical example being the Lorenz equation.

Lorenz model for turbulence. Strange attractor.

¢ = —olz—y)
y = re—y—az
7 = ay—bz

A trajectory for o = 10, r = 28, b = 8/7.
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5 Linear autonomous systems of ODE

We will first consider general concepts in the course in the particular case
for linear system of ODEs with constant matrix (linear autonomous

systems).

o' (t) = Ax(t), x(t) eR", teR 4)

where A is a constant n x n matrix A € R"*".
In particular we will find solutions to initial value problem (I.V.P. ) with

initial condition

x(1) = &, ()

We point out that all general results about linear systems of ODE are also
valid in the case of the complex vector space z € C" , £ € C" and complex
matrix A € C"*". Some of the results are formulated in a more elegant
form in the complex case or might be valid only in complex form.
Several general questions that we formulated above will be addressed for
this type of systems.

The final goal in this particular case will be to give a detailed analytical
description of all solutions and to connect their qualitative properties with
specific properties of the matrix A, its eigenvalues and eigenvectors together
with more subtle spectral properties such as subspaces of generalised

eigenvectors.
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5.1 The space of solutions for general non-autonomous

linear systems

We make first two simple observations that are valid even for general
non-autonomous linear systems with a matrix A(t) that is not constant but

is a continuous fu
2(t)=Alt)z(t), =z(t)eR", telJ (6)

nction of time on the interval J.
Lemma. The sets of solutions Spom to (4), and to (6) are linear vector
spaces.
Proof. Sy includes zero constant vector and is therefore not empty. By
the linearity of the time derivative 2'(¢) and of the matrix multiplication
A(t)x(t), for a pair of solutions z(t) and y(t) their sum z(t) + y(¢) and the

product Cz(t) with a constant C' are also solutions to the same equation:

5.2 Uniqueness of solutions to autonomous linear sys-

tems.

One shows the uniqueness of solutions to (4) by using a simple version of
the Gronwall inequality that in general case will be considered later.

Gronwall inequality

Suppose that the I.V.P. (4),(5) for an autonomous linear system has a

solution z(t) on an interval I including 7. Consider the case when 7 < ¢.
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We can write an equivalent integral equation for x(t) for t € I, 7 <t

z(t) =€+ /t Ax(o)do (7)

We calculate of the norm of the left and right sides in the integral equation

(7) and use triangle inequality:

le @]l < li] + / Az(0)do

T

The triangle inequality for integrals:

/T ' t(0)do

and the definition of the matrix norm:

< [ et do

[All = sup ([[Az|/|lz]) = sup ([[Az])
[|l[|#0 l|lz||=1

imply that

L@l < €]l + / |Az(0)]| do

and finally

le()] < lléll + / 1A (0)|| do

We will prove now that this integral inequality for || (¢)|| implies the
famous Gronwall inequality giving an estimate for ||z(¢)|| in terms of the
initial data ||]|.

This is a standard argument that will be used within the course again later

two more times for more complicated types of equations.
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Introducing the notation G(t) = ||£]| + f: |A|| ||x(o)|| do we conclude that
G(r) =&, [lz(t)]| < G(t), and

G'(t) = Al =) < [|AIG(#)

Multiplying the last inequality by the integrating factor exp(— || Al t) we

arrive to

G'(t) exp(— [|A]l 1) — [[All exp(= [[ Al )G (2)
G'(t) exp(— | Allt) + G(#) (exp(—[|A]| 1))
(G(t)exp(— [ A1) < 0

IA A
o o

Integrating the left and the right hand side from 7 to t we get the inequality

G(t) exp(=[|A[l () < G(7) exp(=[| Al (7))
G(t) < [[€llexp([|A]l (t — 7))

N

that implies the Gronwall inequality in this simple case:

()]l < [I€ll exp((l Al (£ — 7)) (8)

B (Knowlege of this proof is required at the exam)
Lemma. The solution to I.V.P. (4),(5) is unique.

Proof. Suppose that there are two solutions x(¢) and y(t) to the I.V.P.
(4),(5) on a time interval including 7 and both are equal to ¢ at the initial
time ¢ = 7. Consider the vector valued function z(t) = z(t) — y(t) and the
case when 7 < t. Then z(t) is also a solution to the same equation (4) and

satisfies the initial condition z(7) = 0.

The estimate (8) applied to z(t) implies that z(t) = 0 and therefore the

uniqueness of solution to I.V.P. (4),(5). The proof of the case 7 <t is

16



similar.l
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5.3 Exponent of a matrix

Two ideas are used to construct analytical solutions to (4) :
1) One is to find a possibly simple basis {v;(t), ..., un(t)} to the solution
space.

2) Another one is based on an observation that the matrix exponent

WE
| =

e 1 1
A=) LAt - Tt A2 (= 7)ot AN (= 1) =

k k
1 ‘A (t—1)

=
Il

0

gives an expression of the the unique solution to the I.V.P. (1), (1a):
flf(t) — eA(tf‘r)é-

One can derive this property of the matrix exponent by considering the

integral equation (7) for z(t)

z(t) =€+ /t Az(o)do

equivalent to the I.V.P. (4),(5). We can try to solve this integral equation

by iterations:

Bea(t) = £+ / Azy(0)do (9)
Tog = 5
1 ) 1 i
z(t) = [I+A(t—r)+§A2(t—7) —l—...—i—EAk(t—T) 13

Iterations x4 (t) converge uniformly on any finite time interval as k — oo
and the limit gives the series for exp(At) formulated above times the initial
data &.

The series for exp(At) = 377 ) 5 A (t — 7)" converges uniformly on any

finite time interval [T, T including initial time point 7 € [T, T] by the
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Weierstrass criterion. Most of you studied it before. We will remind it’s
formulation here. It will be used several times in the course.
Weierstrass criterion. Corollary A.23, p. 277 in L.R.

Let X be a normed vector space, Y be a complete normed vector space

(Banach space) K C X be compact,{ f.(x)} -

continuous functions f, : K — Y and let {m,} -, a real sequence such that

| fu(2)|| < m,, for all x € K and all n € N, where ||...|| is the norm in Y.

n_1 » T € K be a sequence of

If >°>°  m, is convergent, then >~ f,(z) is unifomly convergent on K.
You studied this theorem in the case when X = RY, Y = RM. In our
situation here K is a closed interval in R for example [-7,7] in R and Y is
a space of matrices RV*N (or CN*V).

To prove that our series satisfies the Weierstrass criterion, we will apply the
estimate for the norm of the product of two matrices: ||AB| < ||A]| ||B||. It
implies that [|42]] < [[A] Al [14%] < Al [A] Al ..and [[A¥] < [|A]"
Prove the inequality ||AB| < || Al ||B|| yourself!

Therefore the norm of each term in the series Y - L A" (t — )F is
estimated by a term from a convergent number series:

1
H—Akt—T < Ll

1
SHAP -l < Al er)

for the exponential function exp(||A|| (27")). We use here that |t — 7| < 2T
for each t € [-T,T.
Application of the Weierstrass criterion to the series > o & A" (t — )
leads to the solution of the I.V.P. in the form

z(t) = e = exp(A (t — 1) 5—(2.0:% (t—1) Ak)ﬁ
ke

We make this conclusion by tending to the limit £ — oo in the integral

equation (9) defining iterations because the expression under the integral in
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(9) converges uniformly and therefore the limit of the integral is equal to
the integral of this uniform limit. This solution is unique by the Lemma we
proved before.

Corollary 2.9 in L.&R. The function z(t) = exp(A(t — 7))& is the unique
solution to the I.V.P. (4),(5).

This theoretical expression for unique solutions to (1) dispite of it’s
elegansce has a huge disadvantage that the series
exp(At) = > 5 & (t— 7)* A* is not possible to calculate analytically in a
simple way.

We will try instead to find a basis of the vector space Syom of all solutions
to (1).

5.4 The dimension of the space S, of solutions

Theorem. (Proposition 2.7, p.30, L.R. in the case of non-autonomous
systems).
Let by, ..., by be a basis in R¥ (or CV). Then the functions y; : R — R (or
CY) defined as solutions to the I.V.P. (4),(5) with y;(7) = b;, j = 1,...N, by
y;(t) = exp(A(t — 7))b;, form a basis for the space Shom of solutions to (4).
The dimension of the vector space Spom Of solutions to (4) is equal to N -
the dimension of the system (4).

Idea of the proof. This property is a consequence of the linearity of the
system and the uniqueness of solutions to the system and is independent of
detailed properties of the matrices A(t) and A in (4) and (6).
Proof. Consider a linear combination of y;(¢) equal to zero for some time
oceR: (o) = Zjvzl a;yj(0) = 0. Observe that the trivial constant zero
solution 0(¢) coinsides with [ at this time point.

But by the uniqueness of solutions to (4) it implies that [(¢) at arbitrary
time must coinside with the trivial zero solution for all times and in
particular at time ¢t = 7. Therefore /(1) = Z;V:1 a;b; = 0 (point out that

y;(17) = b;). It implies that all coefficients a; = 0 because by, ..., by are
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linearly independent vectors in RY (or CV). It implies that y;(t), ..., yn(t)
are linearly independent for all ¢ € R by definition. Arbitrary initial data
z(7) = £ in RY (or CV) can be represented as a linear combination of basis
vectors by, ...,by: £ = Zjvzl C;b;. The construction of y;(t), ..., yn(t) shows

that an arbitrary solution to (4) can be represented as linear combination
of yr (1), -y (1)

o(t) = exp(A(t— 7)) =exp(A(t— 7)) > Cjb; =

— Z Cjlexp(A(t —7))b;] = Z Ciy;(t)

j=1 =y;(t)

Therefore {y1(t), ..., yn(t)} is the basis in the space of solutions Spe, and
therefore Spom has dimension N.B(Knowlege of this proof is required
at the exam)

By taking £ = ey, ..., e, we observe that each column in the matrix
exp(A (t — 7)) is a solution to the equation (4). We have just shown in the
theorem before that these columns are linearly independent and build a

basis in the space of solutions.

Properties of the matrix exponent.
We collect in the following Lemma some (may be partially known)
properties of the matrix exponent.
For a complex matrix M the notation M* means transpose and complex
conjugate matrix (called also Hermitian transpose)
Lemma (Lemma 2.10 , p. 34 in L.&R.) Let P and @ be matrices in RV*¥
or CNxN

(1) For a diagonal matrix P = diag(A1, Az, ..., Ap)

exp(P) = diag(exp(A1), ..., exp(\,))
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(2) exp(P*) = (exp(P))"
(3) for all t € R,

d
7 exp(At) = Aexp(At) = exp(At)A

(4) If P and ) are two commuting matrices P(Q) = ()P, then
exp(P)Q = Qexp(P) and

exp(P + Q) = exp(P) exp(Q)

(5) exp(—P) exp(P) = exp(P) exp(—P) = I or exp(—P) = (exp(P))™"
Proof
Proofs of (1),(2) are left as exercises. We proof first (4) by direct

calculation.
k - k mk—m . .
(P+Q)" = Z - P™Q (for commuting matrices)

e — Z%(P‘i‘Q)k:

- P™ QP 1 =1
S REa- (S (Be) -
(3) Can be proved in three different ways.

It follows from the definition of exp(At) by elementwise differentiation of
the corresponding uniformly converging series.

It follows also from the observation above that each column in exp(At) with
index k is a solution to the system of equations 2’ = Az with initial data

z(0) = e .

A straightforward proof can be given by the definition of derivative and
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using the relation (4). We use the formula exp(P + Q) = exp(P) exp(Q) for
commuting matrices, the fact that At and As commute for any ¢ and s and

the Taylor formula applied to for exp(Ah) — I for small h:

exp(A(t+h)) —exp(At) = (exp(Ah) —I)exp(At) =
(Ah + O(Rh?)) exp(At)

Therefore

9 xp(At)) = Tim (CPEALEHR) = exp(AD)

dt h—0 h
2
}llir% (Ah + O(hh)) exp(At) — Aexp(A)

5.5 Analytic solutions. Case when a basis of eigenvec-

tors exists.

An idea that leads to an analytical solution is to find a basis
{y1(t),...,yn(t)} to the solution space Spom by finding a particular basis
{v1,...,ux} in CV or RY such that the matrix exponent exp(At) acts on the
elements of this basis in a particularly simple way, so that all
yr(t) = exp(A (t — 7))vx, can be calculated explicitely. We will consider
mainly the case 7 = 0 for autonomous systems.

The simplest example that illustrates this idea is given by eigenvectors to

A. These are vectors v # 0 such that
Av =\

for some number \. Numbers \ are called eigenvalues of A. Eigenvalues
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must be roots of the characteristic polynomial
p(A) = det(A — AI)

because rewriting the definition of an eigenvector we arrive to a

homogeneous system of linear equations with matrix (A4 — AI)
(A=X)v=0

with v # 0. Using the definition Av = Av for the eigenvalue and the
eigenvector k times we conclude that A*v = \*v. Substituting this formula

into the expression e*fv = 37 | Ltk A*v we conclude that

ety = Z %tk/\kv = M.
k=0
Important idea.
Another more general idea leads to the same formula, but has an advantage
that it can be applied in more complicated situations. We use here that the
eigenvector v corresponding to the eigenvalue A makes all powers

(A—AD)*v =0 except k = 0:

ety = exp (AT + (At — AtI))v = exp (MI) exp ((A — M) t)v = (10)

_ At Ooik _ ko Xt
= (e ]);k!t (A= M)"v=e.

This observation leads to a simple conclusion that if the matrix A has N
linearly independent eigenvectors {vy}, then any solution to (4) with initial

N . . . .
data £ = >, _, Crvi can be expressed as a linear combination in the form
N

x(t) = Z Cy, (eM'uy)

k=1
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A’ctvk} building a basis for the space of solutions to

(4).

We point out that A and v can be a complex eigenvalue and a complex

with vector functions {e

eigenvector here. In the case when all these eigenhvalues are real, this basis
will be real. In the case if a real matrix A has some complex eigenvalues,
they appear as pairs of complex conjugate eigenvalues and corresponding
eigenvectors, that still can be used to build a real basis for solutions. We

will demonstrate it on a couple of examples later.

01

Example 1. Consider system ' = Ax with matrix A = . The

matrix A has characteristic polynomial p(\) = A* — 1 and two eigenvalues
)\1 =1 and /\2 = —1.

Corresponding eigenvectors satisfy homogeneous systems (A — A\;)v; =0

-1 1
with matrix (A — A1) = . ] and (A — A\ J) vy = 0 with matrix
11
A= XI) =
(4= 2]) [ 11
. 1 — . .
Eigenvectors are v; = ) and vy = [ ] and are linearly independent

(in particular it follows from the fact that eigenvalues are different).
Solutions () = e'v; and y5(t) = e vy are linearly independent.

Arbitrary real solution to the system of ODEs has the form

—1
+Cg€t[ 1 ]

with arbitrary coefficients C'; and Cy.Corresponding phase portrait will

!L’(t) = C’lyl(t) + ngg(t) = C’let

include particular solutions tending to infinity along the vector v; = ) ] ,

solutions tending to the origin along the vector v, = [ ] and other
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solutions filling the rest of the plain having orbits in the form of hyperbolas.

One can observe it by integrating the differential equation

Ty o= 1
Ty, = 11
dl’g T

— = —;  Todxy = x11d1y
dri T

with separable variables that follows from the system and concluding that

2?2 — 22 = Const

Similar phase portraits will be observed in the arbitrary case when the
2 x 2 real non-degenerate matrix A has real eigenvalues with different signs
but the picture will be rotated and might be less symmetric depending on
the directions of the eigenvectors v; and v, (here they are orthogonal). One
can still draw trajectories along eigenvectors and then sketch other

trajectories according to the directions of trajectories along eigenvectors.

6 Generalised eigenvectors and eigenspaces.
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It is easy to give examples of matrices that cannot be diagonalized. For
linear autonomous systems with such matrices the expression of arbitrary
solutions in terms of linearly independent eigenvectors is impossible because

we just do not have N linearly independent ones.

Example 3.
Ty = —T , : -1 0 -
or z'(t) = Ax with A = , the characteristic
Th = 1T — T9 1 -1
polynomial is p(A) = (A + 1)2.

Matrix A has an eigenvalue A = —1 with algebraic multiplicity m()\) = 2.

0
There is only one eigenvector v = . satisfying the equation
(A—A)v=0.
00
A—(-DI) =
(a-con=|

The function x(t) = e 'v is a solution to the system. One likes to find a
basis of solutions to the space Spom of all solutions. We need another

linearly independent solution for that. Observe that
T (t) = C’le*t

is the solution to the first equation, substitute it into the second equation

and solve it explicitely with respect to z5(t):

h(t) = —xo(t) + Cre!
elay(t) +elmy(t) = C
(etxg(t))/ =
elwy(t) = Cy+ Ot
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Therefore the general solution to this particular system has the form

£) ] 0
x(t) = nll) | _ Cie™ + Che™! —
Ig(t) ] t 1
1 0
C’le_t +1 ) + Cge_t ]
i 0 1
= Ciet (v(l) + tv) + Che

1
where v(1) = [ ol The phase portrait looks as:

t t t t
-10 -5 0 5 10

In this particular example we could find an explicit solution using the fact
that the matrix Ais trianglular. This idea cannot be generalized to the
arbitrary case but can be used for linear system with variable coefficients
and triangular matrix.

We point out that the initial value for the derived solution
z(t) = Cre™" (v + tv) + Coe v is

1 0

+ 02 :Cﬂ)(l) + 021).
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1 0
Vector v = [ 0 ] is linearly independent of the eigenvector v = s

and applying the lemma before we conclude that e~ v and e~ (v(l) + tv)
are linearly independent for all + € RY and build a basis for the space of

solutions to the system.
Observe that v has a Temarkable property that (A — AI)v® = v

00]f1 0
* [ 10 ] [ 0 ] B [ 1 ] and therefore (A — AI)* o™ = 0. Such vectors

are called generalised eigenvectors to A corresponding to the eigenvalue
A
We point out that the initial data in this explicit solution are represented
as a linear combination of an eigenvector and a generalised eigenvector:
2(0)=C1vW + Cyuv.
We observe that the general solution we have got could be derived by
applying the same idea as in the formula (10) but to the generalised

eigenvector v(V):

exp(At)vV) = exp (AT + (At — XtI)) v = exp (A\t]) exp (A — M) t) 0™

[e.e]

e %tk (A= ADFo® = M (v +t (A=A =
k=0

= M (v(l) + tv)
(A—ADFo® = 0, k>2

This reasoning again gives the second basis vector in the space of solutions,
that we have got before by the trick with separation of variables, and gives
a clue what might be a general way to explicit solution to the linear system
with arbitrary constant matrix.Hl
Definition of generalised eigenvectors.
A non-zero vector z € CV( or RY) is called a generalised eigenvector to the
matrix A € CV*¥ corresponding to the eigenvalue \ with the algebraic
multiplicity m(X) if (A — A)™™ 2z = 0.
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If (A= M) z=0and (A—\)""" 2 # 0 for some 0 < r < m()\) we say
that z is a generalised eigenvector of rank (or height) r to the matrix A.0J
An eigenvector u is a generalised eigenvector of rank 1 because
(A—X)u=0.

The set ker ((A — A )m()‘)) (kernel or nullspace in Swedish) of all
generalized eigenvectors of an eigenvalue A is denoted by F()\) in the course
book. E()) is a subspace in CV.

Proposition on A - invariance of E()).

E()) is A- invariant, namely if z € E(\), then Az € E(\).

Proof. We check it by taking z € E()) such that (A — AI)™® z = 0 and
calculating (A — AI)™™ Az = A (A — AI)™™ 2z = 0, the last equality is
valid because A and (A — AI)™™ commute. M
Proposition on exp(At) - invariance of E(\).

E()) is invariant under the action of exp(At), namely if z € F()), then
exp(At)z € E(N).

Proof. Consider the expression for the exp(At)z as a series

All terms A%z in the sum belong to F()\). One can see it by repeating the
argument in the previous proposition.

The expression for exp(At)z is therefore a limit of linear combinations of
elements from the finite dimensional generalized eigenspace E()\) that is a
closed and complete set. Therefore exp(At)z must belong to £(\).1
A remarkable property of generalised eigenvectors z is that the series for
the matrix exponent exp(At) applied to z can be expressed in such a way
that it would include only a finite number of terms and can be calculated
analytically.

Theorem (2.11, Part 1), p. 35 in the course book) Let A € CNV*V,
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For an eigenvalue A € o(A) with algebraic multiplicity m(\) denote the
subspace of its associated generalised eigenvectors by
E(\) =ker (A — AI)™™ and for z € E()\) denote by z(t) = exp(At)z - the
solution of I.V.P. with initial data z,(0) = z. Then
for A € 0(A) and z € E(\) a generalised eigenvector

m(\)—1 tk

exp (At) z = eM Z E(A—)\[)kz

k=0

Proof.
We show it by the following direct calculation:

x,(t) = exp(At)z=exp (tAl)exp ((A—A)t) z =11)

— tF t
e’\tZE(A—)\I)kz = M Z H(A—)\])kz
k=0 k=0

because powers (A — M)" z = 0 - terminate on z € E()) for all k > m(\)
by the definition of generalised eigenvectors.
We also use at the first step of calculations the property (4) from the
Lemma about matrix exponents: exp(P + @) = exp(P) exp(Q) for

commuting matrices P and ). B

6.1 Analytic solutions. General case using a basis of

generalized eigenvectors.

The next theorem gives a theoretical background for a method of
constructing analytic solutions to (4) (2/(t) = Ax(t)), by representing
arbitrary initial data z(0) = £ using a basis of generalised eigenvectors to A
in CV. We are going to consider initial conditions for autonomous systems
only at the point 7 = 0, because all other solutions are derived from such

ones just by a shift in time, because the right hand side in the equation
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does not depend on time explicitely and if x(¢) is a solution, then z(t + 7) is
also a solution.

Definition The sum Vi + V5 + ... + V of subspaces V7,V5 ...V, in a vector

space is a set of vectors in the form vy + v9 + ... + v with vectors v; € V},
7=1,..s 01

Definition DireCt SUIN V, & Vo @ ... @V, of subspaces V;,V5 ...V is
a usual sum Vi + V5 + ... + V; of these subspaces with a special additional
property that any vector in v € V1 @ V5, @ ... @ V is represented only in a

unique way as a sum v = v; + vz +... +v5 of vectors v; € V;, j =1,...;5.

It makes in this case any set of vectors v; € V, j =1, ..., s belonging to
different V; linearly independent.

Subspaces V;, j = 1, ..., s have only one common point - zero.
Theorem (generalized eigenspace decomposition theorem A.8, p.
268 in the course book, without proof)

Let A € CMN*N and My, ..., \s be all distinct eigenvalues of A with
multiplicities m;, Z;:l m; = N. Then CV can be represented as a direct

sum of generalised eigenspaces E(\;) = ker(A — \;)™ to A having

dimensions m;:
dim (ker(A — X;)™) = m;

CN =ker(A —A\)™ @ ... ® ker(A — \,)™ (12)
0J

The formula (11) together with the decomposition of C into direct the sum
of generalised eigenspaces gives a recipe for a finite analytic representation
of solutions to I.V.P. to (4) and a representation of general solutions to (4).
Theorem (2.11, part 2, p. 35 in the course book) Let z € E()) be a
generalized eigenvector corresponding to the eigenvalue A. Denote by
z,(t) = exp(At)z - the solution of I.V.P. with z,(0) = z.
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Let B()\;) be a basis in E(\;) having dimesion m;, and denote
B = Uj_; B(};) - the union of all bases of generalized eigenspaces E(J;) for
all eigenvalues \; € 0(A). The set of functions {z, : z € B} is a basis of the
solution space Spom Of (4).
Proof. By the generalized eigenspace decomposition theorem
CN =ker(A — X\)™ @ ... ® ker(A — \,)™ and therefore all subspaces
E(\;) = ker(A — X\;)™ making them linearly independent. The total
number of these basis vectors is Z;:1 m; = N that is equal to the
dimension of CV. Therefore B is a basis in CV.

From the theorem on the dimension of the solution space Syom of a linear
system it follows that solutions with initial data taken from the basis B
build a basis in the solution space Spom of (4).

[

We continue with a description of how this theorem can be used for
practical calculation of solutions to I.V.P.

Let the matrix A have s distinct eigenvalues Ay, ..., Ay with corresponding
generalised eigenspaces E();). Represent the initial data x(0) = £ for the
solution z(t) as a sum of its components from different generalised

eigenspaces:
£= Zxo’j, = E()\))
j=1

Here 2°7 € E();) - are components of £ in the generalized eigenspaces
E()\;) = ker(A — \;)™ of the matrix A. These subspaces intersect only in
the origin and are invariant with respect to A and exp(At). It implies that
for the solution z,(t) with initial data z € E();), we have x,(t) € E();) for

all t € R.
Let m; be the algebraic multiplicity of the eigenvalue ;. We apply the

formula (11) to this representation and derive the an expression for
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solutions for arbitrary initial data as a finite sum (instead of series):

z(t) = eMe= eAtzs:xO’j = (13)
j=1
zs: (e)‘jt [i (A— /\jf)k Z—k'] xo’j> (14)
j=1 k=0 )

Series expressing exp(At)z%/ terminates on each of the generalised
eigenspaces E();).

The last formula still needs specification to derive to an explicit solution.
General solution can be written explicitely by finding a basis of of
eigenvectors v; and generalized eigenvectors for each generalised eigenspace
E(\;) and expressing all components 2%7 of £ in the generalized eigenspaces
E();) in the form

% = ..Cpuj + Cp+1v§1) + Cp+2U](-2)~~ (15)

including all linearly independent eigenvectors v; corresponding to A; (it
might exist several eigenvectors v; corresponding to one \; ) and enough
¢9) 0

i sy U

many linearly independent generalized eigenvectors v e

We will start with examples illustrating this idea in some simple cases.
Example 4. Matrix 3x3 with two linearly independent
eigenvectors.

1 11
Consider a system of equations '’ = Ax with matrix A= | 0 1 0 | Itis

001
easy to see that A = 1 is the only eigenvalue with algebraic multyplicity 3.

Characteristic polynomial is p(\) = (1 — \)3.
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011
The eigenvectors satisfy the equation (A—I)v=0: A—IT=[0 0 0
000
It has two linearly independent solutions that can be chosen as v; = | 0
0
0
and vy = 1 |. The eigenspace is a plane through the origin orthogonal
-1
0
to the vector | 1
1

We like to find a generalised eigenvector linearly independent of v; and ws.

We take the eigenvector v; and solve the equation

(A= ANt = oy,

We denote it by two indexes to point out that it belongs to a chain with

(1) ]T

base on vy. Denoting v;"’ = [y1, ¥z, y3]" we consider the system

011 U
0 00 Y2 | =
0 00 Y3
0
It gives a solution y3 =1, yo =0, y; = 0. v§1) =1 0 | . We point out that
1

if we try to find a chain of generalised eigenvectors starting from the
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eigenvector vy, it leads to a system (A — I )Uél) = vy

011 n 0
000 |y|=
00 0] s —1

that has no solutions. If we try to extend the chain of generalised

eigenvectors with one more: vgg)by solving the system (A — I )v?) = vgl)

011 U1
000]| |y |=
00 0] |y

we find that it has no solutions (in fact we know that there cannot be more
linearly independent generalised eigenvectors because we have already
found 3 of them).
We can write general solution to the system of ODE with matrix A using
the general formula (13) and expressing the initial data as a linear
combination of eigenvectros v; and vy and the generalised eigenvector vil):

Z(A-A])’fﬁ

k!
k=0

f = Cﬂjl + CQUQ + C3U§1)

IL‘(t) = €>\t (Cﬂ)l + 021)2 + 030§1)>

m(A) = 3. It is why we put upper bound in the sum equal to m(\) — 1 = 2.
The expression above simplifies (using that by construction

(A= ADv!Y = v;) and therefore (A — A)%{Y = (A — Ay = 0. to

z(t) = Cre'vy + Coetvg + Csel [T+ (A — 1) 1]V
Cirelvy + Cyelvy + C’getvil) + Cstelv,
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Example 5. Matrix 3x3 with one eigenvector.
-1 -1 0
Consider a system of equations ' = Ax with matrix A= | 0 -1 -2
0 0 -1
It is easy to see that A = —1 is the only eigenvalue with multiplicity 3.

Eigenvectors satisfy the equation

(A—X)v=0
-1 0 |
A+T=110 0 —2 |. It has one linearly independent solution that can
0 -
[ 1
be chosen as v = | 0 |. We will build a chain of generalised
| 0
eigenvectors starting with this eigenvector. Solve the equation
(A=A =9
0 -1 0 1 1
(A+IHHv=1]10 0 -2 y2 | =10
0 Ys 0
It implies that y, = —1, and we are free to choose y; = 0 and y3 = 0.
0
oM = | 1
0

The next generalised eigenvector v(? in the chain must satisfy the equation

(A= X)v® =W
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0 -1 0 n 0

A+DP =10 0 —2||w|=]-1
0 0 0 Us 0
0
y3 oy 1/2, y2 g 0, yl prg 0_ U(2) prg 0
1/2

k

Z(A—)\])k%

k=0

CreMo 4 CyeoM + Cote (A — A1) oM + O, (

.

a(t) = e (Cro+ C™ + C50®)) =

t2
5) M (A= M)? o)

-~

=0

t?
+C3eM? CateM(A — ) v® 4y <—) eM(A — )\1)2 v®

——— 2 —_———

=p(D) =v

z(t) = CreMv + Oy + ChteMu

t2
+C5eM0® + CyteMo™ + O (5) Mo

1 0 1

x(t) = Cie " | 0| +Ce™| =1 | +Cote™ | 0

0 0 0
0 0

t?

+Cg€7t 0 + Cgt@it —1 + Cg (5) €7t 0

1/2 0
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Cle_t + the_t + %t2036_t

x(t) = —Che ™t —tCse™t
%Og@it
]

6.2 Chains of generalised eigenvectors

A practical method for calculating a basis of linearly independent
generalized eigenvectors in the general case is an extension of the approach
that we used in the last examples.

We find a basis of the eigenspace to A consisting of () eigenvectors
satisfying the equation (A — AI)up = 0.Their number () is called
geometric multiplicity of A\ and r(A) < m(A). Then for each eigenvector
ug # 0 from this basis we find a vector u; # 0 satisfying the equation
(A — A\I)uy = up, and continue this calculation, building a chain of

generalised eigenvectors uq, ..., u; satisfying equations.
(A - )\I) U = Uk—1 (16)

up to the index k = [ when there will be no solutions to the next equation.
The largest possible number [ is (m(\) — r(A) — 1), but it can also be
smaller if the eigenvalue \ has more than one linearly independent
eigenvector.
Claim.

Point out that depending on the range of the operator with matriz (A — )
(column space of the matriz (A — \I)) one might need to be careful
choosing non-unique (!) eigenvectors ug and generalised eigenvectors uy, in
the equations (16) so that they belong to the column space of the matriz
(A — XI) (if possible!) to guarantee that the equations (16) have a solution.

Alternatively one can start this algorithm from above, solving first the
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equation

(A=XD'yy = 0
(A=XD""wy #£ 0

for a generalized eigenvector of rank | and then can apply equations (16) to

calculate generalized eigenvectors of lower rank that belong to corresponding

chain of generalized eigenvectors. The last vector in this calculation will be
an eigenvector. Check the solution to the Exercise 864 in the file with

exercises, where these observations are important.

Lemma. The chain of generalised eigenvectors constructed in (16) is
linearly independent. It can be proved by contradiction.(Exercise!)
OJ
Theorem. A set of generalised eigenvectors corresponding to p chains of
eigenvectors as in (16) is linearly independent if and only if eigenvectors in
the bottom of corresponding chains of generalised eigenvectors are linearly
independent.

OJ

In the case when all eigenvalues i, ..., \; to a real matrix A € RV*V

are

real, the generalized eigenvectors will be also real and therefore

RY =ker(A — \;))™ @ ... @ ker(A — \;)™

In this case chains of eigenvectors and generalized eigenvectors build by the
procedure as above gives a basis in RY.
To find a basis in the generalized eigenspace E();) one can start with
finding all linearly independent eigenvectors that are linearly independent
solutions to the equation (A — A\;I) v = 0 and collecting them in a set

denoted by £. Then find all linearly independent solutions to
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(A —\;1)>0M =0 (that are not eigenvectors) and adding them €. Next
one finds solutions to (A — A;1)* v® = 0 linearly independent from those in
& and collecting them also in £ e.t.c. Continuing in this way one finishes
when the total number of derived linearly independent generalised
eigenvectors will be equal to m; - the algebraic multiplicity of the
eigenvalue \;.

A more systematic approach to this problem is to calculate such a basis as
a chain of generalised eigenvectors corresponding to each of linearly

independent eigenvector as it is was suggested in examples before:

(A - /\]I) v; = 0,
(A — )\]]) ’Uj(-l) = ’Uj
(A—\I) UJ(-Q) = Uj(l)

(A—Aj[)vé = v;-’l

This approach has also an advantage that using chains of generalised
eigenvectors as a basis leads to a particularly simple representation of the
system of equations (4) with matrix A in so called Jordan canonical form,

that we will learn later.

Substituting the expression (15) for arbitrary initial data £ in to the general
formula above and calculating all matrix (A — A;I) powers and
matrix-vector, multiplications we get a general solution with a set of
arbitrary coefficients C1, ..., Cy.

Keep in mind that (A — \;1)v; = 0 and (A — \;1)? vj(»l) =0 e.t.c., so many

terms in the general expression for the solution can be zeroes.

Initial value problems. To solve an I.V.P. one needs to express a
particular initial data & in terms of the basis of generalized eigenvectors

soving a linear system of equations for coefficients C1, ..., Cy in (15)
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Look for exercises in a separate file Exercises 3.pdf with exercises on linear
autonomous systems of ODE. Check a link in Canvas.

6.3 Real solutions for systems with real matrices hav-
ing complex eigenvalues.

We will consider an example of a system in plane with real matrix having
two simple, conjugate complex eigenvalues (no more because of the small
dimension). The idea of solution was to build a complex solution
corresponding to one of these eigenvalues and use it’s real and imaginary
part at two linearly independent solutions to construct a general solution.
The same idea works in the general case when a real matrix might have
conjugate complex eigenvalues (might be multiple in higher dimensions).
We build a basis of eigenvectors and generalized eigenvectors for invariant
generalized eigenspaces corresponding to distinct conjugate complex
eigenvalues. One can start with one of these eigenvalues and then can just
choose the basis for the second one as a complex conjugate (do not need to
do it in fact). Then we construct arbitrary complex solutions in the
invariant generalized eigenspace corresponding to the first of these
conjugate eigenvalues. The real and imaginary parts of these solutions are
linearly independent and build a basis of solutions in the corresponding real
invariant subspace.
Example 2. Real matrix with complex eigenvalues.

3 -2
2 = Ax with A = , find a general real solution to the system. In

this case we find first a general complex solution and then construct a

general real solution based on it.

3 =2
Solution. A =
4 —1

Hint. We point out here that in the case of 2 x 2 matrices the

, characteristic polynomial: A\* — 2\ +5 = 0;
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characteristic polynomial always has a simple representation
p(A) = A% — Atr(A) + det(A)

where tr(A) is the sum of diagonal elements in A called trace, and det(A) is
determinant. Here tr(A) =A; + A\y; det A = Ao

[ |
Eigenvalues are: A\ =1 — 2¢, and \y = 1 + 2i.

They are complex conjugate:

A= A
p()\) = ()\—)\1)0‘—)\2)

because the characteriscic polynomial has real coefficients.

2+ 2 —2
Eigenvectors satisfy the equations (A — A\l)v; = e v =0
4 -2+ 2
and
2—2 —2
Vg = 0.
4 —2—-2i

These eigenvectors muct be also complex conjugate. We see it by
considering the equations for v; that is
(A — X\ I)v; = 0 and its formal complex conjugate (A — X\, 1)77 = 0 that is
satisfied because the conjugate of the real matrix A is the matrix A itself.
Therefore Ty is the eigenvector corresponding to the eigenvalue Ay = \;. We
point out that this argument is independent of this particular example and
would be valid for any real matrix with complex eigenvalues.

The first and the second equation in each of these systems are equivalent
because rows are linearly dependent (homogeneous system has non-trivial
solutions and the determinant of the matrix A — A is zero).

We solve the first equation in the first system by choosing the first

component equal to 1. It implies that the second component denoted here
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by z satisfies the equation 2 + 27 — 2z = 0 and therefore z = 1 + i. The
second eigenvector is just the complex conjugate of the first one.

1 1
1)1:{ }<—>)\1:1—2i,and02:{[1 ,]}H)\2:1+2i.
— 1

141
They are linear independent as eigenvectors corresponding to different

eigenvalues.
4 1
One complex solution is x*(t) = e =20t [ L ] , another one is
i

1
1—1
x*(t) and y*(t) are linearly independent at any time as corresponding to
linearly independent initial vectors v; and vy (according to the theorem
before) and build a basis of complex solutions to the system. Therefore the
matrix [z*(t),y*(t)] has determinant det ([z*(t), y*(t)]) # 0.

Two linearly independent real solutions can be chosen as real and

imaginary parts of z*(¢) (or y*(t)): Re[z*(t)] = 5 (z*(¢) + y*()) and

Im [2*(t)] = & (z*(t) — y*()) that are linearly independent because the the

2
1 1/i
matrix 7' = % /Z‘
1 —1/i

yH(t) = e(142i)t

] of the transformation

OO = | yr] [1/2 1/ (20) ]

vy | | 1/2 —1/(20)

1.« 1, %
2%t1 — ;Y1

1 % 1 %
2T2 — Y2

= [Re[z"(t)], Im [z7(1)]

|

is invertible: detT" = —% # 0 and therefore, by the property of the

determinant for the product of matrices,

N= N
[CEET
N N
N ¥ %

det [27(1), y"(¢)] det(T') = det ([Re [z*(¢)], Im [27(#)]]) # O

and Re [z*(t)] and Im [2*(¢)] are linearly independent.
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Therefore real valued vector functions Re [z*(¢)] and Im [x*(¢)] can be used

as a basis for representing the general real solution to the system:
z(t) = Cy Re [z*(t)] + Co Im [27(2)] .

We express z*(t) with help of Euler formulas and separate real and

imaginary parts

r*(t) = (1720 ! | = et (cos2t — isin2t) ! | =
141 141
ot cos 2t — t¢sin 2t ot
(14+4)cos2t+ (1 —1i)sin2t
cos 2t — tsin 2t B
[ cos 2t + sin 2t + i (cos 2t — sin 2t) ] N

. cos 2t o sin 2¢
e —ie
cos 2t + sin 2t (sin 2t — cos 2t)

The answer follows as a linear combination of real and imaginary parts:
z(t) = Cy Re [z*(t)] + Co Im [z*(t)] .
cos 2t

sin 2t
Answer: z(t) = Cyé! . + Chet | :
cos 2t + sin 2t sin 2t — cos 2t

We will transform this expression to clarify its geometric meaning and the
shape of orbits in the phase plane. We observe first that if we drop

exponents e', in the expression for x(t) and consider the expression

z(t)e ™t = Cy

cos 2t sin 2t
+ (Y ,we will observe that
cos 2t + sin 2t sin 2t — cos 2t

it represents a movement along ellipses in the plane.

We use an elementary trick that makes that any linear combination of
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sin(y) and cos(y) is C'sin(y + () or C cos(y — ) with some constants C, (3.

zi(t)e™ = C)cos(2t) + Cysin(2t) =

Cy Cy .
VCR+C2 | | ——— | cos2t + | ——— | sin 2t
b <<\/6?4—C§> (x/c?4-cg) )
= /C% + C2(cos(0) cos 2t + sin(f) sin 2t)
= /C? + C%cos(2t — 0)

Cy
(9 = arccos((\/ﬁ>>

Similarly

[22(t) — 21 (t)] e™" = Cysin(2t) — Cycos(2t) =

\/C:+ C2 G SiIth—LCOSQt
VC;+ C3 C?+C3
= /C% + C% (cos(f) sin 2t — sin(6) cos 2t)
_ \JC? 4 CZsin(2t — 0)

Finally we arrive to a parametric expression for a periodic movement along

ellipses with size depending on C; and Cs.
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2t in 2t
e cos | ] LG [ | sin ]
cos 2t + sin 2¢ sin 2t — cos 2t

[ 2t — 0

= ,JC?+ 02 cos( . )
| cos(2t — 0) + sin(2t — 0)
[ 2t — 0

= Jo2 42 , cos( ) ,
I V2 [sin(7/4) cos(2t — ) + cos(r/4) sin(2t — )]
[ cos(2t — 0)

= 4/C7+C3

P V2 [sin(2t — 0+ 7/4)] ]

illustrated in the next picture:

-107—

This movement is modulated in our solution z(t) by the exponential term
e! giving orbits as spirals going to infinity out of the origin that is an

unstable equilibrium point for this system.
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- -250™

Example. It is good to consider here the solution to the exercise 858.
Ideas about solutions to systems with complex eigenvalues demonstrated in
exercises can in the general situation expressed by the following Theorem.

Theorem 2.14. p. 38 on real solutions to autonomous systems

with real matrix and complex eigenvalues (without proof)

Let A € RN for \ an eigenvalue, let m()\) be the algebraic multiplicity of
A, E(X\) = ker(A — AI)™™ denote it’s generalised eigenspace. Let B(\) be a
basis in F(\) chosen to be real for real A.

For all z € OV, we denote z., v, : R — RY real solutions to the equation

' = Az as
z, =exp(At)Rez, y.=exp(At)Imz

Then
1) Let By (respectively B, ) denote the union of all B()\) for all real
eigenvalues A to A (correspondingly for all A with Im A > 0) The set of real
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functions given by
{z., 2€ByUB;}U{y,: =z¢€ B}

forms a basis of the solutuion space to 2’ = Ax.
2) If ) is a real eigenvalue to A, then for every generalized eigenvector

z € E()), the solution x, is expressed as

m(\)-1

~

z,(t) = eM

k=0

' (A—A)*Rez

=

3) If A = a+if with g # 0, is an eigenvalue of A,then for every generalized
eigenvector z € E()\),
solutions z, = exp(At) Re z and y, = exp(At) Im z with initial data Re z

and Im 2z are expressed as

r.(t) = e 5 Z—k' [cos(ﬁt) Re ((A — )" z) — sin(ft) Im ((A — )" z)]
k=0
y.(t) = e m(/\_)l tk—lj [cos(ﬂt) Re ((A —AI)F z) + sin(5t) Im ((A —AI)F z)}

O
The theorem shows the how m(\) real linearly independent solutions can
be obtained for a real matrix A with complex eigenvalues A. The part 1) of
the theorem shows that such solutions build a real basis of the solution

space for 2/ = Ax with a real matrix.
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7 Jordan canonical form of matrix. Func-

tions of matrices.

7.1 Change of variables. Properties of similar matri-

ces. Block matrices.

We tried in previous lectures to find a basis {vl, oV, } in CV or in RV

such that expressing initial data ¢ in I.V.P.
o(t) = Ax(t), x(0)=¢

in terms of this basis led to a particularly simple expression of the solution
as an explicit linear combination including polynomials of t(A — \;I) acting
on basis vectors. We can interpret these results by introducing a linear

change of variables
r=Vy, y=V 'z

with matrix V' of this transformation having columns consisting of N
linearly independent vectors.

In terms of the new variable y the system has the form
y(t) =V 'AVY, y(0)=V"'¢

In the case when the matrix A has N linearly independent eigenvectrosthe
matrix V1AV = D is diagonal with eigenvalues {\;..., \;, ...} of the matrix
A standing on the diagonal m()\;) times equal to the algebraic multiplicity
of A;. The number 7();) of linearly independent eigenvectors belonging to
A; is equal to m();) in this case.
Definition. Matrices A and V1AV are called similar.

They have several characteristics the same: determinant, and characteristic
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polynomials. It is a simple consequence of properties of determinants of
products of matrices.
Prove it as an exercise using: det (AB) = det (A) det (B);
det(B~!) = (det B)! if det B # 0.
Using the associative property of matrix multiplication we arrive to the
property
Theorem. If matrices A and B are similar through B = V1AV,
A =VBV~! then

1

VARV,
exp(B) = V l(exp AV
AP = v(BMHVT
exp(A) = V(expB)V !

Prove it as an exercise.

Corollary. If the matrix A is diagonalisable, then exp(A) = V exp(D)V !
where V' matrix of linearly independent eigenvectors and the matrix D is
diagonal matrix of eigenvalues \; and exp(D) is a diagonal matrix with
exp(A;) on the diagonal. In this case the system in new variables
y(t) = V~'a(t) consists of independent differential equations /() = \;y;(t)
for he components y;(t) of y(t) that have simple solutions y;(t) = C;e**
Definition. Block - diagonal matrices
Block-diagonal matrices are square matrices that have a number of square

blocks By,... along diagonal and other terms all zero. For example:

B, O O O
B O B, O O
O O B; O
O 0 O By
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B, O O O B, O O O B2 O O O

s _|0B O O|| OB OO| |0B OO
O OB, O||O O By O O O B} O
O O OB ||O O O By 0O 0 O B

These matrices have a property that their powers lead to block diagonal
matrices of the same structure with powers of original blocks on the

diagonal:

B, O 0 ©)
0O B 0 0
0O O ®) 0
©) 0 0 (By)"

BF =

This simple observation leads immediately to the formula for the exponent

of a block diagonal matrix.

exp (B;) ) O O
> B
coB) =Y gp=| o o 80
2] ep(B;) O
O ) O exp (By)

In fact the same relation would be valid even for an arbitrary analytical

function f with power series f(z) = Y 7o, axz®, converging in the whole C:
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fB) © 0 O
O fB) O O
© O f(B) O
© 0 O [f(B)

Claim. Let the space CV or RY be represented as a direct sum of

subspaces V1, ..., Vi, invariant under the action of operator Ax:

CN=vieWhe..oV,

Then there is a basis {uy,,,,,uy} in CV, correspondingly R such that the
operator Az in this basis has matrix B similar to A: B = U AU, or

UB = AU

that is block diagonal, with blocks of size equal to dimensions of subspaces
Vi, ..., Vi and matrix U that has columns uy,...,uy.

The basis {u1, ..., uy} is easy to choose as a union of bases for each
invariant subspace V;. It is evident that this construction leads to a block
diagonal matrix for the operator Az because columns with index j in the

matrix B are equal to U Au; that are coordinates of vectors Au; in terms
of the basis {uy,...,un} and belong to the same invariant subspace as u;.
We illustrate this fact on a simple example with two invariant
subspaces.

Consider a decomposition of the space CV into two subspaces V and W
,dimV =m, dimW = p, m + p = N invariant with respect to the operator
defined by the multiplication Ax. Choose base vectors in each of these
subspaces: {uy,...,un,} and {wy,...,w,}. They constitute a basis

{1, ooy U, W, ..., wp } for the whole space CV.
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Introduce a matrix T' = [uy, ..., U, W1, ..., w,| with basis vectors of the
whole CV collected according to the invariant subspace they belong to.

Represent a vector z in terms of this basis: x = Ty where

Y = (Y15 s Yms Y15 -+ Yptm)

is a vector of coordinates of = in the basis consisting of columns in 7. The
operator Ax acting on the vector x is expressed in terms of these

coordinates y as
Ax = ATy

We express now the image of this operation also in terms of

the basis {u1, ..., U, W1, ..., wp }:

T (T 'Az) = ATy

Here (T—'Az) gives coordinates of the vector Az in terms of the basis

{u, ..., U, w1, ...,w,} that are columns in the matrix 7". It implies that
T 1Az = (T_lAT) Y

So the matrix (T'AT) is a standard matrix of the original mapping Az in
terms of the basis {uy, ..., U, w1, ..., w, } associated with invariant subspaces
V and W. Now observe that taking vector of y - coordinates with only
components 1, ..., Y, non-zero we get vectors that belong to the invariant
subspace V', namely vectors having only y - coordinates 1, ..., m non-zero. It
means that first m columns in (T~'AT) must have elements m + 1,..m + p
equal to zero because A maps V into itself. If we choose y coordinates with

only components ¥y,41, ...Ym+p NON-zero, we get a vector that belongs to the
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subspace W, namely vectors that have only coordinates m + 1, ....m +p
non-zero. It means that last p columnst in (T~'AT') must have elements
1,...m equal to zero because A maps W into itself. It means finaly that
(T~'AT) has a block diagonal structure with blocks of size m x m and

p X p corresponding to the invariant subspaces V' and W.
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7.2 Jordan canonical form of matrix and it’s functions.

We will observe now that a basis of generalised eigenvectors
CN=EMN)DE\)®..® E\)

build with help of chains of generalised eigenvectors as we discussed before,
leads to a particular "canonical" matrix J similar to the matrix A by the

transformation
VAV =J
or A=V JV~! with the matrix
V= [...U,U(l), ...,U(T_l)...]

where columns are generalised eigenvectors from different chains of
generalised eigenvectors corresponding to linearly independent eigenvectors
put in the same order as in (17).

Consider first an m x m matrix A in C™*™ that has one eigenvalue A\ from
characteristic polynomial p(z) = (2 — A)™, of multiplicity m and only one
linearly independent eigenvector v.Corresponding chain of generalised
eigenvectors {v, oW v(m_l)} has rank m equal to the dimension of the

space and satisfies equations:

(A= X)v = 0, (17)
(A= XDvD = v
(A= A)ov® = oW
e.t.c.
(A= X)om D = ym=2)
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(A= A" vm=Y = 0.

We rewrite this chain of equations as

Av = v
AvY = x® 4y
Av® = @ 4O
e.t.c.
Ayt = pmTD g (m=2)

Using the definition of the matrix product and the matrix V' defined as
V= [U, oM U(mfl)}

we observe that vector equations for the chain of generalised eigenvectors

are equivalent to the matrix equation
AV =VD+VN =V(D+N)

where D is the diagonal matrix with the eigenvalue A on the diagonal and
the matrix A has all elements zero except elements over the diagonal that

are equal to one:

0 1 00
00 0
N: oo Z’
00 10
00 0 1
| 0 0 00

Shifting property of the right multiplication by the matrix N.
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The specific structure of N' makes that the product BN of an arbitrary
square matrix B by the matrix A from the right is a matrix where each
column £k is a column k — 1 from the matrix B shifted one step to the right,
except the first one that consists of zeroes. It follows from the definition of
the matrix product and the observation that elements from the column £ in
the matrix B in the product BN meet exactly one non zero element 1 in
the column % + 1 in the matrix N:

By B Bis Bim-1) Bim
B21 B22 B23 BZ(mfl) B2m
B= ' . N =
Bim-11 Bm-12 Bm-13 - Bun-1)m-1) Bm-1)m
i Bml Bm2 Bm3 Bm(m—l) Bmm ] |

We observe this transformation in equations for the chain of generalized
eigenvectors with the matrix V instead of an arbitrary matrix B.
Observe also that N™ = 0, m is the size of N.

Therefore

AV V(D +N)
VAV = (D+N)=1J

Definition of the Jordan block. The matrix J = D + N
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)X 10 1
0 X 1
J _ .
10
» 1
(000 .. 0 \|

is called Jordans block. Here D is a diagonal matrix with the eigenvalue A
on the diagonal and the matrix A defined above, consists of zeroes except
for the diagonal above the main one consisting of ones.

We have proved the following theorem.

Theorem (special case of Theorem A.9 , p. 268) Let m x m matrix
A have one eigenvalue of multiplicity m (characteristic polynomial
p(z) = (2 = A)™) and only one linearly independent eigenvector v. Then the

matrix A is similar to the Jordans block J with the similarity relations:

= VJv!
J = V1AV
where the matrix V' has columns V = [v, oM v(m_l)] that are elements

from the chain of generalized eigenvectors built as solutions to the
equations (17).
The "shifting" property of the matrix N implies that N? consists of zeroes
except the second diagonal over the main one filled by 1, A/® consists of
zeroes except the third diagonal over the main one filled by 1, and finally
N™ = 0.
Definition A matrix with such property that for some integer r» we have
N7 =0 is called nilpotent.
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Corollary

m—1
1
exp(J) = ') W) (18)
k=0
[ L1 1/2 (m£2)! (mil)' ]
1 1
01 1 (m=3)!  (m—2)!
exp(J) = ¢ : :
0 0 1 1/2
0 0 1 1
|0 0 0 1]

because exp(J) = exp(AM + N) = exp(A) exp(NV) = e* 1) =W )" and

each term with index £ in the sum is a matrix with £ -th diagonal over the

main one, filled by %l

Similarly
m—1 tk
exp(Jt) = e E(N’)k (19)
k=0
r m—2 m—1 T
1t /2 (atn 2)1 (atn 1)
tm—S tm 2
0 1 t (m=3)! (m—2)!
exp(Jt) = e :
0 t t2/2
1 t
- O 1 -

By properties of similar matrices we arrive to the
Corollary. See proof of the spectral theorem 2.19 on page 60-61 in
Logemann Ryan.

For an m x m matrix A having one eigenvalue of multiplicity m and only
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one linearly independent eigenvector v it follows the following expression for

exp(At) :
m—1 tk
exp(At) = Vexp(JH)V 1=V (6)‘t Z P (N)k> v
k=0
Remark.

If instead of the exponential function we like to calculate an arbitrary

analytical function that has converging in C Maclorain series

(k)
f) =3 L0

k=0

then the same reasoning and the Maclorain series for the function f lead to

an expression for the matrix function f(.J)

[ =3 == W) (20)

Theorem A.9 , on Jordan canonical form of matrix p. 268 in
Logemann Ryan.
Let A € CV*V,. There is an invertible matrix 7' € CV*" and an integer
k € N such that

J=T7'AT

has the block diagonal structure
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Ji O O O

O J 0 0
I=1. . . .
0O O O J
where J; has dimension r; x r; and is a Jordan block. Furthermore,
Z?:o r; = N and if r; = 1 them J; = A for some eigenvalue A € o(A).

Every eigenvalue A occurs at least at one block; the same A can occur in
more than one block. The number of blocks with the same eigenvalue A on
the diagonal is equal to the number of linearly independent eigenvectors
corresponding to this eigenvalue A (it’s geometric multiplicity g()\)).
Specification of detailes for Theorem A.9 with a sketch of the
proof.

1) Our considerations about chains of generalised eigenvectors and the
special case of Theorem A.9 considered above imply that the matrix T’
in the general theorem A.9 on Jordan canonical form can be chosen in such
a way that it’s columns are elements from chains of generalised eigenvectors
built on the maximal number of linearly independent eigenvectors to the
matrix A.

2) The matrix J = T~'AT has a block diagonal structure with one block
corresponding to each linearly independent eigenvector. It follows from the
fact that generalised eigenspaces are invariant with respect to the
transformation A and from the fact that linear envelopes of the chains of
generalised eigenvectors are linearly independent of each other and are also
invariant with respect to A.

3) Each block corresponding to a particular eigenvector is a Jordan block
with corresponding eigenvalue on diagonal, because of the special case of
Theorem A.9 considered above. The size of a particular Jordan block in the

Jordan canonical form depends on the length of the corresponding chain of
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generalised eigenvectors, that is the smallest integer r such that the
equations (A — M\I)"v") = 0 and (A — AI)""10(") #£ 0 are satisfied.

4) It follows from the structure of the canonical Jordan form that the
algebraic multiplicity m(\) of an eigenvalue A is equal to the sum of sizes r;
of Jordan blocks corresponding to A and coinsides with the dimension of it’s

generalised eigenspace E()) = ker ((A — \)™W).

Definition. An eigenvalue is called semisimple if it’s generalised eigenspace
consists only of eigenvectors and its algebraic multiplicity is equal to its
geometric multiplicity: m(A) = r(\). In this case corresponding the Jordan
blocks will all have size 1 x 1.

Jordan blocks in the Jordan canonical form are unique but can be
combined in various orders. The position of Jordan blocks within a
canonical Jordan form depends on positions of the chains of generalised
eigenvectors in the transformation matrix 7" and is not unique in this sense.
Example of calculating the Jordan canonical form of a matrix.
(Try to solve yourself exercises from the file with exercises on linear

autonomous systems, where all answers and some solutions are given)

1 -1 -2 3
. : 0o 0 -2 3 o :
Consider matrix C' = 01 ) e Find its canonical Jordan’s
0o 0 -1 2

form and corresponding basis.
Find first the characteristic polynomial.
1—XA =1 =2 3

0 -\ =2 3
det(C' — AI) = det 0 =

1 1-x -1
0 0 -1 2-A
- =2 3
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1—X -1 -2 3
(1= (=A)det | = ) —(1—)\)det[_1 2—)\]:

(T=X (NN =3Ax+1)—(1-1)(2r-1) =
(T=X)BX=A=N)+(1-N)(1-2)\)=
(T=XN)BN=3A=MN+1)=1-N)(1-)’=(1-I"
Matrix C' has one eigenvalue A = 1 with multiplicity 4. Consider the

equation for eigenvectors (C' — I)z = 0 with matrix

0 -1 -2 3
0 -1 -2 3
(C—-1)= Gauss elimination gives

0o 1 0 -1
0 0 —-1 1

0 -1 -2 3 0 -1 -2 3

0 0 0 O 0O 0 -2 2

— —
0 0 -2 2 0 0 0 O
0 0 —-11 0 0 0 O

with two free variables: x; and x4. Therefore the dimension of the
eigenspace is 2. There are two linearly independent eigenvectors that can

be chosen as

v = and vy = . Each of these eigenvectors might generate a

o Oo©O O =
— = =

1
chain of generalised eigenvectors.

We check the equation (C'— Al )vg) = v; with extended matrix

0 -1 -2 3 1
0 -1 -2 3 0
and carry out the same Gauss elimination as
01 0 -10
0 0 -1 1 0
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0 -1 -2 3 1
o 0 0 0 -1
o 0 0 -2 2

o 0 0 -1 1
compatible and the system has no solution.

before: —- . The second equation is not

For the second eigenvector v, we solve similar system (C' — A )vél) = Uy
0 -1 -2 3 1
0 -1 -2 3 1
with the extended matrix
o 1 0 -11
0o 0 —-1 1 1
Gauss elimination implies the echelon matrix
0 -1 -2 3 1 0 -1 -2 3 1
0 0 0 O 0 0 —-11
== that has a
0O 0 -2 2 2 0 0 0 00
0 0 -1 11 0 0 0 00
1
L . M 1
two-dimensional set of solutions. We choose one as vy’ = . and
0

build up the chain of generalized eigenvectors by solving one more equation
(C =\ )véz) = vél) with the extended matrix

0o -1 -2 3 1 0 -1 -2 3 1
0o -1 -2 3 1 0 0 0O 00
e e
0 1 0o -1 -1 0O 0 -2 20
0O 0 -1 1 0 0O 0 -1 10
0o -1 -2 3 1
0 0 1 -1 0
leading to a generalized eigenvector (not unique
00 0 o0 o g g g ( que)
0 0 0 0 0
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vy = . Finally we conclude that the Jordan canonic form of the
1000
0110
matrix C' in the basis vq, vy, v21), v§2) is J=T"1CT = ,
0011
0 001
11 1 1
. . . 01 1 -1 )
with transformation matrix T = , inverse:
01 -1 0
01 0 O
1 2 —4
-1 0 0 1 '
0 -1 1 |’
0 -1 -1 2
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9 Theorem about conditions for the exponen-
tial decay and for the boundedness of the
norm ||exp(At)|| (Corollary 2.13)

Theorem.
Let A € CV*¥ be a complex matrix. Let 1y = max{Re\: A € 0(A)}
where o(A) is the set of all eigenvalues to A. 1, is the maximal real part of
all egenvalues to A.

Then three following statements are valid.

1. |lexp(At)| decays exponentially if and only if p, < 0. ( It means that
there are Mz > 0 and 3 > 0 such that ||exp(At)|| < Mze #")

2. lim; o [lexp(At)E]| = 0 for every ¢ € CV (it means that all solutions
to the ODE 2/ = Az tend to zero) if and only if u, < 0.

3. if p14 = 0 then sup, |lexp(At)|| < oo if and only if all purely imaginary

eigenvalues and zero eigenvalues are semisimple meaning that m(\) =

g(A).

Remark. One can prove this theorem in two slightly different but
essentially equivalent ways.

1) Using the similarity of the matrix A and it’s Jordan matrix J
J=T7YAT; A=TJT!

corresponding expression of exp(At) in terms of exp(Jt) that is known

explicitely:
exp (At) = Texp(Jt)T*
2) Using the expression for general solution to a linear autonomous system
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in terms of eigenvectors and generalized eigenvectors to A :

z(t) = exp(At)xg = Z ([i (A— /\j])k Z_’j] xO,jex\jt>

j=1 k=0

for solutions with initial data xg = > °_; 2%/ with 2%/ € E();) -
components of =y in the generalized eigenspaces E();) = ker(A — A;)™ of
the matrix A, where );, j = 1...; s are all distinct eigenvalues to A with
algebraic multiplicities m;.

The first method is shorter and more explicit.
In the course book the second method is used for proving Theorem 2.12

that is formulated in a slightly unfriendly style.
The Corollary 2.13 almost equivalent and can be proven in exactly the

same way as Theorem 2.12 but a bit simpler.
We give here a proof based on the expression exp (At) = T exp(Jt)T*
using Jordan matrix.
Proof.

We point out that any matrix A € CV*¥ can be represented with help of
its Jordan matrix J as A = T'.JT ! where T is an invertible matrix with
columns that are linearly independent eigenvectors and generalized
eigenvectors to A ordered as in chains of generalised eigenvectors. The

Jordan matrix J is a block diagonal matrix

1 0O .. 0 O
0 J .. O O
00 .. ., 0
00 .. O J

where the number of blocks p is equal to the number of linearly

independent eigenvectors to A. The symbol O denotes zero block.
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Each Jordan block J; has the structure as the following:

A1 0 0 0
00X 1 0 0
Jk=10 0 X\ 1 0
00 0 XN 1
0 0 0 0 A |

with possibly some blocks of size 1 x 1 being just one number \; . The sum
of sizes of blocks is equal to N.

We use the expression

exp (At) = Texp(Jt)T ™"

that reduces analysis of the boundedness and limits of the norm ||exp (At)||
to the similar analysis for the matrix exp(Jt) because for two matrices A
and B the estimate |AB|| < ||A|| || B]| and therefore

lexp (A < (I TIH] 77| Nlexp(T2)

For exp(Jt) we have the following explicit expression in terms of

eigenvalues and their algebraic and geometric multiplicities:

exp(Jit) @) @) O
O exp(Jot) O )
O O
O O exp(Jp_1t)
O O O O

exp(Jt) = (21)

@)
0)

@D
>
3
3@@@@

where for example the block of size 5 x 5 looks as
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exp(Jit) = exp(Ait) (22)

e R R e R
o O O = o+
O O = o+ N
~
|

For a block of the size 1 x 1 we will get exp(Jixt) = exp(A;t). If an
eigenvalue ); is semisimple, that means it has the number of linearly
independent eigenvectors (geometric multiplicity) r();) equal to the
algebraic multiplicity m();) of A;. In this case all blocks corresponding to
this eigenvalue and corresponding blocks in the exponent exp(Jt) all have
size 1 x 1 and have this form exp(Jt) = exp(\;t).
Matrices NV x N build a finite dimentional linear space with dimension
N x N. All norms in a finite dimensional space are equivalent. It means
that for any two norms ||-||, and ||-||, in the space of matrices, there are

constants C7, Cy > 0 such that for any matrix A
CrllAll, < [14ll; < G2 [|All,

It is easy to observe that the expression max; j—1. n |Ai;| =[|A]| . Is @
norm in the space of matrices and therefore can be used instead of the
standart eucledian norm. There are constants B; and By > 0 such that

By [[Al| pax < 1Al < B2 [|A]l

max — max

I makes that to show the boundedness of the matrix norm ||exp(Jt)|| for
exp(Jt), it is enough to show boundedness of all elements in exp(.Jt).
Similarly, to show that |exp(Jt)|| — 0 when ¢t — oo it is enough to show
that all elements in exp(Jt) go to zero when t — oo

To prove the statements in the theorem we need just to check how elements
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in the explicit expressions (22) for blocks in exp(Jt) see (21), behave
depending on the maximum of the real part of eigenvalues:
max {ReX: X € 0(A)} and check situations when blocks of size 1 x 1 not
including powers tP can appear.

e We observe in (22) that all elements in exp(.Jt) have the form: exp(\;t)
or C'exp(\;t)t? with some constants C' > 0 and some p > 0 with possibly
similar \; in different blocks.

e Absolute values of the elements in exp(.Jt) have the form: exp((Re \;)t)
or C'exp((Re \;) t)t? where all Re \; < p14. because |exp(iIm A;)| according
to the Euler formula.

We prove first sufficiency of the conditions in the statement 1. for the

formulated conclusions.

1. If puy < 0 then maximum of absolute values of all elements [exp(Jt)];;

in exp(Jt) satisfy the inequality

< Mexp[(py+06)t] — 0

t—o00

max )[exp(Jt)]ij

and tends to zero exponentially for some constant M > 0 and ¢ so
small that —3 = 4 + 6 < 0. It follows because

exp(Re \it)t? < exp(put)tP =exp (s +0 —9)t]t?
— oxp [(pa +8) ] (¢7 exp [—6t]) < Mexp [~
~—— —

<M

Therefore |lexp(Jt)|| < Mgexp [—/ft] P 0 with another constant Mg
and therefore ||exp(At)|| < (||T||||T|] Ms) exp [—ft] decays exponen-
tially.

Now we prove the sufficiency of the conditions in the statement 2. for

the formulated conclusion.

2. The definition of the matrix norm implies immediately that if p, < 0
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then by the result for the matrix norm ||exp(At)|| that lim; ., ||exp(At)¢]| <
€] lim; o [lexp(At)|| = 0 for every £ € CV.

Now we prove the sufficiency and necessity of the conditions in the
statement 3. for the uniform boundedness of the transition matrix

exp(At): sup,s |lexp(At)|| < oo.

. If 4 = 0 and then there are purely imaginary or zero eigenvalues A.
Then elements in the blocks of exp(.Jt) corresponding to purely imagi-
nary or zero eigenvalues will have the form exp(i Im A;t) or C exp(i Im \;t)tP.
The absolute values of these elements will be 1 or Ct? because |exp(i Im \;t)| =
1. Therefore absolute values of these elements will be bounded if and
only if corresponding blocks are of size 1 x 1 and therefore elements
CtP with powers of ¢t are not present. This situation takes place if and
only if purely imaginary and zero eigenvalues are semisimple (have
geometric and algebraic multiplicities equal: m(A) = g())). Elements

in exp(Jt) in the blocks corresponding to eigenvalues with negative real
parts will be exponentially decreasing by the arguments in the proof of

statement 1.

Finally we prove necessity of the condition in the Statement 1. We
observe that if p, = 0 then referring to the analysis in 3. absolute
values of the elements corresponding to purely imaginary or zero \; in
exp(Jt) are be bounded in the case if the conditions in 3. are satified,
or otherwise they have the form Ct” and go to infinity when t — oo.
Therefore the norm ||exp(At)|| does not decay exponentially in this case.
If 14 > 0 the matrix exp(Jt) will include terms that are exponentially
rising and the norm |lexp(At)|| can not decay exponentially in this

case.

The nessecity of the conditions in the statement 2 follows from the
behaviour of the elements in exp(Jt) considered before or from the

formula for general solution to the linear autonomous system.
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The condition py > 0 means that there are eigenvalues A\ with real
part Re A positive or zero. In the first case choosing vector & equal to
a generalized eigenvector or an eigenvector corresponding to \; with
Re \; > 0 we get a solution exp(At)¢ represented as a sum with terms
including exponents exp(A;t) such that |exp(\;t)| = |exp(Re \it)| — oo.
In the second case there are eigenvalues A\; = i Im \;. Choosing ¢ equal
to one of corresponding generalized eigenvectors we obtain a solution
exp(At)¢ represented as a sum including terms with constant absolute
value or an absulute value that rises as some power t¥ with t — oco. It
implies the necessity of conditions in 2. for having lim;_,, exp(At)¢ =0
for every £ € CV.1

The proof of the Corollary 2.13 in the book uses the explicit expression of
solutions that we discussed at the beginning of this chapter of lecture notes

and is a bit more complicated.

10 Definition of stable equilibrium points.

Definition. A point z, € G is called an equilibrium point to the equation
¥ = f(x)if f(z.) =0.
The corresponding solution z(t) = x, is called an equilibrium solution.
Definition. (5.1, p. 169, L.R.)
The equilibrium point z, is said to be stable if, for any ¢ > 0, there is § > 0

such that, for any maximal solution = : I — G to the I.V.P.
= flz)
z(0) = ¢

such that 0 € I and ||z(0) — z.|| < 0 we have ||z(t) — x.| < ¢ for any
t € INR, for all "future times".

Below a picture is given in the case z, = 0.
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Figure 5.1 Stable equilibrium

Definition. (5.14, p. 182, L.R.)

The equilibrium point x, of (??) is said to be attractive if there is 6 > 0
such that for every ¢ € G with ||€ — z,|| < ¢ the following properties hold:
the solution z(t) = ¢(t,£) to LV.P. with 2(0) = ¢ exists on R and
o(t, &) — z, as t — oo.

Definition. We say that the equilibrium x, is asymptotically stable if it
is both stable and attractive.

In the analysis of stability we will always choose a system of coordinates so
that the origin coinsides with the equilibrium point. In the course book this
agreement is applied even in the definition of stability.
Definition. The equilibrium point x, is said to be unstable if it is not
stable. It means that there is a g > 0, such that for any § > 0 there is
point z(0) : ||z(0) — .|| < d such that for some ¢y € I we have
|x(to) — x4]| > €o-(a formal negation to the definition of stability)

11 Classification of phase portraits of autonomous

linear systems in the plane.

Characteristic polynomial for a 2 x 2 matrix A is

p(A) = A2 — ATrA + det A
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Eigenvalues are:

2
A2 = T;A + \/(Tr:l) —det A

The line det A = % separates points in the plane (TrA, det A)
corresponding to real and complex eigenvalues of the matrix A.
For TrA,det A in the first and second quadrants in the plane (TrA, det A)
both Re \; 2 are correspondingly positive and negative.
In the half plane where det A < 0 eigenvalues \; o are real but have different
signs.
These observations imply the following classification of phase portraits for

linear autonomous systems in plane.

Poincaré Diagram: Classification of Phase Portraits in the (det A, Tr A)-plane

= &

Apiral sounde
degenerate sink

Lot A "
h A=k det A=4{Tr A)*

3

cdegenerate source

line of stable fixed points saildle line of unstable fed points

>

A classification of phase portraits for non-degenerate linear
autonomous systems in plane in terms of the determinant and the

trace of the matrix A.
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Stable (unstable) nodes when eigenvalues Aj, Ay are real, different,
negative (positive). det(A) < 1(tr(A))% det(A) > 0; tr(A) <0, (
tr(A) > 0).

Saddle (always unstable) when eigenvalues \j, Ay are real, with different
signs. det(A) < 0.

Stable (unstable) focus - spiral when \;, Ay are complex, with negative
(positive) real parts. det(A) > ;(tr(A))* #0, tr(A) <0 (tr(A4) > 0).
Stable (unstable) improper - degenerate node when eigenvalue \; is
real negative (positive) with multiplicity 2 having only one linearly
independent eigenvector. det(A) = ;(tr(A))?, tr(4) <0 ( tr(A) > 0).
Center (stable but not asymptotically stable) when A\, Ay are complex
purely imaginary. tr(A) =0 ; det(A) >0
Stable (unstable) star, when eigenvalue \; is real negative (positive)
with multiplicity 2 as for improper node, but having two linearly
independent eigenvectors (diagonal matrix A)

O]

Example.

An example on instability: saddle point. There are trajectories (not all)
that leave a neighbourhood ||z|| < d of the origin for initial conditions £

arbitrary close to the origin: for any ¢ > 0 and 0 < ||£|| < ¢ after some time

T..
) 11 .. . 2
' = Ar with A = 5 0| characteristic polynomial: \* — \ — 2 = 0;
. 1 1
eigenvectors: 5 — A =1, ) S A=2
2t 1 —t 1 .
r=Ce ) + Chqe 5| " the general solution

1/v2
1/V2

choosing a ball ||z|| < 1, and for arbitrary e > 0, { = ¢ [ ] . 1€ we
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1/v/2

see that the corresponding solution z(t) = e*e [ 1/v3 ] will leave this ball

|lz|| < 1,after time 27. = —Ine.

Exercise.

Consider the following system of equations:
/

= 2y—zx
y = 3xr—2y
1. a) can the system have a trajectory going from the point (—a®—1, —1)
to the point (1,a® + 1)?

b) which type of fixed point is the origin?

c¢) draw a sketch of the phase portrait. (4p)
Solution
-1 2
Matrix of the system is A = 5 . Characteristic polynomila is
“1—X 2 , ,
det(A — M) = det 5 o | A"+ 3\ — 4. Eigenvalues and

-1 2

eigenvectors are [ ] , eigenvalues: \; = —4, Ay = 1.
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-2
Eigenvectors vy, = [ ] — A1 = —4; satisfies the equation

(A= X)v =0 with (A— X)) = [2 3]

1
vy = — Ay = 1,satisfies the equation (A — Ag) vy = 0 with (A — X\y) =

-2 2
3 -3
Origin is a saddle point and is unstable. Trajectories are hyperbolas
asymptotically approaching with ¢ — oo or ¢ — —oo trajectories Ly, Ly, L3,
L4, that are straight lines through the origin and are parallell to the
eigenvectors.

Checking points (—a? — 1, —1) and (1,a® + 1) we observe that they are
separated by the above mentioned straight trajectories Ly, Lo, L3, Ly.
Therefore no one trajectory can go between these two points because such a
trajectory should cross one of Ly, Lo, L3, L4 that is impossible because of

the uniquness of solutions to linear systems.Hl

Exercise 868. Exponent of a matrix with complex eigenvalues.

0

Calculate exp(A) for the matrix A = ; with eigenvalues 1.

a
The set of matrices of the structure b have the same properties
a

with respect to matrix multiplication and addition as complex numbers of
the form a + ib.

In particular matrices of the form behave as real numbers and

a

matrix behave as imaginary unit .
0 —1 0 —1 -1 0 10
We check that = = — ——
1 0 1 0 0 -1 01
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a 0
0 a

ab 0

0 ab

=[52]|

b 0
0 b

-]

and the matrix

] and observe that the diagonal matrix

commute.
a

exp(a + ib) = exp(a)(cos(b) + i sin(b))

for computing the exponentof a matrix of such structure:

a —b B a 0 0 —b _
P a 1)\ Loa )™\ 0])”
10 . 0 —1 _ cos(b) —sin(b)
exp(a)l [C05<b) [ 01| +sin(b) 0 = exp(a) sin(b)  cos(b)
o[ 7)o 0 0
b a | sin(b)  cos(b)

It implies immediately that
0 —1 cos(1) —sin(1) ]

1 0 sin(1)  cos(1)
Example of a stable but NOT asymptotically stable equilibrium

exp(A) = exp =

point.
0

Consider the system '(t) = Ax(t) with A = 7| . Eigenvalues of the

matrix A are A\ = £2i are purely imaginary (and non-zero). Therefore there
are no other equilibrium points except the origin. The

cos(2t) —sin(2¢
exp(At) = [ (2t) (2¢)

) . The solution to the initial value problem
sin(2t)  cos(2t)
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with initial data [&,,&,]" is
o - € cos(2t) — &,sin(2t) | " & cos(2t) — ?2 in(2t) |
e i ~ | S sin(26) + & cos(20)

B cos(0) cos(2t) — sin(0) sin(2t) | €] cos(f + 2t)
= 14 N sin(6 + 2t) |

with cos(f) = \él
with the radius equal to |£|. It implies that the equlibrium point in the

Therefore orbits of solutions are circles around the origin

origin is stable. 6. > 0 in the definition of stability can be chosen equal to
e>0.1

Exercise.

3 -1
Calculate exp(At) for the constant matrix A = 5 0 ] and sketch phase

portrait for the system 2’ = Ax.
Solution.
exp(At) is a fundamental matrix to the system of differential equations

x' = Az. It means that columns in exp(At) are solutions to the system
1 0
above with initial data e¢; = 0 and ey = e The plan is to find first

the general solution, and then these two particular solutions.

3 -1
The characteristic polynom for A is 5 o0 | X2 -3X +2=

(X —1) (X —2) =0, so eigenvalues are \; = 1, Ay = 2. Eigenvectors are

ST

General solution is z(t) = Cvie! + Cyvqae®’. To satisfy the initial data
2(0) = Crvret + Cyvge® = ¢4
we solve a system of two equations for C'; and Cj:
B 1
|o]

1 1 1 1 1
Ci + (Y = or in matrix form ¢
2 1 0 2 1 Cy
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-1 0 C 1
= — (1 = —1 and C5 = 2. Therefore the first
2 1 Cy 0
columnt in exp(At)
—1 2 —et + 2e2
is: —viet + 2uye? = el + e?t =
' ’ —2 2 —2et + 2¢
Similarly we find the second column:
1 1 0 11 C 0
C1 + Oy = ; Y= ;
2 1 1 2 1 Cs 1
“1o]fa] [=
2 1|y 1
— C;=1and Cy = —1.
1 -1
The second column in exp(At) is: vie! — vye?t = ) el + ) ] et =
ot _ o2t
2e! — o2t

—el 422 ot _ 2

—2¢et + 2e? 2et — 2t
An alternative but more complicated solution would be to represent
et 0

0 €2t

and finally exp(At) =

exp(At) as exp(At) = P P~!, where the matrix P has columns

of eigenvectors: P = (vq,v2)= and the inversion of P can be

-1
1 1 -1 1
calculated by Cramer’s formulas: P~ = 5 1 = 5 . ] . We

derive the final expression by multiplication of the three matrices:

et 0 1 1 et 0 -1 1
exp(At) = P Pl = _
p(A?) th] 2 1] 0 e2t][ 2 —1]
et % -1 1 | | —e+ 2e% et — %
¢t % 2 1| | —2et 422 20t — 2
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11.1 A general way to calculate exponents of matrices.
(particularly useful for matrices having complex
eigenvalues)

We use here general solution to the equation 2’ = Ax.

We clarify first in which way it can be used.

e For any matrix B the product Bej gives the column £ in the matrix
B.

e Therefore the column £ in exp(A) is the product exp(A)ey, where
vector e, is a standard basis vector, or colum with index k£ from the

unit matrix /.

e On the other hand exp(At)¢ is a solution to the equation 2’ = Az with

initial condition z(0) = ¢
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The expressions z(t) = exp(At)ex is a solution to the equation ' = Ax

with initial condition z(0) = ey,

Therefore the value of the solution in time ¢t = 1: z4(1) = exp(A)ey

gives the column £ in the matrix exp(A)

Having the general solution for example in the case of dimension 3:

in terms of linearly independent solutions Wq(t), Wa(t), ¥3(t), we can
for every k find a set of constants C j,Cs x,Cs 1, corresponding to each
of the initial data e;. Namely we solve equations C ;U1 (0)+C4 ;W2 (0)+
Cyx¥s(0) =ep, k=123

that are equivalent to the matrix equation

01,1 C'1,2 01,3
[‘I’1<O)"I’2(O)>‘I’3(O)] C'2,1 02,2 02,3 = 61,62763] =1
03,1 03,2 C'3,3

Values at t = 1 of corresponding solutions:
wp(1) = CrpWi(1) + CopWa(1) + CsuWs(1) = exp(l - A)ey,

will give us columns exp(1l - A)ey in exp(A).

In the matrix form this result can be expressed as

01,1 C'172 01,3
02,1 02,2 02,3 = [\111(0), ‘1’2(0)7 ‘I’B(O)]_l
03,1 C3,2 03,3
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01,1 01,2 01,3
exp(A) = [\1’1(1)7‘1’2(1)7‘1’3(1)] C'2,1 02,2 CY2,3
03,1 C'3,2 C'3,3

= [Wy(1), Ty(1), T5(1)] [¥1(0), U2(0), T5(0)]

We demonstrate this idea using the result on the general solution

from the problem 859.

3 -3 1
We can calculate exp 3 =2 2 , eigenvalues: A\ = —1, Ao =1 — 1,
-1 2 0
A3=1+1

General solution to the system z’ = Ax is:

CL‘('[J) = Clqll(t) + CQ\IIQ(t) + Cg\I’g(t)

1 cost —sint cost +sint
= (et 1 + Cyet cost + Cseét sint
—1 sint —cost

introducing shorter notations for each term:
Qf(t) = Cqul(t) + ng/g(t) -+ Cglpg(t)

We calculate initial data for arbitrary solution by

1 1 1
2(0) = C1U1(0) + CoW3(0) + CsW3(0)=Cy | 1 | +Cy | 1 | +C5| 0
-1 0 -1
e 11 1 o
x(0) = [¥(0),¥3(0),¥3(0)] | C2 [ = 1 1 0 Cs
s 10 -1 a

exp(A) has columns that are values of x(1) for solutions that satisfy initial

conditions 7(0) = ey, eg, ez and therefore
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1 1 Cia 1
1 1 0 Co1 | =] 0| =e
| -1 0 -1 ] | C31 | | 0 |
[ 11 11TC2] Jo]
1 1 0 Chro | = | 1| =e2;
| -1 0 =1 ] | Cs2 | | 0 |
[ 11 1Tcs] Jo]
1 1 0 Cosz | = | 0| =es;
| -1 0 =1 ] | Cs3 | | 1]
Cik
We solve all three of these systems for | Cy) | in one step as a matrix
Cs
equation

1 1 1 0171 0172 0173
1 1 0 0271 0272 0273 =1
-1 0 -1 Cs1 Cs2 Csg

It is equivalent to the Gauss elimination of the following extended matrix:
1 1 1 100

1 1 0 0 1 0 |.Theresultat the rigth half will be the inverted
-1 0 -1 0 0 1

matrix:
-1
0171 CLQ 01’3 1 1 1 —1 1 -1
0271 02’2 0273 — 1 1 0 — 1 0 1
0371 03,2 0373 -1 0 -1 1 —1 0

It can also found by applying Cramer’s rule.
We arrive to the expression of the matrix exponent by collecting these

results through the matrix multiplication:
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Cip Cia Cig
exp(At) = [Wy(1), Wa(t), U3(t)] | Co1 Con Cag

C31 Cs2 Css
et e (cost —sint) e’ (cost+ sint) -1 1 -1
exp(At) = | et el cost elsint 1 0 1 |=
—e! el sint —el cost 1 -1 0

e' (cost +sint) —e '+ e’ (cost —sint) —e (cost +sint) +et —e '+ el (cost — sint)
(cost) e’ + (sint) e’ —e™" — (sint) e’ +e? (cost) el —e™!

— (cost) el + (sint) et + et cost)et —et sint) et +et
(cost) (sint)

and finally for t = 1 we get exp(A)

(cos1+sinl) —e 24 (cosl —sinl) —(cosl+sinl)+e? —e 2+ (cosl—sinl)
exp(A) =e (cos1) + (sinl) — e? — (sinl) +e72 (cosl) —e2
—(cos1) + (sinl) + e (cos1) —e? (sinl) +e2
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A general way to calculate exponents of matrices. (par-

ticularly useful for matrices having complex eigenval-

ues)

We use here general solution to the equation z’ = Ax.
We clarify first in which way it can be used.

For any matrix B the product Be, gives the column £ in the matrix
B.

Therefore the column k in exp(A) is the product exp(A)ex, where
vector e is a standard basis vector, or colum with index k from the
unit matrix .

On the other hand exp(At)¢ is a solution to the equation 2’ = Az with
initial condition z(0) = ¢

The expressions x(t) = exp(At)ey is a solution to the equation 2’ = Ax
with initial condition z(0) = e

Therefore the value of the solution in time ¢t = 1: z4(1) = exp(A)ey
gives the column £ in the matrix exp(A)

Having the general solution for example in the case of dimension 3:
z(t) = C1¥1(t) + CoWUs(t) + C3Ws(t)

in terms of linearly independent solutions Wy (t), Wa(t), W3(t), we can
for every k£ find a set of constants C j,Cs 1,,C3 1, corresponding to each
of the initial data e;. Namely we solve equations C ;U1 (0)+C4 ;W2 (0)+
Cg,k\pg(()) = €k, k= 1, 2,3

that are equivalent to the matrix equation
Cip Cip Cis
[(W1(0), ¥2(0), U3(0)] | Con Cao Ca3 | = e1,e,e3) =1
Cs1 Csp (33

Values at t = 1 of corresponding solutions:
ﬂ?k(l) = Cl,klpl(l) + Cg7k\112(1) + CS,k\I]i%(l) = exp(l : A)@k

will give us columns exp(1 - A)ey in exp(A).
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e In the matrix form this result can be expressed as

01,1 Cl,z 01,3
Coy Chy Chs | = [91(0), Wy(0), Us(0)] "
03,1 Cs0 03,3
C'1,1 01,2 01,3
exp(A) = [V1(1),Vy(1),U3(1)] | Con Con Cag
03,1 03,2 03,3

= [W1(1), Ua(1), U5(1)] [T1(0), T2(0), T5(0)]

We demonstrate this idea using the result on the general solu-
tion from the problem 859.

3 -3 1
We can calculate exp 3 -2 2 , eigenvalues: \; = —1, Ay =
-1 2 0

1—d, Ag=1+73
General solution to the system x’ = Ax is:

l’(t) = Cqul(t) + 02\112<t) + 03\113(75)

1 cost —sint cost +sint
= Cre | 1 | +0% cost + Csé’ sint
-1 sint —cost

introducing shorter notations for each term: x(t) = C1U4(t) + CoWs(t) +

C3WUs(t).
We calculate initial data for arbitrary solution by
1 1 1
I’(O) = 01‘1/1(0)+02‘1/3(0)+03\I/3(0)201 1 +CQ 1 +03 0
-1 0 -1
Ch 1 1 1 Ch
x(0) = [¥1(0),P3(0),¥30)] | Co | =] 1 1 0 Cy
Cs -1 0 -1 Cs
exp(A) has columns that are values of x(1) for solutions that satisfy ini-
1 1 1 Cia
tial conditions r(0) = ej, es,ezand therefore 1 1 0 Cor | =

-1 0 -1 ] | Csy



(1] 11 1 o 0 11 1 Cis
0 = €1, 1 1 0 C272 = 1 = €9, 1 1 0 02’3 =
| 0 -1 0 -1 Cs2 0 -1 0 -1 Cs3
F 0
0| =es;
L 1 -
Cy
We solve all three of these systems for | Cy | in one step as a matrix
Cs
equation
I 1 1 Cip Cia Cig
1 1 0 02,1 02’2 0273 =1
-1 0 -1 C31 Csp Cs3
It is equivalent to the Gauss elimination of the following extended matrix:
1 1 1 1 00
11 0 010 ] . The result at the rigth half will be the inverted
-1 0 -1 0 0 1
matrix:
Ci1 Ciso Cis 11 17" 1 1 -1
02’1 02,2 02’3 = 1 1 0 = 1 0 1
03’1 0372 0373 -1 0 -1 1 —1 0

It can also found by applying Cramer’s rule.

We arrive to the expression of the matrix exponent by collecting these

results through the matrix multiplication:

Cip Cip Cis
exp(At) = [Wq(t), Wa(t), ¥s(t)] | Con Coo Cog
Cs1 (32 Cs3
et e (cost —sint) €' (cost+ sint) -1 1 -1
exp(At) = | et el cost e'sint 1 0
—et e’ sint —e' cost 1 -1

e' (cost +sint) —e '+ e’ (cost —sint) —e' (cost + sint) + e
= (cost)e' + (sint) et —e" — (sint) et + et
— (cost) e’ + (sint) e 4+ e (cost)el —e™t

—e !+ el (cost —sint)

(cost)el —e™t

sint) et + et
(



and finally for t = 1 we get exp(A)

(cos1+sinl) —e 2+ (cosl —sinl) —(cosl+sinl)+e? —e 2+ (cosl—sinl)
exp(A) = e (cos1) + (sinl) — e2 — (sinl) +e72 (cos1) —e2
—(cos1) + (sinl) +e2 (cosl) —e2 (sinl) + e2



ORDINARY DIFFERENTIAL EQUATIONS WITH APPLICATT ONS

n f(z) R-H criterion

2 apz® + a1z -+ a2 as >0, ap >0
3 anz® + a12® + asz + as az >0, a3 >0

a1 > apas
4 3 2 0 0
apzt + a12° +agz“ +azzt+ag | aa > U, az > U,
4 ' a; > 0,
2
(1,3((11&2 — (10&3) > ajaq

3.4 Two-Dimensional Linear Autonomous Systems

Tn this section we shall apply Theorem 3.3.6 to classify the behavior of the
solutions of two-dimensional linear systems [H1]

a b
¢d
where a,b, ¢, d are real constants. Then (0,0) is the unique rest point of
(3.10). Let A1, Az be the eigenvalues of A, consider the following cases:

b= Az, A= [ } detA#£0 (3.10)

Case 1: A1, A are real and Ay < Ag.
Let v1,v? be unit eigenvectors of A associated with A1, Az respectively.
Then from (3.9), the general real solution of (3.10) is

)\115?)1 )\gt,vzl

z(t) = c1e + cze

Case 1la (Stable node) Az < A1 <0.
Let Lq,Ls be the lines generated by v, v? respectively. Since
Ay < A1 <0, z(t) = creMtyl as t — oo and the trajectories are
tangent to Ly. The origin is a stable node (see Fig. 3.1).

Fig. 3.1
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Case 1b (Uustable node) 0 < Ay < Aq.
Then z(t) ~ cieM®v! as t — co. The origin is an unstable node

(see Fig. 3.2).
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Fig. 3.2

|

(‘ Case 1lc (Saddle point) A2 < 0 < A;. In this case, the origin is called
: a saddle point and Ly, Ly are called unstable manifold and stable
manifold of the rest point (0,0) respectively (see Fig. 3.3).

Fig. 3.3

Case 2: A1, A2 are complex.
Let Ay = a+if, A\a = a — i and v = u + v and v? = u —iv be
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complex eigenvectors. Then

z(t) = celetiBYtyl 1 me(e—i)pT - 9Re (Ce(oz—l—i,ﬁ)t,vl) ‘

Let ¢ = ae®. Then
z(t) = 2ae®* (ucos(ft + &) — vsin(ft + 6)) .
Let [7 and V be the lines generated by u, v respectively.

Case 2a (Center) a =0, f # 0. The origin is called a center (see Fig.
3.4). |

Fig. 3.4

Case 2b (Stable focus, spiral) a < 0, B s 0. The origin is called a
stable focus or stable spiral (see Fig. 3.5).

A




LINEAR SYSTEMS ol

Case 2¢ (Unstable focus, spiral) « > 0, 8 # 0. The origin is called
an unstable focus or unstable spiral (see Fig. 3.6).

v

Fig. 3.6

"Case 3 (Improper nodes) A1 = Az = A
Case 3a: There are two linearly independent eigenvectors v! and v?

of the eigenvalue A. Then, :

z(t) = (clvl + cav®) e,

If A > 0 (A < 0) then the origin 0 is called an unstable (stable)
improper node (see Fig. 3.7).

v |

Fig. 3.7




62 ORDINARY DIFFERENTIAL EQUATIONS WITH APPLICATIONS

Case 3b: ‘There is only one eigenvector v' associated with eigenvalue
A. Then from (3.9) . 2. gomeralized elqouwetor .

z(t) = (&1 +Heot e”ﬁ‘”—[— cze}‘t%

where v* is )({ictor independent of v* (see Fig. 3'8)'.
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April 25, 2020

1 Stability of equilibrium points by lineariza-

tion.

We consider in this chapter of the course properties of solutions of I.V.P to

nonlinear autonomous systems of ODEs

o= f(x), 2(0)=¢ (1)

where f : G — RY is locally Lipschitz with respect to z. J is and interval
and G C RY is a non-empty open set.

We will consider in this chapter of the course the stability of equilibrium
points x, of such nonlinear systems (f(x,) = 0) in connection with properties

of corresponding linearized systems in the form

y(t) = Ay (2)

where A is a Jacoby matrix of the function f calculated in an equilibrium
point of interest.

Definition. (p. 115, L.R.) A function f is called locally Lipschitz in G
if for any point y € G there is a neighborhood V(y) and a number L > 0



(depending on V' (y)) such that for any v,w € V(y)

1f(v) = F(w)]] < Ljv = w]|

Example. Functions having continuous partial derivatives are locally
Lipschitz function. (Exercise)
Definition. A solution z(¢) : I — RY is called maximal solution to an

I.V.P. if it cannot be extended to a larger time interval.

1.1 Peano existence theorem.

The theorem by Peano, states that if f : G — RY is continuous, the the
LV.P. (1) above has a solution (not unique!!!) for any £ € G on some, might
be small time interval (—d,d). (Theorems 4.2, p. 102; )

We will consider Peano theorem it at the end of the course.

1.2 Picard and Lindel6f’s existence and uniqueness

theorem.

The theorem by Picard and Lindelsf, states that if f : G — RY is locally
Lipschitz, then the I.V.P. (1) above has a unique solution for any £ € G on
some, might be small time interval (—9,¢). (Theorems 4.17, p. 118; Theorem
4.22, p.122.)

We will formulate it in a more general form and will prove it at the end

of the course.

1.3 Definition of stable equilibrium points (repetition).

Definition. A point z, € G is called an equilibrium point to the equation

(1) if f(z.) = 0.

The corresponding solution z(t) = x. is called an equilibrium solution.



Definition. (5.1, p. 169, L.R.)

The equilibrium point x, is said to be stable if, for any ¢ > 0, there is
d > 0 such that, for any maximal solution z : I — G to (1) such that 0 € I
and ||z(0) — .|| < 0 we have ||z(t) — z,|| < e forany t € INR,. Below a

picture is given in the case x, = 0.

——

Figure 5.1 Stable equilibrium

Definition. (5.14, p. 182, L.R.)

The equilibrium point z, of (1) is said to be attractive if there is § > 0 such
that for every £ € G with || — x,| < 0 the following properties hold: the
solution z(t) = ¢(t,€) to LV.P. with 2(0) = £ exists on R and ¢(t,&) — .
as t — oo.

Definition. We say that the equilibrium z, is asymptotically stable
if it is both stable and attractive.

In the analysis of stability we will always choose a system of coordinates
so that the origin coincides with the equilibrium point. In the course book
this agreement is applied even in the definition of stability.

Definition. The equilibrium point z, is said to be unstable if it is not
stable. It means that there is a g > 0, such that for any J > 0 there is point
x(0) : [|[#(0) — z.|| < d such that for some ty € I we have ||z(tg) — x| > £o.(a

formal negation to the definition of stability)



1.4 Stability and instability of the equilibrium point

in the origin for autonomous linear systems.

Origin is an equilibrium point for all linear systems of ODE. If the matrix A
is degenerate namely if det(A) = 0, there can appear lines or hyperplanes of
equilibrium points except the origin, corresponding to the non-trivial kernel
of the matrix A.

Reminder of classification of phase portraits for autonomous

systems of ODEs in the plane:

det(A)

Summary of phase portraits for the system x'=Ax d i
The division line is det(A)= ¥ (tr(A])",y epending on tr(A) and det(A).



1.5 Stability and instability of the equilibrium in the
origin for arbitrary autonomous linear systems of
ODEs

General statement about stability and instability of the equilibrium in the
origin for arbitrary autonomous linear systems of ODEs follow immediately
from the Corollary 2.13 in L.&R.

Theorem. (Propositions 5.23, 5.24, 5.25, pp. 189-190, L.R.)

Let A € CV*N be a complex matrix.

Then three following statements are valid for the system a/(t) = Ax(t)

1. The origin is asymptotically stable equilibrium point if and only if
Re A < 0 for all A € o(A).

2. The equilibrium point in the origin is stable if and only if ReA < 0
for all A € 0(A) and all eigenvalues A with Re A = 0 are semisimple
(the number of linearly independent eigenvectors to A is equal to the

algebraic multiplicity of \)

3. The equilibrium point in the origin is unstable if and only if there is at
least one eigenvalue A with Re A > 0 or an eigenvalue A with Re A =0

that is not semisimple.
(3. is a direct consequence of the 1. and 2. )

Prof is a simple exrecise based on the definition and the Corollary 2.13

about the properties of |lexp(At)l|
Definition. Matrix A with the property Re A < 0 for all A € 0(A) is

called Hurwitz matrix.



1.6 Inhomogeneous linear systems with constant coef-

ficients.

Corollary. Duhamel formula, autonomous case. (Corollary 2.17, p.
43)

Consider the inhomogeneous system
2'(t) = Az + g(t)

with continuous or piecewise continuous function g : R — R¥. Then the

unique solution to the I.V.P. with initial data
z(0) =¢
is represented by the Duhamel formula:
t
x(t) = exp(At)E + / exp(A(t — 0))g(o)do (3)
0

Proof of the Corollary: check that the formula gives a solution and show

that it is unique.

o) = ep(ang + [ (Al )glo)do
= exp(At)f—i—exp(At)/O exp(—Ao)g(o)do
= exp(At) {5—1—/0 eXp(—AU)g(o)da}

2'(t) = Aexp(At) [§ + /Ot exp(—Aa)g(U)da] + exp(At) exp(—At)g(t)
= Ax(t) +g(t)

for all points ¢ where g(t) is continuous. Difference z(t) = z(t) —y(t) between



two solutions z(t) and y(t) satisfies the homogeneous systems 2/(t) = Az(t)
and zero initial condition z(0) = 0 and the integral equation: z(t) =
f(f Az(o)do. The same reasoning as before, using the Groénwall inequality,
or just a reference to the uniqueness of solutions to homogeneous systems

implies that z = 0.

1.7 Stability of equilibrium points to linear systems

perturbed by a small right hand side.

Theorem (Theorem 5.27, p. 193, L.R.) Let G C RY be a non-empty open
subset with 0 € G. Consider the differential equation

2(t) = Az + h(z) (4)
z(0) = ¢ ()

where A € RV*N and h : G — RY is a continuous function satisfying

lim M2 (6)

=0 Il

If A is Hurwitz, that is Re A < 0 for all A € 0(A), then 0 is an asymptotically
stable equilibrium of 4.
Moreover, there is A > 0 and C' > 0 and « > 0 such that for ||| < A

the solution z(¢) to the initial value problem with initial data

2(0) = ¢

satisfies the estimate
lz(t)|] < ClIg] e

Proof. (This proof is required at the exam)
If ReA < 0 for all A\ € 0(A) then there is 5 > 0 such that ReA < —f



(strictly smaller!) for all A € o(A) and
lexp(At)|] < Ce™ (7)

for some constant C' > 0.
We can choose € > 0 such that C's < 8 and using (6) choose J. such that
for ||z]| < d., 2 € G

Il .
B
@I < e )

It follows from properties of A :lim,_,q }ﬁ(z’]) =0.

We know from Peano theorem or from Picard - Lindelof theorem in case f

is Lipschitz, that the solution to the equation (4) exists on some time interval
t €10,0) (another o!!!)
We apply Duhamel formula (3) for solutions to (4):

t
x(t) = exp(At)€ + / exp(A(t — o))h(z(o))do
0
As long as x(o) under the integral, belongs to the ball {z : ||z|| < .} C G,

we apply the triangle inequality for integrals and estimates (7) and (8):
t
lz@)] = llexp(AD)] [I€]] +/0 lexp(A(t = o)) [ [[((0)) ] do
t
lz)l] < Ce™™ || +/ Ce P ||z (o) do
0

Introduce the function y(¢) = ||z(¢)|| €**. Then multiplying the last inequality

by e’ we arrive to



y(t) < C ¢ + / (C2) y(o)do

The Gronwall inequality implies that

ly@)Il < Cllg]] et

and

lz(®)]| < Cllg]l e~ (10)

It is valid as long as ||z(t)|| < 0.. Now we can choose o« = 3 — Ce > 0, by
choosing & small enough, A = 16./C and ||£|] < A. This choice of initial
conditions implies that

[ < o, (11)

as long as this solution exists (!!!)

(Important theoretical argument! Check similar argument in
Lemma 4.9, p. 110 in LR )

The last estimate implies in fact an important conclusion that the solution
must exist in fact on the whole R, because supposing the opposite, namely
that there is some maximal existence time t,,,,, leads to a contradiction.

Let consider this important argument. It consists of two steps.

1) We use the continuity and boundedness of the solution z(¢) on [0, tax)

together with the integral form of the equation

z(t) =&+ /Ot Az (o)do + /Ot h(z(o))do

The set {z(t) : t € [0, tmax)} (that is the orbit of the solution), is bounded
according to (11). The closure C' of this set is therefore compact. The
function h(z) is continuous on G and is therefore bounded on the compact
set C.



For any sequence {t;},-, such that t; — fmax the sequence of integrals
{x(tr)};—,is a Cauchy sequence and therefore has a limit limy_.o z(t;) = 7,

because

<

/t " Ax(o)do + /t " (o) do

k k

l2(tm) =zl < ‘

+ < Clty —tg] =0, mk— 0

/t " h((0))]] do

k

/t " 4] (o) do

k

This limit is unique and independent of the sequence {t;},-, by a similar
estimate. Therefore we can extend x(¢) up to the point ¢,,.x as
T(tmax) =1 = . litm x(t)
2) Now using an existence theorem (Peano or Picard-Lindelsf) for non-

linear systems of ODEs, we conclude that there is a solution y(t) to the

equation

y'(t) = Ay + h(y)

on the time interval [tmax, tmax + 0) with the initial condition y(tmax) = 7 at
time t;ax. This solution is evidently an extension of the original solution x(t)
to a larger time interval, that contradicts the our supposition.

Therefore the solution z(t) can be extended to the whole R, and satisfies
the estimate (11). It in turn implies that this solution must satisfy the desired

estimate

l=@®)ll < Cliglle™

and implies the asymptotic stability of the equilibrium point in the origin.H
This theorem implies immediately the following result on the stability of

equilibrium points by linearization.

10



Theorem.On stability of equilibrium points by linearization. (Corol-

lary 5.29, p. 195)

Let f: G — RY, G Cc RY be a non empty open set with 0 € G , f be
continuous and f(0) = 0.Let f be differentiable in 0 and A be the Jacoby
matrix of f in the point 0, A = D(f)(0):

o, o
Az’j = axj (O), 1,] = 1, .N

If A is a Hurwitz matrix (all eigenvalues A\ € o(A) have Re A < 0), then

the equilibrium point of the system

in the origin is asymptotically stable.

Proof. Consider the function h(z) = f(z) — Az. Then by the definition
of derivatives h(z)/||z]|]| — 0 as z — 0. An application of the theorem
about stability of a small perturbation of a linear system to the function
f(z) = Az + h(z) proves the the claim. B

The following general theorem by Grobman and Hartman that we for-
mulate without proof is a strong result on connection between solutions to a

nonlinear system

2(t) = [flz(t)), (12)
x(0) = ¢ (13)

with right hand side f(z) close to an equilibrium point z., f(z.) = 0 and

solutions to the linearized system

11



with constant matrix A that is Jacobi matrix of the right hand side f in the
equilibrium point x,, A = D(f)(z.):

Afi -
Ajj = 3_1:](:6*)’ i,j=1,..N

|
Definition. An equilibrium point z, of the system (12) is called hyper-
bolic if for all eigenvalues A € o(A) it is valid that Re A # 0.
Theorem. (Grobman-Hartman) A formulation and a (difficult!)
proof can be found as Th. 9.9 at the page 266, in the book by
Teschl: http://www.mat.univie.ac.at/%7Egerald/ftp/book-ode/index.html

Consider an I.V.P. for a autonomous system of differential equations
2'(t) = f(z)), (16)
z(0) = ¢ (17)

Let fe€ CY(B),in Br(z.) ={{: [ —2]| <R }CGandx, €Gbea
hyperbolic equilibrium point of (12): f(x.) = 0.

Then there are neighborhoods Uy (z,) and Us(z,) of . and an invertible
continuous mapping R : Uy(z,) — Us (z.) such that R maps shifted solutions
7, +e(¢ —z,) to the linearized system (14) onto solutions z(t) = ¢(t, R(¢))

of the non-linear system (12) with initial data
£=R((),(=R"(§)

R (z. + (¢ —z.)) = o(t, R(C))
and back

R (o(t,€)) = @ + (R (€) — )

12



\#

}\l

Y A AR Y A N
N WERINZENZ A
(b) (@)

(N ifaN
NIV wl/

(d)

(@

as long as z, + e (R71(€) — x,) € Uy(z,).0

Phase plane for a nonlinear equation Phase plane for the linear equation

Various classes of topologically equivalent equilibrium points in the plane:
a) asymptotically stable, b) center, c) saddle point, d) unstable:
In higher dimensions there is a larger variety of topologically different

configurations of phase protraits around equilibrium points.

Example on application of the Grobman - Hartman theorem

13



Consider the system

T = —%(901 + x9) — a3

2l = 3(x1 — 31,)

It has two equilibrium points: one in the origin (0,0) and the second one
is (—2/3,-2/9).We find them by expressing z; = 3z, , from the equation
+(z1 — 3x2) = 0, substituting to the equation —3(zy + x2) — 27 = 0, and

solving the quadratic equation —31(3xs + x2) — 923 = 0 for x5.

1
—5(39&2 + 9) — 925 = —x5 (929 +2) = 0.
and its linearization in the origin:

Ty = —%(ml + z5)

xh = %(xl — 31)

_1
2

The linearized system has matrix A = , characteristic polyno-

N N

N[ =

mial: \? + 2\ + 1 = 0, eigenvalues: A2 = —1. The only eigenvector is

Ll The origin is a stable for both systems. This equilibrium point is

asymptotically stable.

On the other hand we see that another equilibrium (—2/3, —2/9) of the
non-linear system seems to be a saddle point.

We check it now. For an arbitrary point we need first to calculate the
Jacoby matrix of the right hand side in the system 2’ = f(z) in an arbitrary
point x € R?

14



DA, @) = Fe)
[ () L) ] ) [ 1220 —1/2 ]

(@) g2 (x) 1/2 —3/2

[Df](x) =

Calculating the Jacoby matrix in the second equilibrium point (—2/3, —2/9)

we get the matrix for the linearization of the right hand side in this point:

|

The characteristic polynomial is p(A) = A% — Mtr(A) + det(A). tr(A) =
5/6 —3/2=—2. det(A) =2 (—=3) — 1 (—1) = —1. Therefore p(\) =\*+
%)\ — 1. Eigenvalues are real and have different signs because the determinant

A—

N—= Dot
N[O D[

1/2 —3/2

—1/2 = 2(—2/3) —1/2] _ [

of A is negative. We do not need to calculate them to make these conclusions.

Therefore the linearized system
y = Ay

has a saddle point in the origin. The non-linear system also has a sad-
dle point configuration in the phase portrait close to the equilibrium point
(—2/3,—2/9) according to the Grobman-Hartman theorem. This equilib-
rium point is unstable. If we like to sketch a more precise phase portrait
for the linearized system we can calculate eigenvalues and eigenvectors. But
we can only guess the global phase portrait for the non-linear system (how
local phase portraits connect with each other). We give below phase por-
traits for the non-linear system and for the linearized system around each of

equilibrium points.

15



Phase plane for a nonlinear equation Phase plane for the linear equation

=257

5T

sk

Phase plane for the linearized system around the equilibrium point

(—2/3,-2/9)

Counterexample to the Grobman - Hartman theorem.
A system such that the linearized system has a center (stable) but the

non-linear has an unstable equilibrium point.

16



Consider the system

d

% = T2+ (fE% + $§)$1
d

% = —x; + (22 + 1)

The origin (0,0) is an equilibrium point and the linearized system in this

, 0 1
r = T
-1 0

The origin is a center that is a stable equilibrium point.

point has the form

Consider the equation for 72(t) = x3(t)+3(t).We derive it by multiplying
the first equation by x; and the second by x5 and considering the sum of the

equations leading to

dx, dey, 1d(z)® 1d(x)® 1d ,, 9/ 2
ary Gtz _ 1 - — L 02 = (124
g T =g Y g —aa W) =070)

We see that the solution to this equation z = 2

ld_z — 22

2dt

dz

dz

1

— = 2t+C
z

-1

— = C

z(0)

LA Y
z 2(0)
2 = 7r?

17



with separable variables with arbitrary initial data r(0) is

r*(0)

T

The solution 72(t) is increasing with time and tends to infinity with ¢ rising
and blows up in finite time.

The equilibrium (0,0) to the nonlinear system is unstable. The phase
portraits of the nonlinear system and the linearized system are qualitatively
different in this example when eigenvalues to the Jacoby matrix of the right
hand side of the nonlinear system in the equilibrium point have real parts

equal to zero.

Example on application of the Grobman - Hartman theorem
Find for which values of the parameter a the origin is an asymptotically

stable equilibrium, stable equilibrium, unstable equilibrium of the following

system:
=y
4
Yy = —ay — 2% — a*x (4p)
Solution. Consider the Jacoby matrix of the right hand side in the
equatiuon.
0 1 : L
Az,y) = . It’s value in the origin is A(0,0) =
—a*—32* —a

—a —a

N 2 . 2
Eigenvalues are A\;p = —§ £/ % —a? = —5 £ 3%

The Grobman - Hartman theorem about stability by linearization imples

0 1
[ , with characteristic polynomial: p(A) = A\* + a\ + a?.

that the origin is asymptotically stable when a > 0 and is unstable when
a < 0. For a = 0 linearization does not give any information about sta-
bility because in this case Re A = 0. In this case the system is reduced to
/
xr =
4 5 and we can find an equation for orbits of the system from an
Yy =-x

18



ODE with separable variables:

ydy = —23de
/ydy = —/x3dx
2 4
= = -+cC
2t 2
44—
4 + 2

Example. Stability by linearization for the pendulum with fric-

tion.

Linearized equation around (0, 0) is

19



tr(4) = —L < 0; det(A) = ¢ > 0. Therefore the ReA < 0 for all
A € o(A). For small friction coefficient ~ the equilibrium will be focus,

for large friction it will be a stable node. An intermediate case with stable

improper node is also possible.

d o/ dt)

Point out that the case with zero friction: v = 0 cannot be treated by
linearization, because the linearized system has a center in the origin. The
non-linear system has in fact also a center in the origin, but we cannot prove

it by means of linearization. We will consider this case later by different

means.

20



The linearization of the equation around (7,0).

Linear approximation for sin around 7. Let (21 — 7) = 31 (t).

sin(x1) = sin(m) + cos(m)(z1 — ) + Oz — ) & — (21 — 7) = —y1(?)

yi(t) = x1(t) — my1(y) = 21(t)
therefore

ri(t) = w(t) +m; 21(y) =y ()
zo(t) = oy = yi(t)

Introducing yo = y] = z2; we get T3 = s

sin(z,) = sin(7) + cos(7)y, + O(7 — z1)?

ni(t) = wa(t)

h(t) = ——mxo(t) — = sin(xy)

g
m

vi(t) = wa(t)

Bt) = —Lua) - ()

The linearized equation around (m,0)

21



The matrix of the system is

A:

—k O

1
.

AN —(=L)a-1
<

Characteristic polynomial: p(\)
tr(A) = =X < 0; det(A) = =9
point (instable).

m

0. The equilibrium is always a saddle

Example on application of the Grobman - Hartman theorem
¥ =eY—e"

, 5 and
Y =+3r+y*—2

Find all stationary points of the system of ODE {

investigate their stability by linearization.

1. Solution.

We find stationary points by pointing out that the first equation implies
y = and then v/3z + 22 —2 = 0 implies 3z + 22 —4 = (z +4) (v — 1)

= 0 and therefore two roots x1 = 1 and x, = —4 follow.

We have two stationary points: (1,1) and (—4, —4).

The Jacobi matrix is J(z,y) = 3 y
2\/3$c+y2 \/3x+y2

The trace of J(1,1)istr (J(1,1)) =

= D

—e e —e

L= Col=1

2v/3+1  V3+1 4
1/2—e<0

det (J(1,1)) = e(—1/2 —3/4) = —2e < 0 it implies that the stationary
point (1, 1) is has one negative and one postive eigenvalue and therefore

is a saddle point and is unstable by the Grobman Hartman theorem.

The characteristic equation for a 2x2 matrix A4 is \*—tr(A)A\—det(A) =
0.

In this particular situation it is A% + (e —

22



Eigenvalues are: \; = —%e + 71; — ;11 16e +4e2 + 1, Ay = —%e + i +
TV16e +4e? + 1.

_6_4 6_4 ] [ —6_4 6_4 ]
N
4, —4) s tr (J(—4,—4)) = —2 — e < 0.

det (J(—4,—4)) =e* (2 —3) = 2¢7* > 0. Therefore the the real parts
of eigenvalues are negative and the stationary point (—4,—4) is an

asymptotically stable node by the Grobman Hartman theorem.

J(—4,—4) =

The trace of J(

The characteristic equation is A* + (e7* +2) A+ 2e7* = 0.

Eigenvalues are : \; = —%e*‘l —1- %,/eig — e% +4, N = —%e*“ -1+
WEmEE

Example on the application of the Grobman - Hartman theorem

=y
Y= —y—x—2a?

Equilibrium points are (0,0) and (—1,0).

0 1
Jacobi matrix is A(z,y) =
—1-2x -1
. : L 0 1
Jacobi matrix at the origin is RE
characteristic polynomial is p(\) = A2+ A+ 1, eigenvalues are —%i 3—
%, %2\/_ — % Real parts of eigenvalues are negative and therefore the origin

is stable focus, asymptotically stable equilibrium.

1 -1
characteristic polynomial is p(\) = A* + A — 1,eigenvalues are —%\/5 —
%, % 5— % One is negative, another is positive, the equilibrium point is a

saddle point and is unstable.

0 1
Jacobi matrix at the point (—1,0) is ] ,

23



1 Stability by linearization for the pendulum

with friction.

8
N
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~
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|
|
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8
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=
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tr(A) = =L < 0; det(A) = ¢ > 0. Therefore the Re A < 0 for all A € o(A).
For small friction coefficient « the equilibrium will be focus, for large friction it
will be a stable node. An intermediate case with stable improper node is also
possible.

Point out that the case with zero friction: v = 0 cannot be treated by
linearization, because the linearized system has a center in the origin. The non-
linear system has in fact also a center in the origin, but we cannot prove it by
means of linearization. We will consider this case later by different means.



The linearization of the equation around (r,0).

Linear approximation for sin around 7. Let (x1 — ) = y1 ().

sin(z1) = sin(n) + cos(7)(x1 — 7) + O(x1 — 7)* ~ —(21 — ) = 91 (t)

y1(t) = z1(t) — myy(y) = 7 (2)

therefore

zi(t) = wn(t)+m 2 (y) =y (t)
xa(t) = ay=ui(t)

Introducing ys = yj = z2; we get T2 = yo

sin(z) = sin() + cos(m)y; + O(m — z1)?

(1) 2 (t)

(1) f%xg(t) — 9 sin(a1)
Y1 (t) = Y2 (t)

ya(t) = %yz(t) i (=v1)

The matrix of the system is

0 1
-1y ]
l m
Characteristic polynomial: p(A = \? ( ) ( )
tr(A) = —-L < 0; det(A) = —9 < 0. The equilibrium is always a saddle

point (unstable).
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Lecture notes on general and periodic linear ODEs
Plan

1. Transition matrix function, existence and equations. Lemma 2.1, p.24, Cor. 2.3, p.26.

2. Gronwall inequality. General case. Lemma. 2.4, p. 27 (skiped)

3. Uniqueness of solutions and dimenstion of solution space. Th. 2.5, p. 28, Prop. 2.7(1), p.30

4. Group properties of transition matrix function and transition mapping.

(Chapman - Kolmogorov relations) Cor. 2.6, p. 29

5. Fundamental matrix solution and its connection with transition matrix function. Prop. 2.8, p.33

6. Inhomogeneous linear systems. Variation of constant formula (Duhamels formula), general case.
Th. 2.15, p.41,Cor. 2.17.

7. Transition matrix function for periodic linear systems. Formula. 2.31, p. 45.

8. Monodromy matrix and properties of transition matrix function for periodic systems. Th. 2.30, p.
53.

9. Logarithm of a matrix. Prop. 2.29, p. 53.

10. Floquet multipliers and exponents.

11. Boundedness and zero limits for solutons to periodic linear systems. Th. 2.31, p.54. Cor. 2.33, p-
59

12. Existence of periodic solutions to periodic linear systems. Prop. 2.20, p. 45

13. Abel-Liouville’s formula. Prop. 2.7(2)., p.30.

14. Conditions for existence of unbounded solutions based on the Abel-Liouvilles formula

15. Hill equation and Kapitza pendulum. pp. 55-57.

0.1 Transition matrix function, existence and equations.

The subject of this chapter of lecture notes is general non - autonomous linear systems of ODEs and in
particular systems with periodic coefficients and Floquet theory for them.

The general theory for non - autonomous linear systems (linear systems with variable coeffcients) is
very similar to one for systems with constant coefficients. The existence is established through the solution
of the integral form of equations by iterations. Uniqueness is based on a general form of the Gronwall
inequality that is also proved here in a very similar fashion. These results lead to the fundamental result

on the dimension of the space of solutions that is based on the uniqueness result similarly to the proof for



systems with constant coefficients. The essential difference from the case with constant coefficients is that
in the case with variable coefficients one cannot find analytical solutions except some particular cases as
systems with triangular matrices.

We consider the I.V.P. in the differential

v =Alt)x(t), (1) =¢ (1)

or in the integral form
t
xz(t) =¢& +/ A(s)z(s)ds (2)

with matrix valued function A : J — RV*YN (or CV*¥) that is continuous or piecewise continuous on the
interval J. Here it is important that the initial time 7 is an arbitrary real number from J, not just zero.
The solution is defined as a continuous function z(¢) on an interval I that includes point 7 acting into
RY or CV satisfying the integral equation (2). By a version of Calculus main theorem (Newton-Leibnitz
theorem) the solution defined in such a way will satisfy the differential equation (1) in points ¢ where A(t)
is continuous.

We remind the following lemma considered in the beginning of the course.

Lemma. The set of solutions Spom to (2) is a linear vector space.

U

It motivates us to search solution in the form ®(¢,s)¢ where ®(¢,s) is a continuous matrix valued
function on J x J and £ is an arbitrary initial data at t = s : xz(s) = £. It implies also that ®(s,s) = I.
Substituting the expression z(t) = ®(¢,s)¢ into the integral form of the i.V.P. we arrive to the vector

equation

t
Bt = £+ [ A0)(o.s)do —
t
O(t,s)¢ = (I +/ A(o)®(o, S)dO') £
with arbitrary £ € RY that implies the matrix equation for ®(#, s):
t
O(t,s) =1 +/ A(o)®(o, s)do (3)
or the same equation in differential form valid outside points of disconituity of A(t):

d
E@(t, s)=A(t)®(t,s); P(s,s)=1.

We will solve the equation (3) by means of iterational approximations M, (¢, s) to ®(¢, s) introduced in the

following way:

¢
M(t,s)=1; My(t,s)=1 +/ A(o)M,(o,s)do, ¥YneN (4)

Lemma 2.1 , p. 24 and Corollary 2.3, p. 26 in L&R



For any closed and bounded interval [a,b] C J the sequence { M, (¢, s)} converges uniformly on [a, b] X
[a, b] to a continuous on [a, b] X [a, b] matrix valued function ®(¢, s) that satisfies the integral equation (3).

Proof.

The classical idea of the proof is instead of considering M, (t, s) to consider telescoping series with
elements f,1(t,s) = M,1(t,s) — M,(t,s), f = My = I, with partial sum that is equal to M,:

k=1

where fi(t, s) is represented as a repeated integral operator from (4):

Milts) = I M) =1+ [ Al )i
Mits) = I+ / Aoy Ma(o, $)dor —
. / " Aloy) [H / olA(ag)Ml(ag,s)dag} doy
I+ / " A(oy)Ido, + / " A(o) / " A(02) My (09, 5)dorados

t o1
f3 = Mg—MQI/ A(O’l)/ A(UQ)Ml(U2,S)d02d01

Foii(hs) = Myor(t, ) — My(t s) = / Aloy) / " A(oy).. / " A(on)dow...dosdos

for all (¢,s) € Jx J,¥n € N. Since A(t) is piecewise continuous on .J, it’s norm is bounded on any compact
subinterval [a,b] C J:
|A@®)|| < KVt € [a,b

We observe using triangle inequality for integrals several times, and the last estimate, that

t o1 On—1
| fros1(t, )| = | Mnia1(t, s) — M,(t,s)|| < K”/ / / doy,...dosdoy

and after calculating the integral f; f;l f:”’l do,...doydo, = %(t — 5)™, based essentially on [ s¥ds =
gk+1

k+1-°
n n

K K
an-i—l(ta S)H = ||Mn+l(t78) - Mn(tvs)” < F(t - S)n < W(b - a)n

nz0 7 (0

criterion the functional series ) | f,(t,s) converges uniformly on [a,b] X [a,b] to the limit denoted here

The number series — a)™ is convergent to exp(K (b — a)). Therefore by the Weierstrass’
by ®(t,s). It implies by construction, that the sequence M, (t,s) converges uniformly on [a,b] X [a,b] to
the limit denoted by ®(¢,s). Going to the limit in the relation defining iterations (4), we observe that the
limit functional matrix ®(¢, s) satisfies the equation (3).H

Since the interval [a,b] € J is arbitrary we may define the function ® : J = J x J — RN*N (or CN*¥)
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as the (pointwise) limit:
M,(t,s) — ®(t,s), n— oo

for all (t,s) € J x J.

Definition. The matrix ®(¢, 7) is called transition matrix function.

Point out that ®(¢,t) = I. The product z(t) = ®(¢,7){ gives the solution to I.V.P. to the equation
2'(t) = A(t)x(t) with initial data x(7) = £. In the case when A(t) is only piecewise continuous, x(¢) will be
continuous and satify the corresponding integral equation. It will satify the differential equation outside
discontinuities of A(t).

Example. For an autonomous linear system with constant matrix A the transition matrix function is

O(t,7) = exp(A(t — 71)).
0.2 Gronwalls inequality. Uniqueness of solutions.

Gronwall ’s lemma. Lemma 2.4., p. 27 in L&R.
(We skip it for now. A simpler version was considered before)
Let I C R, be an interval, let 7 € I, and let g,h : I — [0,00) be continuous nonnegative functions. If
for some positive constant ¢ > 0,
g(t) < c+ Viel

/T ' h(o)g(o)do

t
/ h(o)do ) Vtel
Proof.

The proof uses the idea of integrating factor similar to the simpler case with constant h = || A|| consid-
ered before. Introduce G, H : I — [0,00) by

then

g(t) < cexp (

Gt) = c+ /h(a)g(a)da

/T ' h(o)do

By the hypothesis in the lemma, 0 < g(t) < G(t).

We consider first the case 7 < t. Then integrals in the expressions for G and H are nonnegative:

G(s) :c+/ h(o)g(o)do;  H(s) :/ h(o)do, Vs € [r,t]
Differentiation and the Newton - Leibnitz theorem imply

G'(s) = h(s)g(s) < h(s)G(s) = H'(s)G(s), Vse|r,t]
G'(s)— H'(s)G(s) < 0, Vse]lr,t]



Multiplying the inequality by exp(—H (s)) and observing that
(G'(s) — H'(s)G(s)) exp(—H (s)) = (G(s) exp(—H(s)))

we arrive to

(G(s)exp(—H(s))) <0, Vsc]|rt]
Integrating the last inequality from 7 to t we arrive to

(G(t) exp(=H(t))) < (G(7) exp(—H(7))) = ¢

Therefore we arrive to the Gronwalls inequality:

(G@ﬁgcwmﬂunzcmp(fh@m{)

The case when t < 7 is considered similarly by observing that for ¢t < 7

G(t) = c+/ h(c)(o)do;  H(t) :/ h(o)do, Ys € [t, 7]
Do it as an exercise!
Uniqueness of solutions to I.V.P.

Theorem 2.5, p. 28 L&R

Let (7,€) € J x RN(J x CV). The function x(t) = ®(¢, 7)€ is a unique solution to the LV.P. (1).If y :
J, — RY or (CV) is a another solution to (1). then y(t) = z(¢) for all ¢ € J,,.

Proof.

The fact that z(t) = ®(¢,7)¢ is a solution to I.V:P. follows by construction and from the properties of
the transition matrix function. Only uniqueness must be proved. Consider function e(t) = z(¢) — y(¢) on

the interval J, C J. By linearity it satisfies the equation

e@:/ﬁwmwm,WG@

Applying the triangle inequality for integrals we conslude that

le(®)] < / JA@)] le(o)ll do, Vi € J,

Point out that on an arbitrary bounded closed (compact) interval [a, b] C J, the piecewise continuous A(o)

matrix valued function has a bounded norm ||A(0)|| < K.Therefore for any 7,t¢ € [a, 0]

le()ll S/ K |le(o)lldo, Vi, 7 € [a,b]



and by the simple variant of Gronwall ’s inequality that we proved before, ||e(t)|| = 0 for all ¢ € [a,b] and
therefore y(t) = x(t) for all t € J,,.

0.3 Solution space.

We have considered a particular variant of the following theorem in the case of linear systems of ODEs
with constant coefficients. The formulation and the proof we suggested are based only on the fact that the
set of solutions S;, is a linear vector space and on the property of the uniquness of solutions. We repeat
this argument here again with some corollaries about the structure of the transition matrix ®(¢, 7).
Proposition 2.7 (1), p.30, L&R.
Let by, ..., by be a basis in RY (or CV) and let 7 € J.

Let ®(¢,7) be a transition matrix to the equation

with A(t) being a matrix valued function A : J — RY¥*N (or CV*V) | piecewise continuous on the interval
J.

Then functions y; : J — RY (or CV) defined as solutions
yj<t) = CI)(t7 T)bj

with 7 =1,..., N to , the equation above form a basis of the solution space S;, of the equation.
In particular S;, is N -dimensional and for every solution z(t) : J — RY (or CV) there exist scalars

Y1, ---Yn such that
N
w(t) = vu5(t)
j=1

for all t € J.

Proof

We can just repeat here the proof that we gave earlier. Point out that it is more general than one given
in the book.

Suppose that at some time ¢ solutions y;(t) are linearly dependent. It means that there are constants

{a; }jvzl not all zero such that
N
> ajy(t) =0
j=1

at this time. On the other hand there is a solution that satisfies this condition. It is zero solution x,(t) = 0
for all t.
But then these two solutions must coinside because solutions are unique!!! Namely Zjvzl a;y;(t) =0

for all times including ¢t = 7.Therefore Zjvzl ajy;(t) = SN

=1 a;bj = 0 because b; are initial conditions at

t = 7 for y;. It is a contradiction because vectors b; , j = 1,..., N are linearly independent. Therefore y;(t)

with 7 = 1,..., N are linearly independent for all ¢ in J. B



Example.

Calculate the transition matrix function ®(¢,s) for the system of equations

Ty =tx
xh =11 + txs

Here the matrix A(t) is triangular.
The system of ODE above has triangular matrix and can be solved recursively starting from the first
equation.
The fundamental matrix ®(¢, 7) satifies the same equation, namely
d

a@(t, T) = A@t)®(t,71)

O(r,7) = 1

®(t,7) has columns 7 (t,7) and 7o(¢, 7) that at the time ¢ = 7 have initial values [1,0]” and [0, 17,
10

0 1]

We will use a general solution to the scalar linear equation @’ = p(t)x+g(t) with initial data x(7) =

because ®(7,7) = = [

calculated using the primitive function P(¢, 7) of p(?):

z(t) = exp {P(t,7)} xo + / exp {P(t,s)} g(s)ds



A derivation of this formula using the integrating factor idea follows.

exp{—P(t,7)} 2’ —p(t)exp {-P(t,7)}x = exp{-P

/

@ = plt)r+gt), xo=ax(r)

P(t,7) — / p(s)ds

exp{~P(t, 1)} o’ = exp{—P(t7)}p(t)x +exp {~F(t, 7)} g(1)
(t.7)} 9(t)
exp {=P(t, 1)} o’ + (exp {~P(t, 1)}z = exp{-P(t,7)} g(t)
B} = e {-B@0} o)
/T fexp {=P(s,7)} #(s)] ds = / exp {—P(s,7)} g(s)ds

exp{—P(t,7)} x(t) —exp{—P(7,7)} xy = / exp {—P(s,7)} g(s)ds

exp{—P(t,7)} x(t) —exp {0} xg = / exp{—P(s,7)} g(s)ds

In the equation

exp {P(t,7)} zo + / exp {P(t,7)} exp {—P(s,7)} g(s)ds

exp {P(t,7)} zo + / exp {P(t,7) — P(s,7)} g(s)ds

/:p(z)dz — /Tsp(z)dz = /Ttp(z)dz + /STP(Z)dz _

P(t, s)

exp {B(t. 1)} o + [ exp (Bt 5)} g(s)ds:

Zo

Ty =tmr

the coefficient p(t) = t, therefore P(t,7) = ['sds = (1s?) !: = 1 (> — 7%) and the solution

The second equation

is similar but inhomogeneous:

x1(t) = exp(% (£ = 7))z (7).

Th=1xy+ 11

xo(t) = exp(P(t, 7))xs(7) +/ exp(P(t, s))x1(s)ds.

8



Substituting P(¢, 7) = 3 (t* — 72) we conclude that= exp(3 (t* — 72))za(7) + f: exp(3 (t2 — 72))z1(7)ds

1o(t) = exp(% (=7 +/ exp% t2 —32))exp(% (s> = 7°))a1(7)ds
_ exp(% (& )+ / exp% —))ar(r)ds
And
12(t) = exp(L (£ — %) )al(r) + exp(s (£ — 72))(t — ) (7).

2 2

The fundamental matrix solution ®(¢,7) has columns that are solutions to 2’ = A(t)x with initial data -

1 0
that are columns in the unit matrix: [ 0 ] and uE

Taking z1(7) = 1 and (1) = 0 we get 21 (t) = exp(5 (t* — 72)) with z5(t) = exp(3 (2 — 72))(t — 7)
Taking z1(7) = 0 and 25(7) = 1 we get 21(t) = 0 with 25(t) = exp(5 (t* — 7%)) and the fundamental

matrix solution in the form

O(t,7) = exp(

DN | —

t—71 1

<t2—r2>>[1 0]

0.4 Group properties of transition matrix. Chapman - Kolmogorov rela-

tions.

remeber that in the case with autonomous systems the transition matrix ®(¢,7) = exp ((t — 7)A).

Therefore in this case

O(t,7) = exp{(t—7)A} =exp{(t —0o)A}exp{(c —7)A}
= exp{(t—0)A+ (0 —7)A} = O(t,0)P(0,7)
O(t,7) = P(t,0)P(0,7)

The transition matrix ®(¢, 7) defines a transition mapping ¢(¢, 7, &), that maps initial data ¢ at time
T into the state ¢(t,7,&) = x(t) = ®(t, 7)€ of the system at time ¢.

Let us consider two consequtive solutions of the equation z(t) = ®(¢,7)¢ and y(t) = ®(¢,0) (P(0, 7)¢)
that continue each other in the time point ¢ = o where the second solution y(t) attains the initial state
that is the point where the the first solution z(t) arrives at time ¢ = o. Together with the uniquness
of solutions, this consideration leads to the group property of the transition mapping and the transition
matrix. The group property means that moving the system governed by the equation 2'(t) = A(t)x(¢)
from time 7 to time ¢ is the same as to move it first from time 7 to time o (blue curve) and then to move

it without break from time o to time ¢ (red curve)

(I)(tv 7—)5 = @(t, U) [(I>(0'7 7_)5]

9



Point out that these two "movements" do not need to go both in the positive direction in time as it is
in the picture. One of these movements (or both) can go backward in time. Another observation is that
the linearity of the system was not essential for this reasoning, only the uniqueness of solutions. We will
use a similar argument later for non-linear systems.

We have proven (almost) the following theorem.

Corollary 2.6, p.29 L&R (Chapman - Kolmogorov relations)

Forallt, o, 7€ J

O(t,7) = P(t,0)P(0,7), (5)
o(t,t) = I,

O(r,t)0(t,7) = O(r,7)=1
o(r,t) = ((t,7))" (6)

Proof.

The first statement has been proven already. The second follows from the integral equation for the
transfer matrix. The third one follows from the first two. We apply the first statement ®(¢,7) ®(7,t) =
®(t,t) = I therefore ®(7,t) is the right inverse of ®(¢,7). The same argument for this expression with ¢
and 7 changed their roles leads to that ®(7,¢) is the left inverse of ®(¢,7).1

0.5 Fundamental matrix solution.

Introducing the transition matrix function ®(¢,7) for non-autonomous system of equations was similar to
considering exp(A (t — 7)) for autonomous linear systems. We have got a solution to an arbitrary I.V.P.
by multiplying arbitrary initial data z(7) = £ with the the transition matrix function: z(t) = ®(¢, 7)€.

On the other hand we could construct a general solution to an autonomous linear system just by taking

10



a linear combination of N linearly independent solutions to the system, because the dimension of the
solution space is equal to V.

The situation is exactly the same for non-autonomous linear systems with the difference that we in
general cannot find a basis for the space of solutions analytically. It is possible only in some particular
cases, for example for a triangular matrix A(t).

Definition.

The functon t — W(¢) € R™*"is called the fundamental matrix solution for the system 2’ = A(t)z,
x € R™ if it’s columns Wy (t), k = 1,..., N are linearly independent solutions to the system (and therefore
build a basis to the solution space): W (t) = A(t)Ux(t)

It follows from the definition of the matrix product that

with an arbitrary constant vector C' € RY.

The fundamental matrix solution W(¢) is an invertible matrix for all ¢ because it’s columns are linearly
independent for all ¢.

There is a simple connection between an arbitrary fundamental matrix solution W(¢) and the transition
matrix O(t, 7).

Proposition 2.8 , p. 33

®(t,7) = V()T (1)
Proof.
The product X (¢,7) = V()@ !(7) satisfies the equation

X'(t,7)=A@t)X(t,7)

in all points t € J where A(t) is continuous, because each column in ¥(¢) does it. On the other hand
U(7)¥U~L(7) = I. Therefore X (t,7) = ¥(t)¥~!(7) satisfies the integral equation

X(t,7)=1+ /tA<O')X(O',T)dU

in all points ¢ € J because each column in () does it. The same equations are satisfied by ®(¢, 7). By
the uniqueness of solutions to linear systems ®(¢,7) = X (t,7) = U(¢t)¥ (7).

This proposition shows another way to calculate the transition matrix solution, because sometimes it
is easier to find some basis for the space of solutions and to put it into a matrix W(¢) instead of solving
the matrix equation for ®(¢, 7).

Point out that it is easy to find a solution to the equation for W, (¢) with initial data W,(7) = I. For

11



such a solution the formula connecting ®(¢,7) simplifies to ®(¢,7) = U, (t) because ¥ !(7) = I.

0.6 Abel - Liouville’s formula.

Lemma about the derivative of a determinant of a matrix valued function.
Let B : J — RY*Y be differentiable. Then the derivative of it’s determinant satisfies the following

formula

(det(B(t)) =) det (Ux(B))

where matrices Ug(B) have the same columns by () as the matrix B(t) = [by(¢), ..., by (t)] except the k -th

column exchanged by the column of derivatives of the k-th column in B(t).

UL(B) [bla),..., [%bk(t)} ,...,bN@)]

A similar relation can be written for rows instead of columns.

An elementary proof can be carried out using the definition of derivative as a limit of a finite differ-
ence and repeated application of the addition formula for determinants. Prove it as an exercise on
properties of determinants!

Consider a homogeneous linear system of ODEs z/(t) = A(t)x(t) and N solutions y;(t), y2(t),....yn ()

to it. Consider the matrix Y (¢) having these solutions as it’s columns:

Y (t) = [ya(t), ya(t), ..., yn(t)]

Definition.
The determinant

w(t) = det Y'(t) = det [y2(£), y2(t), ., yn ()]

is called Wronskian associated with solutions y; (), y2(t), ..., yn (%)

Proposition 2.7 part (2) - Abel - Liouville’s formula
Wronskian w(t) associated with solutions y; (), y2(),...,yn(t) to the system a'(t) = A(t)z(t) satisfies

the following relations:
w(t) = w(r)det &(t, 7)

In points ¢ where A(t) is continuous it satisfies the differntial equation

w'(t) = tr(A(t))w(t)

12



and therefore with initial value for w(7) at time 7 :

for all t € J.O

Proof.
We use here that yi(t) = ®(¢, 7)yx(7) and therefore Y (¢) = ®(¢, 7)Y (7). It implies that

w(t) =detY(t) =det Y (7)det ®(¢,7) = w(r) det (¢, 7)

giving the first statement of the Proposition.

We denote by ¢, (t) columns in ®(¢,7), so that ®(¢,7) = [p1(t), ps(t), ..., on(t)].Then we apply the
Lemma about the derivative of a determinant of a matrix valued function to the case B(t) =
®(t, 7). A direct substitution implies that

g (det (¢, 7) Zdet (U (P Zdet ({ ..,%(gpk(t)),...,@N(t)D

where the k-th column in Uy (®(t,7)) is & (¢,(t)) and other columns are columns ¢,(t), j # k, j =1,..N
from ®(t, 7).
D (p(t)) = A(t)py(t), because ¢, (t) are solutions to the system z'(t) = A(t)z(t). We assume here

that 7 is not a point of discontiuity for A(¢). It leads to the more explicit expression:

g (det ®(t, 7) Zdet (Ur(® Zdet ©1(t), ey A(@p(t)) 5.y on()])

Setting ¢ = 7, into the last formula for we arrive to

= (det @(t, 7))

= Z det ([61, e A(T)ek, e GN])
t=r  j=1

because ®(7,7) = I = [eq, ..., €k, ..., en]. Observe that A(7)e;, = [A(T)],, - is the k-th column in A(7).Matrices
under the determinant sign in the last formula are diagonal with all elements equal to one except one equal
to [A(7)],. Its determinant is the product of diagonal elements det ([ey, ..., A(T)ey, ..., en]) = A(T)gx. Therefore

0
= (det &(t,7))

N
= det([er, ..., [A()] ZAM ) = trA(r)
=17 k=1
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10 As 0 0]

0 1 A3y 0 0
deter, ..., [A(T)],,..,en] = det | 0 0 A3 0 0|, k=3

0 0 Aiz 1 0

0 0 As3 0 1 |

= 1><1XA33X1X1:A33
Therefore
w'(1) = w(r)trA(r)

The argument given here applies to any 7 € J that is not a point of discontinuity for A(¢). The expression

t
w(t) = w(T)exp (/ tr(A(s)ds)
w(t) = detY(t)

follows by integration of the differential equation for w(t) using method of integrating factor applied to a

scalar first order linear equation.ll

Interesting observations with application of Abel - Liouville’s formula.
The geometric meaning of determinant det(C) of the matrix C' = [¢y, ...cx]| with columns ¢y, ...cy is

volume of the parallelepiped V' build on vectors ¢y, ...cy :
|det(C)| = vol (V)

One can define V' formally as V' = {:c cRY: 2= fo:l agcr, ag € (0,1, k=1, ,n} :
It implies that the Abel - Liouvilles formula gives an exact description of how for example the volume
of a unique cube build on standard basis vectors ey, ...,ey given at the initial time 7 is changing by the

"flow" described by the transition matrix function ®(¢, 7).

0.7 Non-homogeneous linear systems and Duhamel’s formula in general case.

We consider the I.V.P. for non-homogeneous linear system
() = A)x(t) +b(t), z(r)=¢&, (1,6) € JxRY(J xC")

We suppose here that A : J — R¥*Y (or CV*¥) is continuous or piecewise continuous and denote
by ®(¢,7) the transition matrix function generated by A(t). We rewrite the I.V.P. for the system also in

integral form t
o) =€+ [ (A@)a(o) + blo)) do.

that allows to consider continuous solutions in the case when A is only peacewie continuous. In this case

solutions satisfy the differential form of the problem in time points outside of discontinuties of A.
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Theorem 2.15, p. 41 L&R
Let (7,€) € J x RY.The function

x(t) = ®(t, 7)€ +/ O(t,0)b(o)do,

is a unique solution to the I.V.P. above.
Proof. A simpler proof can be given for points ¢ outside the discontinuties of A.
Apply the Chapman-Kolmogorov relation to the transition matrix under the integral: ®(¢,0) =

®(t,0)®(0,0) and calculate derivative of the integral in the expression for the solution.

% ( / t@(t,a)b(a)da)

_ %(/j@(t,o)@(oag)b(g)dg> == (q)(t,O) /TtCI)(O,o)b(U)da)

d
_ (%@(t’0)> /th>(0,a)b(a)da+ <<I>(t,0)% (/th)((),(f)b(d)da))
)

= AB(t,0) / t(b(O,a)b(a)da+ O(t,0)(0, t)b(t

Observe that by Chapman -Kolmogorov relation ®(¢,0)®(0,t) = ®(¢t,t) = I, and ®(¢,0)®(0,0) =

®(t,0). It implies simplifications in the last formula and finally

% < / t@(t,a)b(o)da) —A < / a1, a)b(a)da) (1)

Therefore f: ®(t,0)b(0)do is the solution to the inhomogeneous equation with initial condition zero.
Together with the solution ®(¢, 7)¢ to the homogeneous equation, satisfying the initial condition ® (7, 7)§ =
¢ we conclude that z(t) = ®(t, 7)€ + f: O (t,0)b(0)do, is a solution to the I.V.P. above. The uniqueness
follows if we consider difference between two solutions x(t) and y(¢) with the same initial condition:
z(t) = z(t) — y(t) that evidently satisfies the homogeneous equation z'(t) = A(t)z(t) and the zero initial
condition z(7) = 0. The known result for homogeneous linear systems based on Grénwall’s inequality
implies that z(¢) = 0 on J.

Another proof based on the integral formulation of the problem and on the explicit checking that z(t)

expressed as in the formulation of the theorem satisfies it, is given in the book on the page 41.

1 Systems with periodic coefficients: Floquet theory

We consider here linear homogeneous systems of ODE’s with J = R and a continuous or piecewise contin-

uous matrix A : R — RY*N (or CV*V) with period p > 0:

2(t) = AD)x(t), Alt+p)=A(t), VteR
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Let ® be a transition function generated by a periodic A(t).
Shifting invariance property.(formula 2.31, p. 45 in L.R.)

We are going to prove an important shifting invariance property of this transition matrix function,
namely that

Ot +p,7+p)=2(t 1) (8)
Structure of the transition matrix for a time interval including a finite number of periods.
(formula 2.32, p. 45 in L.R.)
(Motivation to introducing the monodromy matrix)

Another property specifying further how the periodicity of the system influences properties of solutions.

Ot +p,7) = B(t,0)B(p, 0)(0, 7) 9)

O(t+np,7)=d(t,0)[P(p,0)]" ®(0,7) (10)

for any (t,7) € R x R.

Definition of the Monodromy matrix

The matrix ®(p,0) for a periodic linear system with period p is called the monodromy matrix (this
standard notion is not used in the book)

Proof of the shifting invariance property.

This first property is untuitively clear.

The matrix ®(¢, 7) satisfies the equation

0
g(b(t, T)=A(t)®(t, 7)

=1.
The matrix ®(t + p, 7 + p) satisfies the equation

with initial condition , ®(¢,7)],_.

0
E(I)(ter,Ter):A(t+p)<1>(t+p,r+p)

with initial condition , ®(¢t + p, 7 + p) =1.

Now we observe that A(t) = A(t + p). Substituting it in the second equation we get the equation

|t:7'

0
5 240,74 p) = AB)R(E+p,7+p)

with the same initial condition, ®(7 + p, 7 + p) = I on the interval t € [7,1).

It implies that ®(¢, 7) and ®(t+p, 7+p) satisfy in fact the same equation with the same initial conditions
®(t+p,7+p)|,_, =1 . The uniquness of solutions implies that they must be equal: ®(t +p,7+p) =
O(t, 7).

A prove using the integral form of the equation is presented in the course book.H

Proof of the structure of the transition matrix for periodic system
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The proof is based on a combination of the shifting property with the Chapman-Kolmogorov relations.

ot +p,7) "L Bt 4 p, 7+ p)B(r +p,7) " B(t,7)O(7, 7 — p)

L @1, 7)@(7,000(0,7 — p) "L a1 0)@(p, )

hEl B (¢,0)D(p, 0)D(0, 7)

The second equality for the shift np in n periods p in time is derived by the repetition of the last

argument and induction

Ch.—Kol. Shift

O(t +np, 7+ np)®(r +np,7) = (t,7)P(1, T — np)
t,7)®(r,0)8(0, 7 — np) =" B(t,0)8(np, )
t,0)®(np,0)®(0, 1)

O(t + np, 1)
Ch.—Kol. (

o
Ch.—Kol. B(

and from the observation that ®(np,0) = ®(np,np — p)...°(kp, kp — p)...2(2p, p)®(p,0) = [®(p,0)]" that
follows from the Chapman-Kolmogorov relation and from the fact that ®(¢,0) satisfies the same equation
on each interval [kp, (k + 1) p], (shift invariance property) because A(t) = A(t + p) is a periodic matrix
with period p.

[

Example illustrating ideas of Floquet theory on a scalar linear equation.

Consider the following scalar linear equation with periodic coefficient A(t) = (sin(4t) — 0.1) with period

p = 0.57:

d
d—f = (sin(4t) — 0.1) z,

We will find the monodromy matrix for this simple equation and demonstrate all objects related to the
Floquet theorem.

The exact general solution is:
x(t) = C'exp (—0.25 cos (4t) — 0.1¢)

with arbitrary constant C', can be found by the method with integrating factor.

To find the solution equal to 1 at ¢ = 0 that is the transfer "matrix" in the scalar case, we calculate
the expression exp (—0.25 cos (4.0t)) e~ **|,_, = 0.7788 and choose C' = =iz in the expression for the
general solution x(t).

The transfer "matrix" is:

o(t,0) = exp (—0.25 cos (4.0t)) e

1
0.7788

The period of the coefficient in the system is p = 0.57 and the monodromy matrix is ®(p,0) =
®(0.57,0):

17



®(p,0) = g7rgg exp (—0.25 cos (4.0t)) e 0| _ . =0.85464
The eigenvalue p of the (1x1) "monodromy matrix" ®(p,0) coinsides with it’s value: © = 0.85464 < 1
and is strictly less than 1.

Consider the logarithm G = In (®(p,0)) of the monodromy matrix ®(p,0):

_ _ _ —0.1t _
G=In(®(p,0)) = 111(0.7788 exp (—0.25cos (4.0t)) e ") . 0.15708
_ G _ =0 _
F=0==00170 _ 0] <0
Therefore the eigenvalue A = —0.1 of the "matrix" F' = %G is negative.

The transfer matrix to the system
y'(1) = Fy(t)
is
G
exp(Ft) = exp(t—) = exp(—0.1¢).
p

Compare black and green graphs for exp(t ) and for ®(¢,0) = 57tz5 exp (—0.25 cos (4.0t)) e %1 . Observe
that exp(tg) and ®(¢,0) coinside in pomts t=pn=(05m1)n,n=1,23..

Introduce a "corrector" multiplicator O(¢) introduced so that

®(t,0) = O(1) exp(t%)

Observe that

o(t) = 077gg P (—0.25 cos (4.0t))

is a p = 0.57 - periodic function equal to 1 in all points ¢t = pn = (0.57)n, n = 1,2, 3...(red graf).

157

1.257]

11

0.75T

05T

0.25T

We are going to observe soon that a similar representation of the transfer matrix ®( ¢, 0) is possible for

an arbitrary periodic linear systems of ODEs and for it’s transfer matrix ®(¢,0).
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The main idea of the Floquet theory.
The monodromy matrix ®(p,0) is a particular transition matrix that maps initial data at time 7 = 0
to the state of the system after one period p. A particular property of this matrix in the case of periodic

systems is that similar the mapping to the state at the time ¢ = np equal to n periods is just

This property is similar to properties of autonomous linear systems where ®(¢,0) = exp(At) and

therefore

®(n - p,0) = exp(A(n - p)) = [exp(A(p))]" = [®(p,0)]" (11)

that follows from the factorisation property of the exponent of two commuting matrices:
exp(A + B) = exp(A) exp(B)

In the case of periodic systems this factorisation applies only for shifts in time that are integer numbers
of periods. But it is still a remarkable property. The behaviour of solutions is described by a repeated

multiplication by a constant matrix in certain time points: p, 2p, 3p, ...:

z(np) = [®(p,0)]"¢, n=0,1,2,..

The first idea of the Floquet theory is to represent z(np) at times ¢ = np similarly as for autonomous

systems, namely with the help of an exponent of some constant matrix F' times the time argument: ¢t = np.
z(np) = [®(p,0)]" £ = exp(np F){ = [exp(p F)]" ¢
It means that the matrix F' in such representation must satisfy the relation
®(p,0) = exp(pF).
Therefore the matrix pF must be something like the logarithm of the monodromy matrix:
pF = log(®(p,0))
Definition. A matrix G € CV*¥ is called a loragithm of the matrix H € CV*V if
H = exp(G)

We write in this case G = log(H).
We are going to prove soon that for any non-singular matrix H there is a logarithml log(H) in this

sense. Point out that the monodromy matrix ®( p,0) is always non-singular, because columns in a transfer
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matrix ®(¢,0) are always linearly independent.
The logarithm of a matrix is not uniquely defined in the same way as it is not unique for complex and
real numbers z:
In(z) = In(|z|) + i arg(z) (12)

because the argument arg(z) of a complex number is defined only up to 27k, k = +1,£2, ....

One can choose a unique branch for the logarithm function, called the principle logarithm or Log (2)
by choosing the argument in the last formula (12) only in the interval [0, 27).

We will suspend the discussion of matrix logarithm now and will consider first an application of it to
the analysis of solutions to periodic linear systems of ODEs.

The main idea in the Floquet theory is the "approximation" of the transfer matrix ®( ¢, 0) for a periodic

linear system with matrix A(t) = A(p +t) by the transfer matrix exp (¢ F') for an autonomous system

with the constant matrix F' = [%G} where

G = log(®(p,0)) (13)
exp(G) = ®(p,0) (14)
exp(pF) = @(p,0) (15)

exp(npl) = [®(p,0)]" = @(np,0) (16)

These two transfer matrices coinside in points t = 0, p, 2p, 3p, ...

®(np,0) = [®(p,0)]" = exp ((np) [F]) (17)

The deviation of ®(¢,0) from exp (¢t F') in intermediate points within one period can be expressed by a
factor ©(t) so that
O(t,0) = O(t)exp (tF)

The matrix function ©(¢) must be equal to the unit matrix I in the points t = 0, p, 2p, ... because in these
points these two transfer functions coinside by construction, see (17).
The exact formulation of the properties of such factorization is given in the following Theorem by

Floquet.
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Theorem 2.30 , p. 53. Floquet theorem
Let G € CV*N be a logarithm of the monodromy matrix ®( p,0).

G = log(®(p,0))

There exists a periodic with period p piecewise continuously differentiable function ©(t) : R — CN*V

with ©(0) = I and O(t) non-singular (invertible, all eigenvalues are non-zero) for all ¢, such that
t
®(t,0) = O(t) exp (—G> , VteR (18)
p

Proof.

We remind the main property (9) of the monodromy matrix for 7 = 0:
(t+p,0)=2(t+p,p)®(p,0) = 2(¢,0)2(p,0)

where we applied first the Chapman Kolmogorov relation (5) and then the shift invariance (8) of the
transfer matrix function ®(t,7) for a periodic linear system

We denote I—I)G by F' for convenience, so that G = pF', and define the function O(t) after the desired
relation (18)

O(t) = ®(1,0) exp (—éG) — ®(,0) exp (—tF)

The function O(t) is well defined in such a way. The problem is to show that it has desired properties:
p - periodicity and satisfies initial conditions.

We remind that ©(0) = I and even O(np)= I for alln =0,1,2,3, ...

®(t,0) is piecewise contiuously differentiable or contiuously differentiable depending on if A(t) is piece-
wise continuous or continuous. Therefore O(t) has the same property because exp (—]%G) is continously
differentiable. O(¢) is also invertible for all ¢ as a product of two invertible matrices ®(¢,0) and exp (—tF).

We check now that ©(t) is p - periodic, namely that ©(¢t + p) = O(t) for all ¢ € R.

O(t+p) = @(t+p,0)exp(—(t+p)F)
2(0,p)

—
= ®(t+p,0)exp(—pF)exp(—tF) = ®(t+ p,0)exp (—G) exp (—tF)

We remind that exp(G) = exp(log(®(p,0)) = ®( p, 0), therefore exp (—G) = (exp (G)) ™" = ®(p,0)"! =
®(0,p). Therefore, using the main relation for the monodromy matrix (??) ®(t+ p,0) = &(¢,0)®(p,0)
together with the relation exp (—G) = ®( 0, p), we arrive to

®(p,p)=I
def

—N—
O(t +p) = ©(1,0)2(p, 0)2(0,p) exp (—1F) = (1,0) (1) exp (—1F) = O(1),

where we also used that ®(p,0)®(0,p) = I in the last step. Therefore ©(t) is periodic with period p.H
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1.1 Logarithm of a matrix. Existence and calculation.

We will formulate a theorem and give a proof to it (simpler than in the book) about the existence of a
matrix logarithm.

Definition

The matrix G is a logarithm of matrix H or G = log(H) if exp(G) = exp(log(H)) = H.

Consider a nonsingular matrix H and it’s a canonical Jordan form J:
H=TJT
where T is invertible matrix. Then if there is Q@ € CV*¥ such that exp(Q) = J that means

Q = log(J), J = exp(Q)

then according to the properties of the exponent of similar matrices, and the definition of matrix logarithm

H = TJT ' =Texp(Q)T " = Texp(log(J))T ™' =
= exp (T'log(J)T") o exp(log(H))

and
log(H) = Tlog(J)T™*

where we used that if A =TBT~! then exp(A) = T exp(B)T .
It means that to calculate logarithm of an arbitrary matrix H it is enough to calculate the logarithm

of it’s Jordan canonical form. For H = T JT !
log(H) = Tlog(J)T™*

Definition.
We say that G is a principal logarithm G = Log(H) of the matrix H if G is a matrix logarithm of H

and

o(H) = {exp(\): Xeoa(G)}
o(G) = {Log(u): peo(H)}

where Log(u) is the scalar principal logarithm:
z=e83): arg(Log (2)) = Im(Log (2)) € [0, 2n).

This definition implies the explicit one to one correspondence between eigenvalues to H and eigenvalues
to G. Essentially the second relation is non-trivial.

Theorem.Proposition 2.29, p. 53.

If H € CN*¥ is invertible, then there exists a principle logarithm Log (H).
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Proof.

We have established above that it is enough to investigate existence of logarithm for the similar canonical
Jordan form J of the matrix. So without loss of generality we may assume that H is canonical Jordan form
J. Exponent of a Jordan matrix consists of exponents of it’s blocks. Therefore it is enough to establish
the existence of logarithm for each Jordan block J; in J, j = 1,...,s where s is the number of distinct

eigenvectors to [ and J; has size n; x n;

> = e

ja)

ja)

>
<

Jp =X\ <I + %/\G) where

0
0 0

(=1t
p

From the classical Maclaurin series for log(1 + z) = > zP valid for |z| < 1, and for exp we get
p=1

exp(log(l+z))=1+=

We formally write the Maclaurin series for log(1 + %j\/}) :
1 e S A
log <I+>\_;A/J) - Z T (/\_JA/J)
p=1

and observe that the Maclaurin series for log(1 + %/\f]) is a finite sum because all larger powers of N in

the series cancel. We have therefore that

1 1
exp (log (I+ )\_/\G)> =1+ /\—/\/J
j j

and
exp (log(\;)T) exp <log (I + %M))
j

exp (log()\j)l+ log <I+ i./\/})) = )\ (I + i/\/})
Aj Aj
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We define

_ +1 p
Gy Zlog )T+ Y (=1r (ij\/j)
p Aj

Then we check that this expression G; is actually a matrix logarithm log (.J;) for the Jordan block J; by
checking that is satisfies the definition of the matrix logarithm. Point out that the diagonal matrix log(\;)/
commutes with any matrix. Therefore applying formula exp(log(1 + x)) = 1 + z for series for exp(z) and

log(1 + x) to similar converging series of commuting matrices we arrive to the desired relation.

exp(G;) = exp <log()\j)[+ ]2: (=0 <)\l/\f])p)

p j

nj—l

= exp (log(Aj)I)) exp (Z % (%NJ) )

p=1

= exp (log(\;)I) exp <log <I + %A@)) =\ <I + /\i./\/']> =J;
j j

In the Jordan canonical form J eigenvalues stand on diagonal and are easy to control. All calculations
that we have carried out are correct because \; # 0. We can choose logarithms log()\;) in these calculations
as principle values of logarithm Log(};). In this case the logarithm of J; will be principal logarith, because
there will be one to one correspondence between eigenvalues \; to J; and eigenvalues Log ();) to Log (J;)
that are diagonal elements in corresponding matrices. They will have the same algebraic multiplicity and
the same geometric multiplicity 1 (one linearly independent eigenvector for each Jordan block)

Therefore the existense of the principal logarithm is established also for J and for H, that is a matrix
similar to J. The same correspondence as above is valid for the eigenvalues to H and to Log(H) because
eigenvalues to similar matrices H and J are the same. The number of linearly independent eigenvectors

corresponding to each distinct eigenvalue (geometric multiplicity) will be also the same.l
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1.2 Floquet multiplicators and exponents and bounds of solutions to peri-

odic systems. equations.

Definition.

Eigenvalues of the monodromy matrix ®(p,0) are called Floquet’s multipliers or characteristic
mutipliers.

A Floquet multiplier is called semisimple if it is semisimple as an eigenvalue to the monodromy matrix
o (p,0).

Definition.

Eigenvalues of the logarithm of the monodromy matrix are called Floquet’s exponents or characteristic

exponents.

Theorem 2.31, p.54 on boundedness and zero limits of solutions to periodic linear systems.

1) Every solution to a periodic linear system is bounded on R if and only if the abosolute value of each
Floquet multiplier is not greater than 1 and any Floquet multiplier with absolute value 1 is semisimple.

2) Every solution to a periodic linear system tends to zero at ¢ — oo if and only if the absolute value
of each Floquet multiplier is strictly less than 1.

Proof.

By Floquet theorem any solution x(t) to system

2'(t) = At)x(t), Alt+p)=A@{),VteR (19)
satisfying initial conditions
z(r) =€
is represented as
y(t)
——
x(t) = O(t,7)§=0O(t) exp(tF)P(0,7)¢ = O(t)exp(tF)¢
= O()y()

where

F= %Log(@(p, 0)), ¢=®(0,7).

©(t) is a p - periodic continuous or piecewise continuous matrix valued function. ©(t) is invertible for
all £.
We define y(t) = exp(tF)( as a solution to the equation

y'(t)=Fy, y(0)=¢ (20)

y(t) = ©7Yt)x(t), and z(t) = O(t)y(t). The mapping O(t) determines a one to one correspondence

between solutions z(t) to the periodic system (19) and solutions y(t) to the autonomous system (20).The
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periodicity and continuity properties of ©(t) and ©~!(¢) imply that there is a constant M > 0 such that
19(t)]| < M and ||©7'(t)|| < M for all ¢t € R. It implies that ||z(¢)|| < M |ly(¢)|| and ||ly(¢)]] < M ||z(¢)]|.
Therefore
1)||z(t)|| is bounded on R, if and only if corresponding ||y(t)|| = |lexp(t£)(|| is bounded on R,.
2) ||z(t)|] — 0 when ¢t — oo if and only if corresponding ||y(t)|| — 0 when ¢t — oo.
Since Log (®(p,0)) = G = pF, and ®(p,0) = exp(pF) it follows that

o (®(p,0)) = {exp(Ap): Ae€oa(F)}
o(F) = {}?Logm w e o(@(p, o>>}

and that algebraic and geometric multiplicities of each A € o(F) coinside with those of exp(p)\) €
o (®(p,0)) .We use now that

Log(s) = In(j2])+iarg(2)
exp(z) = exp(Rez)(cos(argz) + isin(arg z)

The following connections between properties of Floquet multipliers and propertis of corresponding
eigenvalues to the matrix F' = I%Log@( p,0)) are a direct consequence:

a) The Floquet multiplier u € o(®(p,0))has|u| < 1 if and only if ReLog(x) < 0 that is if the
corresponding eigenvalue A = %Log(u) to F' has Re Log(u) < 0.

b) The Floquet multiplier 1 € o(®(p,0)),has |u| < 1 if and only if ReLog(x) < 0 that is if the
corresponding eigenvalue A\ = Z—leog(u) to F' has Re Log(u) < 0.

c) The Floquet multiplier u € o(®(p,0)), with |u| = 1 is semisimple if and only if the corresponding
eigenvalue A = %Log(u) to F' having Re Log(x) = 0 is semisimple.

Known relations between properties of solutions to an autonomous system and the spectrum of corre-
sponding matrix applied to the system y/(f) = F'y and to the spectrum o(F') of the matrix F' together
with statements 1),2), a),b),c) in the present proof imply the statement of the theorem.H
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Proposition 2.20. p. 45. On periodic solutions to periodic linear systems

The system z/(t) = A(t)z(t) with p - periodic A(t) = A(t + p) has a non-zero p - periodic solution if
and only if the monodromy matrix ®(p,0) has an eigenvalue A = 1. A more general statement is also valid.

The system has a non-zero n p - periodic solution for n € N if and only if the monodromy matrix ®(p, 0)
has an eigenvalue A such that \" = 1.0J

Proof. Consider an eigenvector v corresponding to this eigenvalue A. Then v # 0, ®(p,0)v = Av and
[@(p,0)]"v=\N'v=0

We will show that the solution to the system, with initial data x(0) = v has period np. This solution
is given by the transition matrix: z(¢) = ®(¢,0)v. Using this representation and applying the factorisation

property of transition matrices for periodic systems we arrive to
z(t +np) = ®(t +np,0)v = &(¢,0) [®(p,0)]" v =O(¢,0)v =2(t), VteR

It shows that x(t) is periodic with period n p.
Supposting that there is a periodic solution x(t + np) = x(t) and repeating the same calculation
backwards we arrive that z(0) = v is an eigenvalue corresponding to an eigenvalue A such that A" = 1.
Carry out this backward argument as an exercise!
[
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Corollary 2.33, p. 59
We consider a periodic linear system z/(t) = A(t)z(t), A(t + p) = A(t).
If f(f tr(A(s)ds has a positive real part, then the equation has at least one solution z(t) that is un-

bounded, or formulating it more formally, the upper limit of it’s norm is infinity: limsup,_, . [|z(t)|| = coO
Proof.

We remind that the transfer matrix ®(¢, 7) satifies the initial value problem:

—d(t,7) = A@)P(¢,7)
O(r,7) = 1

Arbitrary solution to the initial problem z/(t) = A(t)x(t), x(7) = £ will be expressed as
z(t) = ®(t, 7)¢

According to Abel - Liouville’s formula and considerations before

|det(®(¢,0) )] =

exp ( /0 t tr(A(s)ds)

Therefore, if Re (f; tr(A(s)ds) > 0 then

det(®(0,0)) exp ( /O t tr(A(s)ds)

exp (Re < / t tr(A(s)ds))‘

|det(@(p, 0))] =

exp (Re /Op tr(A(s)ds)’ > 1.

On the other hand det(®(p,0)) is a product of eigenvalues i, to the monodromy matrix ®(p,0) with

multiplicities my, (it follows from the structure of similar Jordan matrix)
[det(@(p, 0) = [ ] lrss™ > 1
k=1

To have this product greater than 1 we must have at least one eigenvalue p, with | up} >1. There-
fore, according to one of Floquet theorems, there is a solution xz(t) that is not bounded and therefore
limsup,_, . ||z(t)|| = co. B

For example we can choose the initial condition z(0) = v, with v, being the eigenvector to ®(p,0)

corresponding to the eigenvalue ‘up‘ > 1.Then the solution

xz(t) = @(t,0)v,
®(np,0)v, = [2(p,0)]" v, = (,up)nvp
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with |p1,| > 1. Therefore z(t) is unbounded and lim sup,_ ., [|z(t)|| = occ.

We give also a geometric interpretation of this result. Consider a unite cube build on standard base
vectors ey, ..., ey at time t = 0. Consider how the volume Vol(t) of this cube changes under the action of the
linear transformation by the transfer matrix ®(¢, 0) of our periodic system. Point out that I = [ey, ..., exn] It
implies that the figure of interest is the parallelepiped build on columns of the transfer matrix ®(¢,0).One

of the main properties of periodic system is that ®(np,0) = [®(p, 0)]". Therefore

Vol(np) = |det([®(p, 0)]" )| = |det([(p,0)] )|" = [GXP (Re ( /Op “”(A(S)ds))] "

If Re ([ tr(A(s)ds) > 0 then exp (Re ( [y tr(A(s)ds)) > 1. It implies that

lim Vol(np) = oo

n—oo

Therefore along the sequence of times{t = np, n=1,2,3,...} Vol(np) is unbounded. It implies also
that

lim sup ||[Vol(t)|| = oo
t—o00

The fact that lim, ., Vol(np) = oo implies that the diameter D(n p) of the parallelepiped build on
columns of ®(n p,0) calculated at these discrete time points, is also unbounded sup lim,, o, D(np) = oo.

It in turn means that there should be a solution that has the property limsup,_, . ||z(t)|| = oc.

29



3.5 Linear Systems with Periodic Coeflicients

In this section, we shall study the linear periodic systems
' = A(t)z, A(t) = (a;(t)) € R™*", (LP)
where A(t) is continuous on R and is periodic with period T, i.e., A(t) =

At +T) for all £. We shall analyze the structure of the solutions z(¢) of
(LP). Before we prove the main results we need the following theorem con-

cerning the logarithm of a nonsingular matrix. .

Theorem 3.5.1 Let B € R™ "™ he nonsingular. Then there exists A €
C™*", called logarithm of B, satisfying e* = B. ' '

Proof. Let B = PJP™! where J is a Jordan form of B, J = diag




LINEAR SYSTEMS 63

[ A1 i X 1 0
- 0 s X700
Jo = and J; = e Cmirhi,
0 K 0 1
B Ak.. B )\z_
3=1,-++,8

Since B is nonsingular, A; # 0 for all 4. If J = ¢ for some A € C™™ then
it follows that B = PeAP—t = ¢PAP™ def LA Hence it suffices to show
that the theorem is true for Jordan blocks J;, 4 =1,-+,s. Write

0 1 0
1 ‘
Ji = N (I—E——Ni), N; =
Ai .
-1
0 0
Then N** = O. From the identity
o0
—1)p+1
log(1 + z) -——Z (=1) zP, |z| <1
p=1
cand
elos0to) =1 4 g, | (3.11)

we formally write

log J; = (log X\;)I + log (I+ )\%Nz)
(3.12)

00 _1yp+1 NP
= (log M) + > pma L%— (1)\{—) :

From (3.12) we define

' ni—1
(-1t AN
A; = (log M) + ) ( ; (:\—) .

p=1
Then from (3.11) we have

o = exp((log e (i L @-)) Y (1+55) = 2

p=1
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Lecture notes on non-linear ODEs: existence, extension, limit sets, periodic
solutions.
Plan

1. Peano theorem on existence of solutions (without proof), Theorem. 4.2,
p. 102.

2. Existence and uniquness theorem by Picard and Lindelof . Th. 4.17,
p. 118 (for continuous f(t,z), locally Lipschitz in ), (Proof comes in the last
week of the course)

Th.4.22, p.122 (for piecewise continuous f(t,z), locally Lipschitz in z).

3. Maximal solutions. Openness of the maximal existence interval. Prop.
4.4., p. 107.

4. Existence of Maximal solutions. Theorem 4.8.

5. Extensibility of bounded solutions to the boundary time point of the
interval. Lemma 4.9, p. 110.

6. Corollary 4.10, p. 111, on solutions enclosed in a compact, implying
"infinite" maximal interval.

7. Properties of limits of maximal solutions. Theorem 4.11, p. 112 on
the property of solutions with "finite" maximal interval I,.., to escape any
compact subset C in the space domain C cG.

8. On infinite existence interval for systems with linear growth estimate
for the right hand side. Proposition 4.12, p. 114.

9. Transition map. Definition p. 126. Transition property of the transition

map. Translation property for autonomous systems.
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Theorem 4.26, p. 126. (similar to Chapman - Kolmogorov relations for
transition matrix)

10. Openness of the domain and smoothness of transition map.Theorem
4.29, p. 129.

11. Autonomous systems. §4.6.1. Example 4.33., p. 139. of a transition

map.



0.1 Non-linear systems. Existence and uniqueness of solutions.

Second half of the course deals with initial value problems for non-linear systems of ODFE’s,
non-autonomous:

()= f(t,x), [f:IxG—R" z(r)=¢ (1)

with J C R - an interval, G C R", open, 7 € J, £ € G, f- continuous in J x G, and

autonomous systems of ODFE’s:

d(t)=f(z), f:G—-R% a(r)=¢ (2)

that are a particular case of (1) with G C R™, open, 7 € J =R, £ € G, f- continuous in G,
where the right hand side f in the equation is independent of the time variable ¢ running
over the whole R. The practical meaning of this kind of systems is that the "velocity" f
of the system depends only on the position x, but not on time ¢. So independently of the
starting time 7 the output z(¢) of an evolution depends only on the shift in time ¢t — 7. It
lets to choose always 7 = 0 for autonomous systems.

In many situations the equivalent integral form of I.V.P. is convenient to use:

() =€+ / £(s,2(s))ds (3)

Another option for requirements to f that is considered in the book by Logemann Ryan
is that f is supposed to be piecewise continuous in ¢ and locally Lipschitz with respect to

x. We will not consider this case systematically in this part of the course.
Fixed point problems

The existence of solutions to abstract non - linear equations in the form of a so called
fixed point problem
z=B{z}

for an operator B : H — H defined on a complete vector space H (Banach space) is resolved

by one of two general methods.



1. Compactness principles. One of examples of this scope of ideas is the theorem by
Schauder. For a continuous operator B : K — K defined on a convex closed subset K of H
and mapping it to a compact set B{K}, there is at least one fixed point z in K that is a
solution to the equation z = B{z}.

2. Banach’s contraction principle. Convergence of successive approximations: z,.1; =
B{z,} to a fixed point for a "small" operator B.

The fundamental question of existence of solutions is answered by the following Peano
theorem (with possibility of non-uniqueness of solutions)

Theorem 4.2, p. 102. Peano theorem.

For each (7,¢) in J x G there exists at least one solution to (1) defined on a (possibly
small) time interval I C J, 7 € I.

This result implies also the solvability of the problem (2) that is just a particular case.

The proof of this theorem is based on the compactness principle, one of two main ap-
proaches in analysis to the existence of solutions to non-linear equations. We do not give a
proof, but will sketch main ideas behind it.

i) One of characteristic properties of compact sets in complete normed spaces is, that
any sequence of points {z,} , from a compact set C' always has a converging subsequence
{zn, }re, with a limit limy_, 2,, = z. that belongs to C: z, € C.

ii) One approximates solutions to (1) by the explicit Euler method;

l’(t) =1x + (t — tk)f(tk, x(tk)), te (tkatk—H)

and considers a sequence {y,(t)} -, of such approximations if steps (t;+1 — t)) in finite
differences tend uniformly to zero with n — co. Such an approximation in one dimensional
case has a graph in form of continuous peacewise linear broken line.

iii) Considering these approximations on a time interval [ including 7 and choosing this

interval small enough (depending on the absolute value of f around (7,¢)), one can show

(e 9]

n—1 » are uniformly bounded and uniformly continuous on

that the approximathions {y,(t)}
I.

iv) Then basing on the property i) and on iii), one can choose a subsequence {y,, (t)},-,



converging uniformly on [, in the space of continuous vector valued functions on I , to a
continuous function y(¢) that is a solution to (3) and therefore to (1).0]

Remark. Choosing different converging subsequences in this construction can in general
lead to different limits and to non-unique solutions.

Exercise. Show that the I.V.P. '=¥x; £(0) = 0, has non-unique solutions.

The uniqueness of solutions to I.V.P. needs additional requirements on regularity of f(t, z)
with respect to x variable. A standard requirement is that f(¢,z) is supposed to be locally
Lipschitz with respect to the space x variable.

We repeat here the definition of locally Lipschitz functions.

Definition. Let A be any subset in a metric space X. The the set Uy is called to be
relatively open in A if there is an open subset U C X such that Uy = U N A.

Definition.(p. 115) Locally Lipschitz function

Let D C R" be a non-empty set. A function g : D — R™ is said to be locally Lipschitz
if for any z € D there is a set U C D, realtively open in D, z € U, and a number L > 0

(which may depend on U) such that

lg(w) = g(w)l| < Lu—wl, Vu,welU

If L is independent of the choice of U, the function is called globally Lipschitz.

Similarly one defines functions locally Lipschitz with respect to a part of variables.

Definition.(p. 118)

Let G C R" be a non-empty open set, J be an interval in R. A function f: J x G — R”
is said to be locally Lipschitz with respect to x € G if for any (7,z) € J X G there is a set
S x U C Jx G, realtively open in J x G and a number L > 0 (which may depend on S x U)
such that

lg(s,2) —g(s, Yl < Lllz —yll, Y(s,2),(s,y) € SxU

A theorem that gives conditions for both existence and uniquness of solutions to (1) is
called the Picard-Lindelof theorem
We will prove it in the last week of the course by applying the Banach contraction

principle, that is the second main approach in analysis to existence of solutions to non-linear



equations.

Theorem. Picard-Lindel6f. Theorem 4.17, p. 118 (variant with continuous f).

Let with J C R - an interval, G C R", open, 7 € J, £ € GG, f be continuous in J x G.
If f is locally Lipschitz with respect to its second argument x € G, then there is a unique
maximal solution x : [, — R” to the I.V.P. problem (1). Any other maximal solution with
the same initial conditions must coinside with x(t).

Definition. By maximal solution we mean here the solution that cannot be extended to
a larger time interval.

A simpler version of this theorem states just that a "local" solution to (1) on a possibly
small time interval I C J,7 € I, exists and is unique in the sence that any two solutions
x and y must coinside on the intersection of the time intervals I, and I, where they are
defined.

Proof of local uniqueness uses the integral form of the problem and the ar-
gument with the Gronvall inequality that was in a similar fashion applied two
times earlier for lineary systems.

The same argument with the Gronvall inequality is used for proving well
posedness of the I.V.P., namely that solutions to initial value problem (1) consid-
ered as functions of three variables ¢, 7, & x(t) = ¢(t,7,&) are continuous and in fact even
locally Lipschitz with respect to all three variables ¢, 7, &.

The uniqueness proof.

Consider difference of two solutions z () and y(t) to I.V.P. defined on a set S x U including
(7, &)such that the local Lipschitz property is valid for f(¢,z) on S x U.

£(t) — y(t) :l/f@w@»—fww@»w

<

naw—mwnzzy/f@w@»—ﬂaMﬁws

IA

0+/ 1f(s,2(s)) = f(s,9(s))ll ds < L/ lz(s) = y(s)] ds



The Gronvall inequality implies that solutions z(¢) and y(t) mus coincide:

lz(t) =y(B)[| <0 exp(L(t—7)) =0

0.2 Extensions, maximal solutions and their properties.

The condition in the Proposition 4.12 is not necessary, but simple examples show solutions
that blow up in finite time in future or in the past if this condition is not satisfied, as for
example the equation z’ = 2.

We consider in this section the problem (1) with f continuous and satisfying conditions
in the Peano theorem implying existence (but not uniqueness) of "local solutions z : I — R"
on an interval I C J.

Definition. p. 106.

An extension (proper extension) of the solution z is a solution Z : I — R™ to (1) such

that Z(t) = x(t) Ve I, 1 c 1,1+ 1.

Definition. p. 106. Maximal solution and maximal interval of existence.

The interval I is a maximal interval of existence and x is called maximal solution if z
does not have an extension to a larger interval that is a solution to (1).

We suggest some simple examples of maximal solutions and maximal intervals that can
be calculated explicitely.

Exercise 4.6

J=[-1,1;G=R; f:JxG— R.

(1,6) = (0,1)

flt,2) = 322— V1-—|t

te[0,1]



dz 3221 —t

dt 2
dz 3v1—t
z 2
-1
T - a-940
C =0
z = L tel0,1)
(1_t)3/27 ?
te[-1,0];
dz 3221+t
e 2
dz 3v1i+t
— = dt
22 2
-1
— = 1+t)**+C
=140 (R =(0.1)
C = -2
-1
— = (1+t)¥*=-2
2
! Fe 1,0
S N YR —L UL
2 — (1+1)*?
The maximal interval I, .x = [—1,1) - is relatively open in [—1, 1]



Exercise 4.7

J = (—00,1); G = (—00,1).

D= a3
dz 1
dt A —t)(1-2)
dt
/\/Edz = /\/ﬁ
%(2—1)(\/1—2) = —-2/1—-t+C
g(—l)(l) = 24C; t=0,2=0

4/3 = 2-2/3=C
(z—1)(V1-2) = —2\/1——t—|—§
19T - i
(1-2)(VI=2) = 3Vi-i-2

(1—2)%% = 3y/1—t—2
(1-2) = @vVT-t-2)"

: = 1-(@BVi—i-2)""

I nax 1S Open.



Proposition 4.4. Openness of maximal intervals.

Let x : I — G be a maximal solution to I.V.P. (1).The maximal interval [ is relatively
open in J (just open if J = R).

It means that I = J N O for some open set O C R.

For example the interval [—1,0.5) is relatively open in [—1,1) and in [—1, 1] ;because

(=2,0.5) N [=1,1) = [-1,0.5)

Proof. Consider the case when J is an open interval J = (a,b). Suppose that the
maximal interval of a maximal solution to I.V.P. I C J is not open, for example is (o, w].

In this case the point (w, z(w)) € J x G and there is a solution to the differential equation
with initial conditions (w, z(w)), existing on a small time interval [w,w + ). This solution is
an extension of the original solution. It is a contradiction because we supposed that (o, w]

was a maximal interval for the maximal solution x(¢). Other cases are considered similarly.l

Theorem 4.8. p. 108. Existence of maximal solutions.

Every solution to (1) can be extended to a maximal solution.

Idea of the proof( not required at exam)

In the case when solutions are unique (for example f is locally Lipschitz with respect
to x), one can build the maximal interval of existence just as a union of domains for all
extensions of a given solution. Because of the uniqueness of solutions, trajectories cannot
make branches in this case and this construction leads to a unique maximal solution that at
each time point t attains the value of one of the extensions defined at this time point. The
uniqueness of solutions makes that this definition is consistent.

In the general case when trajectories can create branches, the union of extensions can
have a tree like geometry, or even be an n-dimensional set. In this case the proof uses Zorn
lemma (see appendix in the course book) to choose a maximal solution. It has an existence
interval including all existence intervals of all extensions, but is possibly not unique.

The following technical lemma is the main tool in several arguments about maximal
solutions.

Lemma 4.9. On the extension to the boundary point of the open existence

10



time interval for a bounded solution having the closure of the orbit in G,

Let x : I — G be a solution to (1) and denote a = inf I; b = sup I.

(1) If bis in J and not in I (I is open in the right end), and the closure O, of the orbit
O ={z(t): t € [r,b)} is a compact subset of G,

then there is a solution y : I U {b} — G to (1) that is an extension of z.

(2) a similar statement is valid for the "backward orbit" O_ = {z(t) : t € (a,7]} and
extension of = to the left end point a.

Comment. Compact sets are sets that are bounded and closed.

G /
s
/—/

Proof. We prove (1). Let C' be the closure of {z(t),t € [7,b)}. Assume that b € J\I
and that C is a compact in G. The continuous function f(¢,2) must be bounded on the
compact [1,b] x C.

1f(t,z)|| <M, (t,z)€lr,b]xC

It implies that the limit
t
n=¢+lim [ fs.a(s)ds

is well defined for continuous and uniformly bounded function under the integral. We get it

because for any sequence {ty},-,, ty <b, ty — b, with k — oo, f:k f(s,z(s))ds is a Cauchy

11



sequence:

<Mlt,—tm] =0, p,m— o0

/p f(s,z(s))ds — " f(s,z(s))ds

T

/t; Fls,2(s))ds

that has a limit 7 independent of the sequence {¢; }7- ,. Then the solution z(t) can be extended
to the closed interval 7, b] by setting z(b) = 7.l

The following Corollary is a direct consequence of the Lemma 4.9 and Proposition 4.4
and gives a sufficient condition for a maximal solution to have an infinite maximal interval
(if J is infinite) or a maximal interval "ifinite with respect to" J , which meaning is specified
exactly below.

Corollary 4.10, p. 111. "Eternal life" of solutions enclosed in a compact.

Let @ : Imax — G be a maximal solution to (1).

Suppose that the "future" half - orbit O, = {x(t) : t € I;ax N [7,00)} of the maximal
solution z(t) is contained in a compact subset C' of G.

Then the corresponding maximal interval of existence I,y is infinite to the right (future)
if [T, 00) C J ), or "infinite to the right with respect to J” meaning that the maximal solution
exists on [r,00) NI = [7,00) N J that is the whole part of J to the right of the initial time
T.

Similar statement is valid for the "backward orbit" O_ = {z(t) :t € (a,7]}. Suppose
that the "backward orbit" is contained in a compact subset C' of G,

Then the corresponding maximal interval of existence I,y is infinite to the left (past)
if (—oo0, 7] C J and is infinite to the left (past) "with respect to" .J, that means that the
maximal solution exists on (—oo, 7] N1 = (—oo, 7| N J , that is the whole part of J to the
left of the initial time 7.

If the whole orbit O = {z(t) : t € Ijax} of the maximal solution x(t) is contained in
a compact subset of (G, then the corresponding maximal interval of existence [., = J
(Imax = R if J = R). It means that the maximal solution = exists both in the whole past
and whole future for the equation.[]

Proof. The proof is easy to carry out by a contradiction argument that follows from the

Lemma 4.9 and the fact that a maximal interval must be open (relatively to J).l

12



How to show that a solution has the orbit inside a compact set?

Definition. A set @ is called positively invariant for a system of differential equations
if all trajectories of maximal solutions starting inside @) stay inside @ for all future ¢ in it’s
maximal interval.

We consider here an idea how to show that solutions to a non-linear autonomous system
of differential equations belong to a compact set.

A general idea that is used to answer many questions about behaviour of solutions (tra-
jectories) of the equations, is the idea of test functions.

We find a test function V(z) that has some simple level sets 0Q) = {z : V(z) = C'} that
are closed curves (or surfaces in higher dimensions) enclosing a bounded domain (). Typical
examples are V (x,y) = 2%+ y?=R? - circle or radius R, or V (x,y) = i—z + z—jzl - ellipse, etc.

e To show that a particular level set Q) bounds a positively - invariant set () we check the
sign of the directional derivative of V' along the velocity in the equation: Vy(z) = (VV - f) (z)
for all points on the level set {V(z) = C'} for a particular constant C'.

e VV (z) is a normal vector to the level set of V' that goes through the point x.Therefore
the sign of Vi(z) = (VV - f) (z) shows if trajectories go to the same side of the level set as
the gradient VV' (if V(z) > 0) or to the opposite side (if V;(z) < 0).

e If all trajectories go inside a bounded set (), then all trajectories starting inside () will
stay inside @) forever.

Example.

= 2
Consider the following system of ODEs: Y

y= —v—(1-2%y

Find a compact around the origin that no trajectories escape.

Solution.

We try the test function V' (z,y) = 22 + 2y that leads to cancellation of mixed terms in

the directional derivative along trajectories:

13



Vi) = SVem.ao) - ey | T | -
t y'(t)
_ w7
B 2z ] 2y
4 —r—(1—2?)y
= —4*(1-2%)<0

VV(z,y) is a normal vector to level sets of the form:

?+ 27 =C

Put y=0,z=1, weget C =1,
22+ 22 =1
Vi(x,y) = 4oy — 4oy — 4y*(1 — 2?) = —4y*(1 — 2?) < 0 that is not positive for |z]| < 1.

Trajectories starting inside tho compact bounded by this ellips stay inside it forever.

14



The following Theorem describes the situation in a sense opposite to the previous Corol-
lary 4.10. It describes the the behaviour of maximal solutions having bounded maximal
interval I,.x (if J is R), and in the case when the interval J has bounded endpoints it-
self, describes maximal solution with maximal interval that is "bounded with respect to J",
meaning that sup I, < sup J or inf J < inf I,.,.

Theorem 4.11, p.112. "Short living" maximal solutions escape any compact.

Let x : I — G be a maximal solution to (1) with maximal interval of existence I C .J
and assume that I is not the whole J: I # J. Denote endpoints of I as o = inf([/),
w = sup(/).Then one of endpoints does not belong to I: w € J\I or o € J\I.

Statement of the Theorem:

1) In the first case w € J\I for each compact C' C G, there is an "escaping time moment"
o €1, 0 <w, such that x(t) "escapes" C at time o : z(t) ¢ C for all t € (o,w).

This property can be further geometrically specified. If G # R™ the trajectory z(t) tends
to the boundary 0G of G with ¢t — w (if G is bounded). It can also tend to infinity if G
has "branches" going to infinity in R™. If G = R™, then |z(t)|| — oo, ast — w. This
statement is formulated formally as:

lim min {dist(z(t), 0G), 1/ |z(®)|} = 0, forG #R" (4)

t—w

|lz)|| — oo, ast—w, forG=R"

2) Similar statements are valid for limits of z(¢) as t — « for the maximal solution having
maximal interval with the left end point o "in the past" belonging to J.

Proof.

We consider the case 1). The fact that the maximal solution must at some time leave
any compact C follows from the previous Corollary 4.10 by contradiction, because a solution
that stays in a compact must have a maximal interval infinite to the right or [r,00) N[ =
[7,00) N J . It contradicts to the condition that w € J\I that means that the given maximal
x(t) solution does not reach the maximal possible time in J.

A more sofisticated argument shows that in our situation the solution x(t) must at some

time o leave any compact C' "forever". There is a "last visit" time ¢ < w, such that z(t)

15



never enters C' again after this time.

Suppose the opposite, namely that there is a monotone sequence of times {t,,} ~_, such
that ¢,, /" w with m — oo such that z(t,,) € C. C is a compact, therefore there must
exist a subsequence (for which we will keep the same notation {¢,,},°_,), such that with

m — oo t,, / wand x(t,) — x. € C .

‘ boundary

Choose an r so small that the ball B((w, z.), ) with the center (w, z,) would belong to the
domain of the equation: B((w,z,),r) C JxG. Choose a smaller ball B = B((w, x.), 2¢) with
e = /3. Then the closure B of B also belongs to the domain of the equation: B C J x G.

Denote M = sup {||f(t,2)]|| : (¢t,z) € B} the supremum of the continuous function || f (¢, z)||
on the compact B.

Using that t,, /* w, and the boundedness of ||f(t,z)| on B, we will observe that the
index m can be chosen so large that the trajectory {(¢,z(t) : t € [t;,,w)} of the solution x(t)
for t € [t,,,w), on the short time interval [t,,,w,) belongs to B.

It can be observed by considering the integral form of the differential equation and using

the estimate M = sup {||f(t,z)|| : (t,z) € B} for f on B:

16



z(t) = x(tm)—i—/t f(s,x(s))ds

x(t) —xe = x(ty) — Tu —I—/t f(s,x(s))ds
|2 (tn) — @u|| + [t — tn| M

=X
=
~—
|
&
i
IA

< &g m>m,

where ||z(t,,) — x| — 0 with m — oo, and |t — t,,| M < |w — t,,| M — 0 with m — oo.
We can choose m > m, so large that the right hand side in the inequality will be smaller
than e.

Therefore ||z(t) — x| < e, [t — tnm] < € and the trajectory {(t,z(t) : t € [t,,w)} belongs
to B = B((w, ), 2¢) and is bounded.

Therefore the closure of this tajectory {(¢,z(t) : t € [t;,,w)} is compact and belongs to
B((w, z),r) and to J x G.

Therefore according to the Lemma 4.9 the solution z(t) can be extended up to the time
w and also beyond it to an even larger time interval [t,,,w + ). This fact contradicts the
given condition that z(t) is the maximal solution with the maximal interval I, having
Sup Imax = w.

The property that x(t) tends to the boundary of G can be shown in the following way.

x(t)--> 0 G

17



If G is bounded, one can construct a rising sequence of compact sets {C,,} -, , C, C Criq
C G like "blowing up ballons" tending to the boundary G of G so that dist(C,, 0G) —
0 as n — oo. For each of these sets there is a time o, such that z(t) leaves C, and
therefore has dist(z(t),0G) < dist(C,,,0G) for t > o,. This construction proves the fact
that dist(z(t),0G) — 0 as t — w.

In the case of G = R™ one can choose a sequence of test compact sets {C),} ~, as balls
with centers in the origin and radii r,, tending to infinity with n — oo leading together with
the "escaping property" to conclusion that ||z(t)|| — oo, ast— w.

The third case with unbounded G with non-empty boundary dG can be proven by a

combination of the above arguments.ll

Proposition 4.12, p. 114 on "eternal" solutions for equations with linear
bound for the right hand side. (proof required at exam)

Consider the initial value problem

Z(t) = f(t,z(t), =x(r)=¢

where f : J x RN — R¥, continuous and locally Lipschitz in .
Assume that for any compact interval K C J there is L > 0 such that for t € K the

following estimate holds for the right hand side:

1t 2)l| < L1+ ||z]))- (5)

If # : I — RY is a maximal solution to the equation z/(t) = f(¢,z(t)), then I = J. In
particular if J = R, the maximal solution is defined for all ¢.

Proof.

Define w = sup I, o = inf I . We use proof by contradiction. Suppose that the statement
of the theorem is not true, for example that w € J and w ¢ Tand that 7 < w.

Let choose the konstant L such that the (5) is valid for ¢ € [7,w].Then, using the integral
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form of the I.V.P. and the triangle inequality implies the following estimate

@l < e + / (s 2())]| ds < ()| + L / (1+ l(s)]) ds
o)+ Lt =)+ L [ fa(o)l ds

forallt € t € [7,w) The Gronvalls inequality implies that ||« (¢)|| bounded by a constant C
on [7,w). It makes that the corresponding orbit {z(t),t € [r,w)} is a bounded and therefore
has compact closure in RV, The Lemma 4.9 implies that the solution can be extended to the
closed interval [T, w| and actually y existence theorem to an even larger interval beyond w.
It contradicts to the supposition that I is a maximal interval for z(¢).H

Proof for the case when oo € J and o ¢ I, o < 7 is treated similarly.

0.3 Transition map

Existence theorems by Picard and Lindelof (Theorems 4.17 and 4.22 ) imply that for any
point 7, € J x G there is a unique maximal solution that is convenient to consider as
a function p(t,7,€) : J x J X G — G of three variables equal to the maximal solution z
of (1). It is a common situation in applications that one is interested not in properties of
one solution, but in a description of the family of solutions with all possible initial data
as a whole. This type of problems constitute modern theory of differential equations and
dynamical systems and motivates introducing the following notion.

Definition. p. 126. Transition map. The mapping ¢(¢, 7, ) defined above is called
transition map.

Transition map for autonomous systems. In the case of autonomous systems there
is no meaning in considering different initial times 7, because all solutions are functions of
the time shift ¢t — 7. In this case we consider transition mappings ¢(¢,¢) : J x G — G with
©(t, &) = x(t) being the maximal solution of (2) with initial condition x(0) = &.

Local flow or local dynamical system corresponding to an autonomous system of
differential equations.

In the modern theory of ODE and dynamical systems the mapping (¢, &) is often called
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in the local flow or the local dynamical system corresponding to the system of differential
equations.

If the maximal interval /¢ corresponding to the initial point  coincides with R we say
that the solution ¢(¢,€) is global. If I, = R for all £ € G then ¢(t,£) is said to be a flow or
a dynamical system on G.

Example 4.33 of a transition map.

G=R; f:G—R; f(zr)=2%for £ =0; z(t) =0.

Initial data x(0) = ¢

SE e
T
1,11 -1
I
&

(1 -1

E=0; z(t)=0. £>0, = (—00,1/¢). £<0, I =(1/§ 00)

&
(1—-t)°

The domain D of ¢ is an open set. (t,£) is continuous and even locally Lipschitz.

p(t,8) = D(p) ={(t,§) e RxR; £ <1}

Iy

Proposition. Theorem 4.34, p.139 (consequence of Th. 4.29, p. 129)
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The domain D = {(t,§) € I x G, & € G} of the transition map ¢(¢,) is open and
©(t, &) is continuous and even locally Lipschitz in D.

Proof of the Lipschitz property with respect to each of the variables follows from the
integral form of the I.V.P. and for ¢ variable - from an application of Gronwall inequality
similar to the proof of uniqueness of solutions to I.V.P.

Proposition. Translation invariance of the transition mapping for autonomous
systems

(a non-linear version of the Chapman-Kolmogorov relation) Theorem 4.35,
p. 140 -141.

The transition mapping ¢(t, ) has properties

(1) ¢(0,&§) =¢ forall £ € G
(2) it & € Gand 7 € I = [1hax(§) - maximal interval for &, then

Torgy = Ie—7

90<t + 7—75) = (,O(t, 90(775))’ vt e ]f -7

Proof of this statement follows is similar to the proof of the Chapman Kolmogorov rela-

tions for linear systems.
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We consider first a trajectory ¢(..., ) starting at the point £ € G and finishing at time 7
at the point ¢(7, &) (blue curve). Then we continue this movement from the last point (7, §)
during time ¢ (red curve) coming finally to the point (¢, o(7,&)) in the right hand side of the
equation in the conclusion. The fact that the equation is autonomous and independent of
time makes that this movement is equivalent to just moving with the flow starting from the
point ¢ during the total time ¢+ 7, that is the left hand side in the equation. The illustration
is borrowed from the proof for the linear systems. The only difference here is that we have a
superposition ¢(t, (7, £)) of transfer mappings in the non-linear case instead of the product

of transfer matrices in the linear case (that is also a superposition for linear mappings).
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May 13, 2020

1 Lecture notes on non-linear ODEs: limit sets (attractors), pos-

itively invariant sets, periodic solutions, limit cycles.
Plan (continuation after existence and maximal solutions)

e Semi - orbits. Limit sets. p. 142. Positively (negatively) invariant sets p. 142.

e Existence of an equilibrium point in a compact positively invariant set. Theorem 4.45,
p- 150.

e Planar systems. Periodic orbits. Poincare-Bendixson theorem. (only idea of the proof
is discussed) Theorem 4.46, p. 151.

e Examples on applications of Poincare-Bendixson theorem.

e Generalized Poincare-Bendixson theorem. (missed in the book, only formulation is

given)

1.1 Introduction to limit sets and their properties.

We consider flows or dynamical systems corresponding to autonomous differential equations

&= f(x), f:G—-R", 2(0)=¢ (1)

with f locally Lipschitz and denote by ¢(t,£) the transition mapping or the local flow
generated by f. For £ € G let I = (a¢,we) denote the maximal interval - the interval of

existence of maximal solution to (1).



Definition. (Positive semi-orbit)

We denote by O(&) the orbit of the solution to (1),0(§) = {z(t) : t € (ag,we)}.

We define the positive semi-orbit O (§) = {x(t) : t € [0,we)} of € - for future, and nega-
tive semi-orbit (for the past) O_(§) = {x(t) : t € (a¢,0]} of £ - for the past.

Definition. (Limit point of ¢)

e A point z € RY is called an w - limit point of £ (or it’s positive semi-orbit O, (£) or
it’s orbit O(&)) if there is a sequence of times {t,,} € [0,w¢) tending to the "maximal time
in the future", t,, /" we such that p(t,,£) — z asn — oo

e Similarly a point z € RY is called an « - limit point of £ (or it’s negative semi-orbit
O_(&) or it’s orbit O(§)) if there is a sequence of times {t,} € (g, 0] tending to the "minimal
time in the past", t,, \, a¢ such that ¢(t,,&) — 2 as n — oo.

Definition. (w - limit set)

The w - limit set (&) of £ (or it’s positive semi-orbit O (&) or it’s orbit O(§)) is the set

of all it’s w- limit points (in future)

A trajectory approaching the w - limit set of the Lorentz system



v = —o(r—y)
Yy = rr—y—az

Z = xy—bz

for 0 =10, r =28, b = 8/7.

Definition

The « - limit set () of £ (or it’s negative semi-orbit O_(€) or it’s orbit O(&)) is the set
of all it’s - limit points (in the past).

Definition. (Positively invariant set)

A set U C @ is said to be positively invariant under the local flow ¢ generated by f if for
each starting point £ € U from U the corresponding positive semi - orbit O, () is contained
inU.

It means that all trajectories x(t) starting in U stay in U as long as they exist in future.

One defines sets negatively invariant similarly, but with respect to the past.

Definition

One also says that the set U is just invariant with respect to the flow (¢, ) if O(§) C U
for all £ € U. It means that all trajectories going through ¢ belong to U both in the "whole
past" and in the "whole future".

Remark

We know that compact positively invariant sets include trajectories that have "infinite"
maximal existence time in the future: JN[0, 00). It makes it meaningfull to investigate limit
sets of trajectories that are contained especially in compact positively invariant sets.

The first step in this kind of investigation is to identify possibly small positively invariant
sets, that localize solutions. The second step is to classify and to identify w - limit sets that
can be contained there. It particular one is interested in fining w - limit sets for particular

given systems.



1.2 Methods of hunting positively - invariant sets (there is a sep-

arate pdf file with this text)

A system of ODEs has naturally many positively - invariant sets, for example the whole
domain G is always a positively - invariant set, but it is not very interesting. We like to
find possibly narrow positively invariant sets showing more precisely where trajectories or

solutions to the equation tend when ¢ tends to the upper bound of the maximal time interval.
How to find a positively - invariant set?

Method 1. A general idea that is used to answer many questions about behaviour of
solutions (trajectories) to ODEs, is the idea of test functions. One checks if the velocities
f(z) are directed inside or outside with respect to the sets like Q@ = {x € U : V(z) < C} or
Q = {x €U :V(x) > C} defined by some simple test functions V : U — R, U C G. The
advantage of the idea with test functions is that one does not need to solve the equation to
use it.

e It is convenient to find a test function V(z) that has a level set 0Q = {z : V(z) = C}
that is a closed curve (or surface in higher dimensions) enclosing a bounded domain Q.

Typical examples are V (x,y) = 22 + y*=R? - circle or radius R, or V(x,y) = i—i + Z—;zl
- ellipse, or more complicated ones as V(x,y) = x5 + ay* - smoothed rectangle shape or
squeezed ellipse, V(z,y) = 22 + xy + y? = C - ellipse rotated in 7/4 and having axes A and
B related as A/B = V3etc.

e To show that a particular level set d@) bounds an positively - invariant set () we check

the sign of the directional derivative of V' along the velocity f(x) in the equation 2’ = f(z):
AV (x(t))/dt = Vi(z) = (VV - f) ()

for all points on the level set {V(z) = C'} for a particular constant C.

e Point out that the gradient VV'(z) is the normal vector to the level set {V(z) = C'}
that goes through the point x. Therefore the sign of V;(z) shows if the trajectories towards
the same side of the level set as the gradient VV' (if V;(z) > 0) or towards the opposite side
(if Vi(x) < 0).



e Then if V(z) is rising for x going out of (), and Vy(x) < 0 then the domain () inside
this level set 0Q) (curve in the plane case) will be positively - invariant. Similarly if V(x) is
decreasing out of this level set, and Vy(z) < 0 on the level set Q) then the domain () inside
this level set will be positively - invariant.

In the opposite case the complement to @ that is RV\(Q will be positively - invariant
and trajectories ¢(t, &) starting in this complement: £ € RV\Q will never enter Q.

First integrals. A very particular case of test functions are functions that are constant
on all trajectories ¢(t,£) of the system. It means that 4V (p(¢,&)) = Vi(z) = 0. In this
case all level sets of the first integral are invariant sets, because velocities f(z) are tangent
vectors to the level sets in this case. Such functions are called first integrals and represent
conservation laws in ODEs. Usually but not always, such test functions have the meaning
of the total energy in the system.

Method 2. If it is sometimes difficult to guess a simple test function giving one closed
formula for the boundary of an positively - invariant set as in the Method 1, then one can
try to identify a boundary for a positively - invariant set as a curve (or a surface in higher
dimensions) consisting of a number of simple peaces, for example straight segments.

The simplest positively - invariant set of such kind would be a rectangle (a rectangular
box in higher dimensions) with sides parallel to coordinate axes. Then a simple check that
this rectangle is a positively - invariant is just to check the sign of z; or x5 - components of
f(z) on these segments, showing that trajectories go inside or outside of the rectangle. A
bit more complicated analysis is to show that no trajectories can approach these segments
in finite time (if one of the segments belongs to the boundary dG of G where the equation
is not defined). We have such an example in the second home assignment.

Application to Poincare Bendixson theorem

One searches often positively - invariant sets with special properties. For example to apply
the Poincare-Bendixson theorem for systems in the plane formulated later in the course, one

needs to find a positively - invariant set that does not contain any equilibrium points.



Example of finding positively - invariant sets and w - limit sets with help of a simple
test function.

Consider the system

¥ = —ay+ f(r)z
y = ax+ f(r)y
where 7 = (/22 + y2. We will try to find an explicit expression for the corresponding

flow by introducing polar coordinates x = cos(0)r, y = sin(f)r. We differentiate r(t) using

expressions for r and for 2/, 3/ in the equation, and arrive to following formulas:

(7"2), = 2 = (2* + y*) = 2z + 2y

= 2z(—ay + f(r)a) + 2y (az + f(r)y) = 2f(r) (2" +¢*) = 2f (r)r*

Therefore:

The equation for the polar angle 6 can be derived by differentiating tan(6(t)):

(tan (0)) = & <@) _ (%):?ﬂfx;sz

ar® + f(r)ay — (—ay’ + f(r)zy) ez’ +ay®

2

Therefore

0 =a

The equation for r(¢) can be solved by integration.Each positive root 7, to f(r) corre-
sponds to a periodic trajectoty r(t) = const = r(0) = r,, 6(t) =0(0) + at

This periodic orbit will attract trajectories, that start nearby if %(r*) < 0 (will be an w
- limit set Q(§) for points & close to the circle r = r,). If r, is a root of f where the first
term in Taylor series is ¢(r — r,)? with ¢ > 0, then nearby trajectories will be attracted to

the periodic orbit from inside, and will run away from the periodic orbit from the outside of



it.
Example with tree periodic solutions, orbits of two of them with » = 1 and r = 3 (red)

are w - limit sets, the orbit of one with r = 2 (blue) is an « - limit set:

fr) = A=r*)B-r)4—-17
a = —10

We have dr/dt = f(r)r

Phase plane for attracting region

x2
(=}
T




In the following example such kind of system is considered for one more particular function
f(r).
Exercise 4.16, p. 140.
Exercise 4.16
Let f: R? — R? be given by
f(2) = f(21,22) 1= (22 + 21:(1 = ||2]%) , —21 + 22(1 — ||2]%)).

Show that f generates a local flow ¢: D — R? given hy
—1/2

e(t,€) = (€I + (1 — 1€]*)e*) """ R(t)E,
where the function R: B — R?*? is given by
cost  sint
R(t) := (_ y mst) vt R. (4.27)

(and so R(t)¢ is a clockwise rotation of £ through t radians) and
D= {(t.€) e R x R?: [|¢]% + (1 - [IE[*)e 2 > 0}

(Hint. Show that, for £ = (£,&) # 0, the initial-value problem (4.25)
may be expressed — in polar coordinates — as

P(t) = r(t)(1—r3(t)), O(t)=—1, (r(0),0(0)) = (r°,6°),

where % = ||£]|, r% cos#” = &, and r%sinf° = &,.)

Solution. The equations in polar form follow from the general argument above.

We solve the equation for r :

Bk — 1 — 2
o = =)

dr

L "
r(1—r?)

r(l—7r2) r 2(r+1) 2(r—1)




1
/7“ — 7 = lnr—éln(r2—1)

lnr—§ln( 1) = t+C

¢ = el g (e - 1)
ln'r’—%ln(TZ—l)—<ln|§]——l |£\ —1) =1

exp(t) = exp (lnr — %ln (r*—1) —In[¢] + = ln (1€ - 1))

roo -1

71 [ el
(2 =1 lgf
7 (ef - 1) exp(—2t)
(r* =1) ¢ r? (J€” — 1) exp(—2t)

r2(1€]* + (1 — |¢]%) exp(—2t))

T2

€7
€2
(1€ + (1 — [€]*) exp(—2t))

€l
VP =1 - ¢ exp(-21))

Example 4.37. p. 142. Do it as exercise.

Let f : R? — R? be as in the Exercise 4.16, the generator of a local flow considered
above.

Let A be an open unit disc in R?, namely A = {(21,2;) € R?: 22 + 22 < 1}.

Show that sets A, A, R?\A are invariant and find for every ¢ € R? the corresponding
w and « limit set.

Remark. In the case [|£|| > 1 solutions ¢(t,¢) have the maximal interval ¢ that is not

the whole R, but is bounded in the past Iz = (ag, 00).



The calculation of a; using the explicit solution found in the exercise 4.16 is given here:

P+ (1= llgl) e = o
[

lel® —1
(Il — 1)

m|{Y——"| = t=a;<0

€]

The phase portrait is the following;:

Phowa sdsiie tor sffac - »g an
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1.3 Dynamical systems in plane. Poincare Bendixson theorem,

periodic solutions and more positively invariant sets.

Theorem. Poincare-Bendixson theorem.
Suppose that £ € G C R? is such that the closure of the positive orbit O, (§) is compact
and is contained in G and the w - limit set €2(£) does not contain equilibrium points.

Then the w - limit set Q(¢) is an orbit of a periodic solution.[]

Counterexample: an annulus containitn no periodic orbits, because it is a

region of attraction containing an attracting equilibrium.

Fig. 3.25. Phase portrait for the system 7 = r(1 —r), @ = sin 6.

Definition

A periodic orbit v (an orbit corresponding to a periodic solution) is called an w - limit
cycle (or often just a limit cycle) if v = (&) for some start point £ € G\~y: namely that
is an w-limit set for some point £ outside ~.

This definition excludes the case of phase portraits completely filled periodic orbits, as
the system 2’ = —y, 1/ = x, having all orbits being circles arund the origin corresponding to

periodic solutions.

Hint to applications. It is difficult to check conditions in the Poincare-Bendixson
theorem as they are. It is easier to check that there is a compact positively invariant set

C C G C R? such that ¢ € C. Then the w - limit set Q(£) C C is not empty. If C' contains

11



no equilibrium points, then the closure of €2(¢) cannot contain equilibrium points either and
by the Poincare-Bendixson theorem (&) is an orbit of a periodic solution.

One fundamental fact about positively invariant sets is the following.

Theorem 4.45. p. 150, L&R (slightly generalised, without proof)

Suppose that C C G C R? is non-empty and compact and is homeomorphic to a circular
disc (has no holes). If C' is positively invariant under the flow ¢(t,£), then C' contains at
least one equilibrium point for the corresponding ODE.

Proof of this theorem is based in the Bohl-Brouwer fixed-point theorem about the exis-
tence of fixed points x = F'(x) of a continuous mapping F' : C' — C for a compact C' C R"
homeomorphic to a ball. See an Appendix in L.R.

Definition. Two sets A and B in R™ are homeomorphic if there is a continuous invertible
mapping (homeomorphism) © : A — B.and ©7': B — A.

The Theorem 4.45 has an important practical consequence for application of the Poincare
Bendixson theorem.

Remark. Considering any periodic orbit in the plane R? we see that it encloses a
compact positively invariant set () homeomorfic to a round disc (it follows from Jordan’s
lemma). Theorem 4.45 suggests that () includes at least one equilibrium point. It means
that any periodic orbit in plane must urround at least one equilibrium point. It makes that
typical compact positively - invariant set C' considered for applying the Poincare-Bendixson
theorem should be a closed ring shaped set with at least one hole in the middle including an

equilibrium point.

12



Check list for application of the Poincare-Bendixson theorem.

e One starts with applying one of the two methods above to find a compact positively -
invariant set Q).

e Then we consider if () has an equilibrium inside. Usually there is one such if our
intuition is not wrong. Therefore the set ) does not satisfy conditions in the Poincare-
Bendixson theorem yet. It is only the first step to the goal.

e Suppose there is just one equilibrium point x, inside (). It might be that this equilibrium
is asymptotically stable and attracts all trajectories starting in (). Then there is no periodic
orbit inside Q).

e To have a periodic orbit in ) we need to find a "hole" H around the equilibrium
x4 such that no trajectories enter it. Then the closure of the set Q\H without the hole
will be a compact ring - shaped set (annulus) that is positively invariant and contains no
equilibrium points. Then all trajectories x(t) starting in Q\H will have a non-empty w -

limit set that according to the Poincary Bendixson theory is a periodic orbit. There can be

13



several periodic orbits in Q\—H that are w - limit sets for different trajectories. There an
also be some periodic orbits that are not w - limit sets!

e The "hole"H that repells trajectories can be found using the method of test functions,
sometimes using the same test function V' as one used to identify @), just choosing different
level sets for () and for H.

e Alternatively one can use the linearization to show that this equilibrium is repeller
and therefore trajectories cannot enter some small neighbourhood of the equilibrium in the
middle of the set (). This method is convenient in the case when the equilibrium is not the
origin

e One must check at the end that the positively invariant annulus (closed ring shaped
domain) does not include equilibrium points (no at the boundary either!).

It is often simpler to do it after carrying out estimates for V; by first checking zeroes of
Vi(z) = 0 that contain naturally all equilibrium points but is a scalar equation, and then

checking zeroes of the system f(z) = 0.
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Examples on Poincare-Bendixson’s theorem

Example. Show that the following system has a periodic solution.

r =Y
y = —z+(1-2"-2%)y

The test function is chosen as V(z,y) = (2 + ¢?)

Solution. First, we convert Equation (7) to a system of twb first-order
equations by setting x =z and y =7, Then,

dx _ B et (1= x2—2?

ar =y, dr x+(1=x*=2p%)y. (8)
Next, we try and find a bounded region R in the x —y plane, containing no
equilibrium points of (8), and having the property that every solution x(r),
(1) of (8) which starts in R at time {= t,, remains there for all future time
t 2 ty. It can be shown that a simply connected region such as a square or
disc will never work. Therefore, we try and take R to be an annulus
surrounding the origin. To this end, compute

xt4y? d dy
di:( 2 )"‘Tf +y o =(1=x"=2%)y%

and observe that 1 —x*—2)? is positive for x*+y?< 3 and negative for
x4+ y?> 1. Hence, x*(1)+y*(1) is increasing along any solution x(f), y(f)
of (8) when x*+y?>< ; and decreasing when x*+)*> 1. This implies that
any solution x(¢), y(f) of (8) which starts in the annulus 3 <x*+y* <1 at
time f= 1ty will remain in this annulus for all future time ¢ > f,. Now, this
annulus contains no equilibrium points of (8). Consequently, by the
Poincaré-Bendixson Theorem, there exists at least one periodic solution
x(1), y(1) of (8) lying entirely in this annulus, and then z = x(r) is a nontri-
vial periodic solution of (7).

A more geometric analysis would be to consider the the test function V(z,y) = (z2+y?)/2

15



nd its particular level set - the ellipse with the equation
w2+ 22 =1
that separates points (z,y) where Vy(z,y) > 0 and Vy(z,y) < 0.

Vi(z,y) = iV(:c(t),y(t)):VV(x,y)- ORI
dat y'(t)

VV(z,y) - f(z,y) = — (2 +2y°—1)y* < (=)0

The negative sign of V(z,y) says that trajectories go inside the level set of V' (a circle
in this case) going through the point (z,y).

The positive sign of Vi(z,y) says that trajectories go outside the level set of V' going
through the point (z,y).

The half axes of ellipse 22 + 2y? = 1 are expressed from the transformed equation

2 2
X
— + y

v
2 (1v2)

We find the largest level set (circle) of V(z,y) inside this ellipse (red) and the smallest level
set of V' (z,y) outside this ellipse (blue) to get the smallest positive invariant set that includes
a periodic orbit.

By chance they coinside with boundaries of the annulus found earlier by analytical means.
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As Theorem 4.45 and examples considered before suggest, the positively invariant set we
look for applying the Poincare Bendixson theorem must have a shape of annulus with a hole
in the middle that contains at least one equilibrium point. The next Proposition gives a
particular hint how to find the "hole" for such an annulus domain with less effort by using
the Grobman-Hartman theorem that we studied earlier.

Proposition 4.56. p. 165.

Let C' C G be a compact set that is positively invariant under the local flow ¢ fgenerated
by the equation z'(t) = f(x). Assume that an interior point x, is the interior point in C
and is the only equilibrium point in C. Assume that f is differentiable in z,. Let A be the
Jacoby matrix of f in z,: g—i(x*) = A. Let eigenvalues of A have Re A\;5 > 0.

Then there exists at least one w - limit cycle in C'.

Proof is an exercise.

17



Example 4.57

Consider again the system given in Exercise 4.16, with G = R? and f: R? — R?
given by f(z) = f(z1,22) :i= (z2 + z1(1 — ||2]|?) , —2z1 + z2(1 —||z]|?)). Let C be
the closed unit disc {z € R2: ||z|| < 1}. Then

{z, f(2)) = lz[I*(1 = lIz*) = 0 ¥z €8C,

and so solutions starting in €' cannot exit C' in forwards time. Thus, the com-
pact set C' is positively invariant. Moreover, 0 is the unique equilibrium in '

a=wno- (" 1)

with spectrum o(A) = {1 4+ i,1 — i}. Therefore, by Proposition 4.56, we may
conclude the existence of a limit cycle in C'. This, of course, is entirely consis-
tent with Exercise 4.16 and Example 4.37, the conjunction of which shows (hy
explicit computation of the local flow) that the unit circle v = 9C is a periodic
orbit and coincides with the w-limit set £2(£) of every £ with 0 < ||£]| < 1. A

Exercise. Rectangular positively invariant set and application of the Poincare
Bendixson theorem.

Consider the following system of ODEs :

dxy
1422

y/ = 7 (]‘ - 1—3:22)

r= 10—z —

a) show that the point (z.,y.) with coordinates =, = 2 and y. = 5 is the only equilibrium
point and is a repeller;
b) find a rectangle [0, a] x [0, b] in the first quadrant x > 0, y > 0 bounded by coordinate

axes and by two lines parallel to them, that is a positively invariant set. Explain why the
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system must have at least one periodic orbit in this rectangle.

1. Solution.

a) r, = 2 and y, = 5 is an equilibrium point:(l — 1+22) 0; and 10 — 2 — =
10-2-8=0.
—4—2 - + 82 -1 -4
The Jacobi matrix is A = P (@ 2+1) P+ Tt is calculated as:
—En T2 EEp Tl
— Y ]
V(lo—x_;fyz): 4 2"‘1_'_83: (2+1) -1
—4 ;il < lx=2, y=5
_ —424+8(4) 2 —1 _ —44+ 2 | 14
2 8
— = 4 222 > +1 —24+2(4)2 +1
V- t)- | T - s
! =2, y=5 5
-1+8+1 1.6
= . =
-z —-0.4
: . : 14 —16 . 2
The Jacobi matrix in z,, y, is A = , characteristic polynomial: \* — A+
1.6 —0.4

2 =0,

trace(A) = 1 > 0, det(4) = 2 > M = 1 that corresponds to an unstable
spiral and it is a repeller, eigenvalues are: A\; = 0.5 + 1/0.25 —2 = 0.5 4 1/ 1.75,
Ao =0.50—-+0.25 -2 =0.5—-1v1.75.

It implies by the Grobman-Hartman theorem, that trajectories cannot enter a small
open ball B((x.,y.),e) with the center in the equilibrium point (2,5) and some small

radius e. We do not need to specify ¢ here.

b) Observe that the first quadrant is a positively invariant set. For y = 0 we have

#=10> 0 and for y =0 and x > 0 we have y/ =z > 0.

Observe also that 77 < 0 for y > 1+22 and z > 0; and that & < 0 for z > 10 and y > 0.
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Phase plane for attracting region

x2

It implies that the rectangle [0, 10] x [0, 101] is a positively invariant compact set. Ex-
cluding a small open set H. containing the equilibrium point (2,5) and small diameter
e we get a positively invariant compact set [0, 10] x [0,101] \ H. without equilibrium
points that according to the Poincare Bendixson theorem must include at least one
periodic orbit because each trajectory starting in this set has a non-empty w - limit set
that is a periodic orbit. So in principle there can be several periodic orbits surrounding

this equilibrium point.
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Phase plane for attracting region
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Example. 3.9.1 (from A-P) One can instead of the analytical approach shown below,
use a more geometric argument, based on considering the curves const = 3z% + 223. It is
demonstrated later for the Exercise 4.21.

Show that the following equation has a limit cycle (a periodic orbit that is an w - limit

set of at least one solution)

Ty o= 1

Ty = —x1+4 x5 (1— 32} — 223)

write the system in polar coordinates:

r = rsin®é (1 — 3r?cos? 6§ — 2r? sin? 9)

1
0 = —1+ 3 sin(26) (1 — 3r® cos® § — 2r* sin® §)
a) Observe that with r = 1/2
1 1
r = Zsinze (1 — 500829) >0

with equality only at § = 0 and 7. Thus {z : r > 1/2} is positively invariant (trajectories
do not enter the circle r < 1/2.

b) The same equation for r" implies that
r' < rsin?6 (1 — 27’2)

Thus the annulus C = {z : 1/2 < r < 1/v/2} is positively invariant. The only fixed point
to the system is outside this annulus. Therefore here is at least one periodic orbit in C' that

is an w limit set for all trajectories starting in C' (and therefore is a limit cycle).
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Exercise 4.21, p. 158

Consider the system 2’ = f(z1, 29) :

2y = 2+ 219(71, 22)
2y = —2z1+ 229(21, 22)

9(z1,20) = 3—|—221—zf—z§

Prove that the system has at least one periodic solution.
Solution.

Consider the test function V(zy, z5) = <@>

21 zo + 219(21, 22)
VV - f(z1,22) = .
22 —21 + 229(21, 22)
= (21 +23) g(21,22) = (21 + 23) (34221 — 2] — 23)

= P-(-a) -5

The circle 4 = (1 — z;)® + 22 has center in the point (1,0) and radius 2:

Inside this circle VV - f(21, 22) > 0 outside this circle VV - f(z1, 25) < 0. Therefore as
it is easy to see from the picture, VV - f(z1,2) > 0 on the circle z? + 22 = 1 with center

in the origin, and VV - f(z1, 22) < 0 on the circle 22 + 22 = 9 with center in the origin. The
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ring shaped set C: 1 < r < 3 is a positively invariant compact set. The origin is the only
equilibrium point fo the system, because from the expression VV - f(z1, 29) = 12g(21, 22) it
follows that other equilibrium points must be on the circle g(z,2;) =0 =4 — (1 — z)* —
z3. Substitution g(z1,22) = 0 into the system leads to the conclusion that there are no
equilibrium points on this circle.

Therefore the Poincare Bendixson theorem implies that there exists at least one periodic
orbit contained in the ring shaped set C.

Exercise. 3.8.2.

Solve a similar problem for the function g(z1, z5) = 3 + 2120 — 2% — 22.

Example 3.8.2. Find the limit cycles in the following systems and
give their types:

@) F=rir=Nir=2), &=1; (3.67)
(b) F=rir—1), =1, (3.68)
Solution
fa) There are closed trajectories given by
rit)=1, 0=t and rin)=2, =1 {3.69)
Furthermore
f::- 0, 0<r=<1
f-te:{], l<r<2 (3.70)
=0, r>2

The system therefore has two circular limit cycles: one stable (r = 1)
and one unstable (r = 2).

(b) System (3.68) has a single circular limit cycle of radius one.
However, 7 is positive for 0 < r < | and r > 1, so the limit cycle is
semistable. O

24



Generalized Poincare-Bendixson’s theorem.

The following theorem gives a more complete description of the types of w - limit sets in

the plane R2.

Theorem (generalized Poincare-Bendixson)

Let M be an open subset of R? and f : M — R? and f € C'. Fix £ € M and suppose

that Q(&) # 0, compact, connected and contains only finitely many equilibrium points.
Then one of the following cases holds:
(i) ©2(¢) is an equilibrium point
(ii) ©2(¢) is a periodic orbit
(iii) ©(&) consists of finitely many fixed points {z;}and non-closed orbits v such that w
and « - limit points of v belong to {xz;}.

Example. While we have already seen examples for case (i) and (ii) in
the Poincaré-Bendixson theorem we have not seen an example for case (iii).
Hence we consider the vector field
oy = (V4 gty 1+ 2:0)
o —2(1+y)z '

First of all it is easy to check that the curves y = 1 — 222 and y = —1
are invariant. Moreover, there are four fixed points (0,0), (—1,—1), (1,-1),
and (% —1). We will chose o = % such that the last one is outside the

region bounded by the two invariant curves. Then a typical orbit starting
inside this region is depicted in Figure 7.9: It converges to the unstable fixed
point (0,0) as t —+ —oo and spirals towards the boundary as t — +oco0. In
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particular, its w. ((xp,y0)) limit set consists of three fixed points plus the
orbits joining them.

¢ 2
To prove this consider H(z,y) = 2%(1 +y) + % and observe that its
change along trajectories

H= 2&'(1 —y — 21:2);52(1 + y}

is nonnegative inside our region (its boundary is given by H(x,y) = %)
Hence it is straightforward to show that every orbit other than the fixed
point (0,0) converges to the boundary. o

1.4 More remarks about hunting w - limit sets

1.5 How to find an w - limit set?

We put here this user guide about w - limit sets that refers to some notions that will be

discussed later in the course. You can come back to this text when corresponding notions
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will be introduced.

w - limit sets live naturally inside w - invariant sets. In case one can find a very small w -
invarinat set the position and the size of the w - limit set inside it will be rather well defined.

Description properties of w - limit sets is the main and the most complicated problem
in the theory of dynamical systems. Even numerical investigation of limit sets in dimension
higher then 2 is rather complicated and needs advanced mathematical tools.

In autonomous systems the plane R? limit sets can be only of three types: a) equilibrium
points, b) periodic orbits, and c) closed curves consisting of finite number of
equilibrium points connected by open orbits. It is an extension of the Poincare-
Bendixson theorem.

The analytic identification or at least effective localization of w - limit sets is possible with
help of La Salle’s invariance theorem that will be studied later. It states that w - limit sets
are subsets of zero level sets of V;(z) = (VV - f) (x) for appropriate test function (Lyapunov
function) V' (z) satisfying V(z) < 0.

This theorem helps in particular to find w - limit sets that are asymptotically stable
equilibrium points, by a rather simple check of the behaviour of the velocity f(z) on the zero
level set where V; (z) = 0.

One can also investigate asymptotically stable equilibrium points with help of so called
"strong" Lyapunov functions V' that satisty V;(z) < 0 for = # 0.

It is difficult in practice to find analytically w - limit sets in plane of two other types. It
is possible if one can find analytically a zero level set V]?1 (0) of a test function V' that is
a closed curve in plane. Then this level set belongs to one of the two other types: periodic
orbit or a chain of equilibrium points connected by open orbits.

Such an analytic construction is not known for the equation with periodic orbit in the
second home assignment, despite the fact that special techniques were developed to show
that the periodic orbit there is unique.

If a system has first integrals: test functions having Vy(x) = 0 everywhere, then level sets
of first integrals give a good tool to identify w - limit sets because these level sets consist of
orbits and are because of that very narrow invariant sets. The existence of first integrals is

usually a sign that the energy of the system is preserved, that is a rather special situation.
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Observations above show that in many practical situations we can find w - limit sets that
are asymptotically stable equilibrium points.

For systems in plane we can with help of Poincare Bendixson theorem also show that in
certain situations w - limit sets are orbits of periodic solutions but cannot give a formula for
them and cannot state how many they are.

w - ltmit sets in the plane that are more complicated than equilibrium points, is possible
to describe analytically in the case when for a Lyapunov test function V(x) the zero level
set Vf_1 (0) is a closed curve in the plane and the corresponding equation can be investigated

analytically.
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1 User Guide to hunting positively - invariant sets and

w - limit sets.

We consider flows or dynamical systems corresponding to autonomous differential equations

i=f(r), f:G—RY

A system has naturally many positively - invariant sets, for example the whole domain G is always
an positively - invariant set, but it is not very interesting. We like to find possibly narrow invariant sets
showing more precisely where trajectories or solutions to the equation tend when ¢ tends to the upper
bound of the maximal time interval (usually ¢t — oo if the trajectory is bounded and has compact closure).

A general idea that is used to answer many questions about behaviour of solutions (trajectories) of
the equations, is the idea of test functions. One checks if the velocities f(z) are directed inside or outside
with respect to the sets like @ ={z € U : V(z) < C}or Q@ ={x € U :V(x) > C} defined by some simple
test functions V : U — R, U C G. A more refined variant of this idea by Lyapunov is to find test a
function that is monotone along the trajectories p(t,£) of the equation. The advantage of the idea with

test functions is that one does not need to solve the equation to use it.
How to find an positively - invariant set?

Method 1. We find a test function V(z) that has some level sets 0Q = {z: V(x) = C} that are
closed curves (or surfaces in higher dimensions) enclosing a bounded domain ). Typical examples are
V(x,y) = 2* + y>=R? - circle or radius R, or V(z,y) = i—z + Z—zzl - ellipse, or more complicated ones as
V(z,y) = 2% + ay* - smoothed rectangle shape or squeezed ellipse, V (x,y) = 22 + zy + y? = C - ellipse
rotated in 7/4 and having axes A and B related as A/B = /3etc.

e To show that a particular level set Q) bounds an positively - invariant set () we check the sign of the
directional derivative of V' along the velocity in the equation: Vy(x) = (VV - f) (x) for all points on the
level set {V(z) = C'} for a particular constant C.

e The sign of V(z) shows if the trajectories go to the same side of the level set as the gradient VV' (if
V(x) > 0) or to the opposite side (if V(x) < 0).

e Then if V(x) is rising for x going out of ), and Vy(x) < 0 then the domain ) inside this level set 0Q)
(curve in the plane case) will be positively - invariant. Similarly if V' (z) is decreasing out of this level set,
and Vy(z) < 0 on the level set Q) then the domain () inside this level set will be positively - invariant.

In the opposite case the complement to ) that is RY¥\Q will be positively - invariant and trajectories
©(t, &) starting in this complement: ¢ € RV\Q will never enter Q.

First integrals. A very particular case of test functions are functions that are constant on all trajec-
tories ¢(t,€) of the system. It means that £V (¢(t,€)) = Vi(z) = 0. Usually but not always, such test
functions have the meaning of the total energy in the system. In this case all level sets of the first integral
are invariant sets, because velocities f(x) are tangent vectors to the level sets in this case.

Method 2. If it is difficult to guess a simple test function giving one closed formula for the boundary

of an positively - invariant set as in the Method 1, then one can try to identify a boundary for an positively



- invariant set as a curve (or a surface in higher dimensions) consisting of a number of simple peaces, for
example straight segments.

The simplest positively - invariant set of such kind would be a rectangle (a rectangular box in higher
dimensions) with sides parallel to coordinate axes. Then to check that this rectangle is an positively -
invariant one needs just to check the sign of = or y - components of f(x) on these segments, showing that
trajectories go inside or outside of the rectangle.

Application to Poincare Bendixson theorem

One searchs often positively - invariant sets with special properties. For example to apply the Poincare-
Bendixson theorem one needs to find an positively - invariant set without equilibrium points. On the other
hand it is known that any periodic orbit in plane encloses at least one equilibrium point. It means that a
typical positively - invariant set for applying the Poincare-Bendixson theorem should be ring shaped with

at least one hole in the middle including a repelling non stable equilibrium point.
Check list for application of the Poincare-Bendixson theorem.

e One starts with applying one of the two methods above to find a compact positively - invariant set
() with at least one equilibrium point inside it. Such set () does not satisfy conditions in the Poincare-
Bendixson theorem yet.

e To identify holes around the equilibriums in the middle (one must find all such equilibrium points at
the end !), one needs often to find one more test function for each of them, to show that trajectories do
not enter a neighbourhood of each of the equilibriums.

e Alternatively one can use the linearization to show that this equilibrium is repeller and therefore
trajectories cannot enter some small neighbourhood of the equilibrium in the middle of the set Q).

e One must check at the end that the found positively invariant annulus (closed ring shaped domain)
does not include equilibrium points (not at the boundary either!) It is often simpler to do after carrying

out estimates for V.

How to find an w - limit set?

w - limit sets live naturally inside w - invariant sets. In case one can find a very small w - invarinat set
the position and the size of the w - limit set inside it will be rather well defined.

Description properties of w - limit sets is the main and the most complicated problem in the theory
of dynamical systems. Even numerical investigation of limit sets in dimension higher then 2 is rather
complicated and needs advanced mathematical tools.

In autonomous systems the plane R? limit sets can be only of three types: a) equilibrium points,
b) periodic orbits, and c) closed curves consisting of finite number of equilibrium points
connected by open orbits. It is an extension of the Poincare-Bendixson theorem.

The analytic identification or at least effective localization of w - limit sets is possible with help of La
Salle’s invariance theorem. It states that w - limit sets are subsets of zero level sets of Vy(z) = (VV - f) ()

for appropriate Lyapunov functions V' (x) satisfying Vy(x) < 0.



This theorem helps in particular to find w - limit sets that are asymptotically stable equilibrium points,
by a rather simple checking the behaviour of the velocity f(x) on the zero level set where V; (x) = 0.

One can also investigate asymptotically stable equilibrium points with help of so called "strong" Lya-
punov functions that satisfy the strict inequality Vy(x) < 0 for « # 0.

It is difficult in practice to find analytically w - limit sets of two other types. It is possible if one can
find analytically a zero level set Vfl (0) that is a closed curve in plane. Then this level set belongs to one
of the two other types: periodic orbit or a chain of equilibrium points connected by open orbits.

Such an analytic construction is not known for the equation with periodic orbit in the second home
assignment, despite the fact that special techniques were developed to show that the periodic orbit there
is unique.

If a system has first integrals, then level sets of first integrals give a good tool to identify w - limit sets
because these level sets consist of orbits and are very narrow invariant sets themself. The existence of first
integrals is usually a sign that energy of the system is preserved, that is a rather special situation.

The observations above show that in many practical situations we can find w - limit sets that are
asymptotically stable equilibrium points.

For systems in plane we can with help of Poincare Bendixson theorem also show that in certain
situations w - limit sets are periodic orbits but cannot give a formula for them and cannot state how many
they are.

w - limit sets in the plane that are more complicated then equilibrium points, is possible to describe
analytically in the case when for a Lyapunov function V(x) the zero level set Vf_1 (0) is a closed curve in

the plane and the corresponding equation can be investigated analytically.



1 Bendixson’s citerium for nonexistence of pe-

riodic solutions in plane.

Theorem. Let 2’ = f(x) with f: G — R?* G C R? be open, f € C'(G), and
let D C G be a simply connected domain (domain without "holes" even
without point holes). It is enough to require that f is locally Lipschitz in G
with more knowlege of integration theory.

Suppose that div(f) = g—ﬁ + g—ﬁ is strictly positive (or strictly negative)
in D, where f = [f1, fo]".

Then the equation has no periodic solutions with orbits inside D.

Proof 1. Carry out a proof by contradiction. Suppose that there is a
periodic trajectory z(t) with period T > 0 in D. x(t + T) = z(t) and

ri(t) = fi(x(t),  25(t) = falz(t))

Denote orbit of z(t) by £ ={z(t): t € [0,T]}. It will be a closed curve.
Denote the domain inside £ by €. Then the boundary 0€2 = £ because D D 2
is simply connected and has no holes. Consider the integral of div(f) over

and apply Gauss theorem:
I= / div(f)dxidxs = f-ndl
Q o9

where n is the outward normal to the boundary 0. Point out that f(x(t)) =
2'(t) on 02 = L because L is the orbit of the periodic solution z(t) that
we supposed to be existing. Therefore f(z(t)) is the tangent vector to 02

and therefore scalar product of it woth the normal vector is zero f-n = 0.

I://Qdiv(f)d:vldmg:/mf-ndl:0

with the curve integral over 92 = L in the right hand side. On the other
hand div(f) > 0 (or strictly negative) in the whole D D Q.Therefore the inte-
gral [ = fQ div(f)dxidxs over a bounded domain €2 must be strictly positive

Therefore

(negative).We arrived to a contradiction: 0 > 0. Therefore our supposition



was wrong and the system cannot have a periodic orbit in D.H
Proof 2. starts similarly with the supposition that there is a periodic
trajectory x(t) with period T in D, z(t + T) = x(t) and

ri(t) = f(z(t),  25(t) = fal2(t))

Denote the orbit of z(t): by £ ={x(t): t € [0,7]}. Denote the domain
inside £ by €2. Then the boundary 02 = £ because D D () is simply connected
and has no holes.

We apply the Greens formula:

a0 o \0r1  Oxsy

instead of Gauss theorem.

Choose P = —f,, Q) = f1 and express the contour integral in the left side



of the Greens formula using the definition of the contour integral:

T
fldxg — fgd!El = / (flf,(},z — fgl’/l) dt
o0 0

Point out that z(t) = fi(x(t)) and x4(t) = fo(x(t)) and substitute these

expressions into the integral:

T
fldIQ—fzdxlz/ (fifo—= fafr)dt =0
0

o0
Apply the Greens formula substitute expressions for P and ), and conclude

that in the case (g—ﬁ + g—g) =div(f) > 0:

0= fidxy — fodxy = // (ﬁ - %) dxidxe >0
o0 Q 8%1 8352

that is contradiction: 0 > 0. In the case if div(f) < 0 in D we arrive to the

contradiction < 0. W



1. Example.

Show that the following system of ODE has no periodic solutions.

y' = —0.5y + 3 + 2ty
We consider divergence of the right hand side of the system.

. {x’—a}3—y2x+x

div(f) =322 — > +1-05+3y? + 2t = 2* + 322 + 22 + 0.5 > 0

Therefore divergence of the right hand side of the equation is positive
everywhere in the plane that is a simply connected set (does not have holes,
even point-holes). According to Bendixson’s criterium the system cannot have

periodic solutions anywhere in the plane.

Example.
Show that the following system of ODE has no periodic solutions.

y=—1—y°

Solution

. {x’:%+x2—yx+y2

y' is always strictly negative. It implies that y(¢) must be monotone
function of time. It contradicts to possibility of having periodic solutions

that are always bounded.



6. Formulate the Poincare-Bendixson theorem and use it to show that the following system of

ODE has a periodic solution (z(t).y(t)) # (0,0).

{ =y
y = —flz,y)y—=

where f, f. , f, are continuous, f(0,0) < 0 and f(z,y) > 0 for =2+ 4% > 12

(4p)
One of formulations of the Poincare Bendixson theorem is: let (t) be a solution to an
autonomous equation ' = f(z) in plane, bounded for all ¢+ > 0. We suppose that f is

Lipschitz to guarantee uniquness of solutions. Then the limit set w(y) of ¢ () has the following
property: it either

i) contains an equilibrium

or

i) ¢(t) is periodic itself

or w(y) is a periodic orbit.

The theorem cas an important corollary, that is also often called Poincare Bendixson theorem:
If the equation 2/ = f(z) in plane has a compact positively invariant set (a set that no
trajectories can leave) that does not include any equilibrium points, then this set must include
at least one periodic orbit.

We apply the corollary to the example above and try to find a set in plane satisfying require-
ments i the corollary.

We observe first that solutions exist for initial points everywhere in the plane because of the
smoothness of f.

Cousider a test function V(z,y) = (;1;2 + y?) /2 and its evolution along solutions to the given
system.

VI=ay —y fla.y) — ey = —v*f(x,y). f(x.y) >0 for 22 + % > b2, It implies that V/ <0
for 2 4+ y? = b? and that trajectories of the system cannot leave the disc 2% + y? < b?.
f(0,0) < 0 and is continuous. It implies that there is a small circle around the origin
2?4y < 62

such that f(x,y) < 0 and correspondingly V' = 0 for 22 + y? = §2. It implies that the system
cannot leave the ring 62 < 22 4+ 32 < b2, Tt is easy to observe that the only equilibrium point
of the system is the origin: y = 0 for the first equation and therefore x = 0 from the second
equation.

Alltogether implies that the ring 6% < 22 + y? < b? is a positively invariant set without
equilibrium points and must include at least one periodic orbit.



iii) Formulate the Poincare- Bendixon theorem and use it to show that the following system
of ODE has an w - limit set that is a periodic orbit.

= —a (2?32 -1)+y
{ Y= -y (12 + 4% =3z — 1) - (4p)
Solution.

i) w(p) is an w -limit set of a point p for a continuous dynamical system w (¢, x) if for any
point z € w(p) there is a sequence of times {t,},~; depending on z, such that t, — oc and
n—00

w(tn,p) —3 =

ii) If the trajectory ([0, 00], ) of the dynamical system is bounded, then the w -limit set
w(p) is not empty, closed, connected and positively (or w) - invariant set.

iii) Poincare Bendixson theorem states that if an ODE in plane has a positively invariant set
U without equilibrium points then it must include a periodic orbit that is an w - limit set for
all points in thes set U.

We try to use a simple test function V(x,y) = % (1‘2 + yg) to localize a positively invariant
set without equilibrium points.

Vi(@().y(t) = —a* (2® + 9y = 8 — V) tay+—y? (2 +9° =3z — 1) —ay = — (2% + %) (2® +¢* - 32 - 1)
It implies that for large enough x? + 2 we have V'(z(#).y(f)) < 0 and for small enough
22 4+ 4% # 0 we have V'(z(t), y(t)) > 0.

Therefore there are  and R, 0 < § < R such that the ring 6 < /22 + 32 < R is a positively
invariant set and therefore must include at least one periodic orbit that is an w - limit set for
all points in this ring.

6. Formulate Poincare-Bendixson theorem. Find a positively invariant set for the following
system of ODE. Show that the system has at least one periodic solution.
o= —y/3+x(1—32% %)
r_ . a2 9 (4p)
y'= x+y(l-32"—y°)

~

Poincare-Bendixson theorem. Consider a system 7' = f(7) in the plane R%. If a limit set
we(r) of a point = is not empty, compact and contains no fixed points, it is a regular periodic
orbit.[]

A corollary of the theorem is that if ' is a compact positively invariant set to a system of
ODE in the plane and C' does not contain any fixed points, it must contain at least one
regular periodic orbit.[]

Multiply the first equation by 32 and the second equation by y and add:

% (sz + yQ) = (sz + y2) (l — (31?2 + yz))

The function V(z,y) = 322 + y? satisfies the equation: V'(¢) = 2V (1 — V7).

We observe that V/(t) increases along trajectories of the system for 17 < 1 and V' decreases

for V> 1. It implies that the set G = {(z.y): 0.5 < 32% +¢* < 2} (an elliptic ring round
the origin) is a positively invariant set.

The same calculation shows that the origin is the only stationary poeint, because stationary
point

must satisty the equation V(1 —V) = 0. By inserting 1 — 32 —y? = 0 into the equations one
can see that points on the ellips 322 — 2 = 1 are not stationary, because thay must at the
same time be in the origin. It leaves the only fixed point in the origin.

The corollary to Poincare Bendixson theorem states that in a compact positively invariant
set without fixed points there must be at least one periodic solution.



4. Periodic solutions to ODE.
Show that the following svstem of ODE has a periodic solution.

=y
Y =z +y(l — 322 — 22

Hint: transform the system to polar coordinates and consider the equation for polar

Expressing the system in polar coordinates r, 8 we get:

' = rsin®(0)(1 — 3r% cos?(0) — 2rsin?(9))

We observe that for small enough » ' > 0,

for example for » = 0.5: v/ = 0.25sin%(0)(1 — 0.5cos?(8)) > 0

One observes also from the equation for 7’ that

' < rsin®(8)(1 — 2r?) that makes ' < 0 for r < 1/4/2. Equality is attained only for
0=0,0=m.

It makes the ring 0.5 <r < 1/ V2 a positively invariant set for the system.

The only fixpoint of the sistem is the origin, therefore by the Poincare-Bendixson
theorem it must have a periodic solution in this ring.

Nonexistence of periodic solutions

6. Show that the following system of ODE has no periodic solutions.

=142y +y?
yo= Loy (4p)
Solution

y' is always strictly negative. It implies that y(f) must be monotone function of time. It
contradicts to possibility of having periodic solutions that are always bounded.

6. Show that the following system of ODE has no periodic solutions.
=3 - yg:r +x
{ y =05y +¢° +aty (4p)
We consider divergence of the right hand side ot the system.
div(f) =322 — > +1-05+3y + a2t =2 + 322 + 22+ 05> 0
Therefore divergence of the right hand side of the equation is positive everywhere in the plane

that is a simply connected set (does not have holes). According to Bendixson’s criterion the
system cannot have periodic solutions anywhere in the plane.



1 Lyapunov stability theory (§5.1 in L.R.)

The pioneering work by Lyapunov on stability theory where both the idea of linearization and the idea of test
functions were introduced and developed, was his Ph.D thesis published in 1892 and translated to French
i 1907.

Consider an autonomous system 2’ = f(z) with f : G — RY | G C RY open. We suppose that f is a
locally Lipschitz continuous function, so the existence and uniqueness of maximal solutions to I.V.P. are
valid.

We repeat for convenience definitions of stable and unstable equilibrium points

(Equilibrium points are considered here at the origin to make it simpler to apply the construction with
Lyapunov functions)

Definition

An equilibrium point 0 € G of the system 2’ = f(z) is said to be stable if for each ¢ > 0, there is § > 0
such that for any ¢ taken in the ball B(6,0)={¢ € RY, [£| <4} the maximal solution z(t) = ¢(t,¢) :
I; — G on the maximal interval I, with initial data 2(0) = £ and 0 € I will stay in the ball B(e,0):
lo(t,&)]] < e forall t € [ NRY. In fact RT C I in this case.

Definition

The function V : U — R , U - open, containing the origin 0 € U , is said to be positive definite in U,
if V(0) =0and V(z) >0forVze U, z #0.

Lyapunov’s theorem on stability

Theorem. Th.5.2, p.170

Let 0 be an equilibrium point for the system above and there is a positive definite continuously differ-
entiable, C'(U) function V : U — R, such that U C G, 0 € U and V;(2) = VV - f(2) <0Vz € U,

then 0 is a stable equilibrium point.

Remark.

A function V' with these propertie is usually called the Lyapunov function of the system.

Proof.

Take an arbitrary ¢ > 0 such that B(e,0) C U. Let o = min.cg )V (2) be a minimum of the
continuous function V' on the boundary of B(e,0), that is the sphere S(¢,0) = {z:|z| =¢} and is a
compact set (closed and bounded). Then « > 0 because V' (z) > 0 outside the equilibrium point 0.

By continuity of the function V' and the fact thatV(0) = 0 one can find a 0 < § < & such that
Vz € B(0,0) we have V(z) < a/2.

On the other hand for any part of the trajectory z(t) = ¢(t,€), inside U the function V(¢(¢,§)) is
non-increasing because 4V (p(t,£)) = (VV - f) (z(t)) < 0. Therefore all trajectories o(t, &) with initial
points £ € B(0,0) satisfy V(§) < a/2 . Therefore V(p(t,€)) < a/2 and ¢(t, ) cannot reach the sphere
S(e,0) where V(2) > a = min,cg(.0) V(). Therefore any such trajectory stays within the ball B(e, 0) and
by the definition, the origin 0 is stable. It implies also that R* C I, , where I; is the maximal interval for

initial point &, because the trajectory stays inside a compact set. B



Remark. The definition of stability and proofs of the theorems are exactly the same if we take an

arbitrary equilibrium point zy instead of the origin and use balls B(e, x) around xy.



Example.

Investigate stability of the equilibrium point in the origin for the following system:

Ty = 1y
Ty = —x, — T
that follows from the second order equation z” + (z/)* + z = 0.
Try the simple test function V(x1,z5) = 2% + 3. It is positive definite.
We check the sign of the derivative of V' along trajectories of solutions: Vi(z1,x2) = (VV - f) (21, 22) =
22179 + 219 (—x1 — 23) = —4aj < 0.
Point out that Vy(z1,22) = 0 along the z; axis where xo = 0, not only in the origin!!!
Example. One dimensional Newton equation. First integrals
Consider a similar example

mz" + g(x) = 0,

zg(z) >0, z #0, g(0) = 0. Suppose that [’ g(s)ds — oo as 2 — oo.
It describes a spring with non-linear force —g(z). It can be rewritten as a system of ODE’s of the first

order.

rT = X
¥ o= 2 =,
, p—
mzhy = —g(1)

Consider the test function V(xq, x2):

1

V(xy,29) = %(9&2)2 +/ g(s)ds

0

representing the energy of the system, consisting of two terms: the kinetic energy % (2’)? and the potential
energy G(z) = [ g(s)ds.
Point out that V' is positive definite because of the limitation zg(x) > 0, x # 0.

Consider the derivative V; of V' along trajectories

VDo) = (v ) fi+ () 7

8_561 8:{:2

= g(w1)m2 + ma, (— (%) g(:cl)) =0 !N

The Lyapunov stability theorem implies that the origin is a stable equilibrium point.
We point out also that (VV - f) (x1,x2) = 0 is zero everywhere and therefore V' (z) is constant along
trajectories of the system. Such function is called first integral of the system.

Definition



Functions that satisfy the relation (VV - f) (z1,22) = 0 and are therefore constant on trajectories of
the system z’ = f(z) are called first integrals of the system.

Property of level sets of first integrals.

Level sets of a first integral V' have the property that velocities f(z) of the system are tangent or zero

on all level sets of V. It implies that these level sets are unions of orbits of the system.

We can express level sets V(z1,22) = h of the first integral V' in the example above as

s — i\/% (h— G(z1)

that is valid in points where the expression under the root is non-negative.

Proposition. 4.54, p. 161

If the first integral V' has level sets that are closed curves that do not contain equilibrium points, these
curves are orbits of periodic solutiuons.

This idea is almost the only constructive method to calculate periodic orbits for non-linear systems in

plane.

1

Pointing out that G(z1) = |,

conclude that those level sets of V(x1,x5) that are closed curves and contain no equilibrium points must

g(s)ds in the example above is monotone with respect to |z1|, we

be orbits of periodic solutions, according to Poincare-Bendixson theorem. It implies in particular that the

origin is not asymptotically stable equilibrium point in this example.



Example. Non-linear pendulum without friction.
A particularly interesting example in the form similar to the last one is the equation for pendulum that

we considered earlier by using method with linearization.

¢ = —2siné
Let k* =4
0 = 4
Y = —k’sinf
The function V(6,)
wQ
Vo) = Lo
w?
V(b,y) = o + k*(1 — cos )

with G(0) = k*(1 — cos6) is the first integral of the system describing the pendulum.
Level sets of the function V'(0,1) = h consist of the orbits of the system

§=+v2(h - G(0))

. For 0 < h < 2k? level sets are periodic orbits. For h > 2k? level sets are wave-looking orbits of trajectories
corresponding to the pendulum rotating around the pivot. There are also level sets corresponding to
h = 2k? and consisting of unstable equilibrium points and orbits connecting them and corresponding to
trajectories that tend to the upper non-stable equilibrium and not rotating further.

We draw several level sets for the function % + 1 —cos(x) = h:

=




Theorem. Asymptotic stability by Lyapunovs functions. Cor. 5.17, p.185,

Let 0 be an equilibrium point for the system above and let V' be a positive definite, continuously
differentiable function V' : U — R, such that U C G, U - open, 0 € U, and V(z) = VV - f(2) < 0 (strict
inequality outside the origin!) Vz € U, z # 0,

then 0 is an asymptotically stable equilibrium point.

Definition. Lyapunov functions satisfying conditions in this theorem are often called strong Lyapunov
functions.

Proof.

In the course book this theorem is considered as a corollary to a more general LaSalle’s invariance
principle. We give here an independent proof to asymptotic stability. By the Lyapunov’s stability theorem
the origin is a stable equilibrium and therefore for any ball B(R,0) there is a ball B(r,0) C U such that
for any € € B(r,0), ¢(t,£) € B(R,0) for any time ¢t € I, and RT C I¢, where I is the maximal interval
for initial point &.

Therefore we need only to show that the origin is an attractor. Namely we need to show that there is
a ball B(r,0) C U, such that for any £ € B(r,0) it follows that ¢(t,£) — 0 as t — oc.

It suffices to show that lim;_,., V(¢(t,€)) = 0 because V' is continuous and is positive outside the origin,
where V(0) = 0. It will imply that ¢(t,£) — 0 as t — oc.

It is easy to proof by the following contradiction argument. If ¢ (¢, &) does not tend to the origin, then
there is a sequence of times t;, — 0o as k — oo such that ||p(tg, €)|| > € > 0. It implies that V (o(t, £)) >
q > 0 for some positive ¢. But it is not compatible with supposition that lim; .., V(¢(t,£) = 0.0

limV({philt,xi})=eta
strictly monotone , therefore
V(philt,xi))>eta

§

V[zl=eta/2
B({delta,0)

B(R,0)

gammsg=min{-V_f(z}}>0 in B{¥,0)\B|delta,0)

Now we continue proving lim; ... V (¢(t,£) = 0. By conditions of the theorem £V (p(t, £) < 0, therefore



0 < V(p(t,§) is a monotone strictly decreasing function of ¢ and must have a limit

lim V(p(t,&) =n, t— oo.

t—o0

Suppose that this limit is not zero: n > 0. Then V(¢(t,&) > n > 0 for all ¢ > 0 because V(p(t,£) is
stricly monotone decreasing.

Now we like to find a ball B(64,0), 6 < r around the origin so small that the trajectory ¢(t,&) cannot
reach it. The idea is that outside this ball (where our trajectory (¢, &) is situated) the decreasing rate for
V(p(t,€) along the trajectory is never close to zero. This fact would lead us to a contradiction with out
supposition.

Continuity of V' and the fact that V(0) = 0 imply that there is a ball B(J,0), § < r such that
0 < V(z) < n/2for all z € B(§,0). Hence p(t,€) cannot reach it: |[p(¢,€)|| > 0 for all ¢ > 0, because
V(p(t,&) >n >0 for all t > 0 by our supposition that V(¢(¢,£)) \, n as t — co.

Now we will estimate the smalles rate of decrease for V(p(t,£) that follows from our conclusions.
Consider the closed spherical slice S = {z:0 < ||z| < R} where the trajectory ¢(t,€) is situated, and
point out that v = min,cg (—V}(2)) > 0 exists because S is compact and V} is continuous.

v > 0 by the condition of the theorem that V; < 0 outside the origin. Therefore

0V (p(t,€) 2 7 = min (~V(2))
and
d
SV (p(,6) < —

By integration from 0 to ¢ we arrive to

V(p(t,€) = V(&) < —yt — —00

as t — oo that contradicts to the supposition that V' (z) > 0.

It implies that our supposition that lim; ., V' (¢(t,&) = n > 0 was wrong and that lim; ., V(p(t,£) =
0.As we pointed out at the beginning of the proof, the last fact implies, that lim; .., ¢(t,£) = 0 and
therefore the origin is an attractor and is an asymptotically stable equilibrium point.H

Remark.

This theorem on asymptotic stability has a (very difficult!) inversion (proven in 1949,1956) by José
Luis Massera, Uruguay, stating that for any system with an asymptotically stable equilibrium point, there
is a "strong" Lyapunov function V' such that V(z) < 0 in a neighborhood of this equilibrium point (outside
the point z = 0 itself).

Definition. Region of attraction for an asymptotically stable equilibrium point.
A domain U C G is called the region of attraction for an asymptotically stable equilibrium point x, € U
if for any ¢ € U , the maximal existence interval I¢ of the the solution z(t) = ¢(t,§) contains R™ C I and

o(t, &) — x4 as t — 0.



Example. Consider the system of equations

v = —x+ 2xy?
y o= —(1-a2%)y’

Investigate stability of the equilibrium in the origin and find possible region of attraction.

Point out that for the right hand side in the equation the Jacoby matrix J in the origin is degenerate

= 0 0 and the linearization of the system does not give any information about stability of the

equilibrium in the origin.

Consider the simplest test function V (z,y) = 22 + ¢

e = o= | | U

= 2z (—z+2z2y%) + 2y (—(1 — 2%)y®) = 42”y® — 2" — 227 + 227"
= —22%(1 —2y%) — 2*(1 — 2?)

Vi(z,y) < 0 in the rectangle (—1,1) x (—1/\/5, 1/\/5), (z,y) # 0. Therefore the origin is the asymp-
totically stable equilibrium with the region of attraction - the largest circle around the origin that fits into
this rectangle: z% + y? < 1/2.

This region of attraction is just one we could find using this particular Lyapunov function, it can exist
a larger region of attraction.

Example. Consider the system of equations

Y = —yb—2yy;
Yy = Yiy2 — Vs



Investigate stability of the equilibrium point in the origin finding a suitable Lyapunov function. Consider

the following test function:

V1, 42) =y +Yivs + s

The test function V is positive definite. We draw several level sets for V (x,y) = 2% + 2%y? + y* = h, for
h = 1,20,30.

We choose the form of the test function in such a way that on the level set curves of this function
velocities f(y1,y2) point inward: (VV - f) (y1,42) < 0. We have chosen the term yj having 5> (y2) =
4y§’ that after multiplication with the term —y3 from f, gives a "good" negative term —4y8. Snmlarly
ay1 (y?) = 2y, multyplied by the term —%7? from f; gives a good negative term —2y¢. The tricky step is to
play with "bad" indefinite mixed products in such a way that they (in the best case!) give no terms in
(VV - f) (y1, y2) with indefinite sign.

Vily,y2) = (VV - ) (y1,02) =

(201 + 20193) (=91 — 2v193) +

+ (2yy2 + 495) (vive — ¥3)

_2111 4913/2 - 29192 4y192 + 2y192 4?/2 + 23/1y2
—2yy — 4ys — 4ylys — 291y,

(_3/1 21/2 - 23/13/2 yl?h) 2

< (~yi—23)2<0, (y1,92) # (0,0)

Therefore according to the last theorem, the origin (0, 0) is an asymptotically stable equilibrium point. The
test function tends to inifinity with ||(y1,y2)|| — oo. It implies that the equilibriuh has the whole plane
R? as the region of attraction. All trajectories ¢(t,€) tend to the origin with ¢t — co: (¢, f) (0 0).
Remark
One can arrive to indefinite terms after calculation of V; .It is still not the end of hope. One can
check that these indefinite terms are not large and might be compensated by negative definite terms in the

expression for V; . For example the expression —z? —y*+xy < 0 for (z,y) # (0,0) because 2 |zy| < x?+y%.



One can also use known criteria for positive and negative definite quadratic forms in such problems.
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Lyapunov’s theorem on instability

We give here a slightly weaker variant of the instability theorem comparing with one in the book. An
advantage of the variant here is that it suggests a more constructive proof.

Students are free to choose any of these two variants at the examination.

Definition.

An equilibrium point 0 € G of the system is said to be unstable if it is not stable.

Explicit version of the same definition.

There is a ball B(R,0) C G such that for any § > 0 there is a point £ € B(4,0)

such that for the trajectory o(t,&) starting in £ there is time ¢, € I such that ¢(t,€) ¢ B(R,0).

Another reformulation of this definition is possible.

Another explicit version of the same definition

There is a ball B(R,0) C G and a sequence of points {z,} -, such that lim,_, z,, = 0 such that for
each maximal solution (¢, ) with initial data { = z,, there is time ¢, € I such that ¢(t,£) ¢ B(R,0).

Theorem. On a criterium of instability of an equilibrium using test functions.

Let the origin 0 - be the equilibrium point of the system 2’ = f(z). Assume that there is a neighbour-
hood U C G, 0 € U and a continuously differentible C'(U) function V : U — R satisfying the following
hypotheses.

1) Vi(2) =VV - f(z) >0 forevery z € U, 2 # 0

2) For every § > 0 there exists z € U with ||z|| < § and V(2) >0

3) V(0) =0.

Then the origin 0 is an unstable equilibrium.

Remark. The Theorem Th. 5.7, p. 174 formulted in the book is stronger. It has the same
conclusion with the condition 1) changed to a weaker one:

1) Vi(2) = VV - f(z) > 0 for every point z € U, where V(z) > 0, and 3) is not required.

Proof of the weaker variant of the Theorem

The idea of the proof is to show that any trajectory starting from a point £ arbitrarily close to 0 where
V(€) > 0 will leave a fixed ball B(R/2,0) such that a larger ball B(R,0) C U.

We point out that for any part of the trajectory ¢(t¢,&) of the maximal solution in U the function
V(g(t,€)) is monotone increasing because 4V (¢(t,€)) = Vi(e(t,€)) > 0.

It means that ¢(t,£) stays outside the origin because V¢(z) is continuous and V;(0) = 0. It in turn
means that (VV - f) (¢(t,€)) = LV (p(t,§) > K >0 for all t € [ NR*.

To prove this inequality one can carry out a more formal argument that follows.

Let £ € B(R,0) be an arbitrary point where V(€) > 0. V is a continuous function and V(0) = 0. It
implies that there is 0 < ¢ < R/2 such that V(z) < V(§)/2 for ||z| < e.

Therefore the trajectory ¢(t,&) must stay outside the ball B(e,0) for all t € It N R™.

The function (VV - f) (2) is continuous in U and must attaint its minumum K = min_ g g0 (VV -

on the compact set B(R,0)\ B(e,0) that is a slab between two spheres. The number K is positive K > 0
because (VV - f)(z) > 0 for z € U outside the origin.

11



Therefore y
(VV D) (p(t.) = SV(olt,) > K >0, ¥iel Nk

and by the integration of the left and right hand side over [0, ¢] we get
V(p(t,€) > Kt+V(€), Vte I NRY

There are two possibilities depending on if /e NR™ is a bounded interval or R* C I¢. In the first case the
trajectory o(t,&) must leave any compact in G in particlular the ball m In the second case having
possibility to take ¢ arbitrary large in the inequality V(p(t, &) > Kt + V(£) leads to conclusion, that for
some time ¢, > 0 large enough V' (¢(ts,§)) will become larger than max_ gzz7mg V(2) - the maximum of
V(z) over the half ball B(R/2,0). It means that the point p(t.,&) of the trajectory must be outside the
ball W at such time ¢,.

Therefore according to the definition, the origin 0 is an unstable equilibrium, because there are trajec-
tories starting arbitrarily close to the equilibrium 0, such that they move outside the ball B(R/2,0) C G
at some time t..H

Remark. If we suppose in the formulation of the theorem above that Vy(z) > 0 for all z € U,
z # 0, then the origin is a repeller, meaning that for some ball B(R,0) around the origin, any solution

x(t) = o(t, &) with £ € B(R,0) will leave this ball in finite time.

Example.

Consider the system

g = 2* 4 ya?
y = —y+a’
Show that the origin is unstable equilibrium by using the test function V(z,y) = % — ?’2—2

Point out that the linearization has matrix J = [ ] that is degenerate. Therefore the Grobman

- Hartman theorem cannot be applied.

3 + ya?
—y + a3

Vi(z,y) = [ ! ] -

—Y
VAot -y +aty = P4+t >0

V(z,y) > 0 on the x-axis, arbitrary close to the origin. There is a ball B(0, R) around the origin
such that trajectories starting on the z-axis arbitrary close to the origin will leave it in finite time by the

Lyapunov instability theorem.
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1 General properties of w -limit sets and La
Salle’s invariance principle and it’s applica-

tions to asymptotic stability §5.2

Example. An elementary introduction to LaSalle’s invariance prin-
ciple.
We like to investigate stability of equilibrium poin tin the origin for the

system

/

Ty = —x — 1

Using the simple test function V (zy,z2) = 22 4+ 22 we observe that it is a

Lyapunov function for the system:
Vi(xq,29) = VV - f(21,22) = 20129 — 22179 — 275 = —213 < 0

and the origin is a stable equilibrium point. On the other hand V is not a
strong Lyapunov function, because V(z1,23) = 0 not only in the origin, but
on the whole z; - axis where x5 is zero.

On the other hand considering the vector field of velocities of this system
on the z; - axis, we observe that they are crossing the x; - axis (even are
orthogonal to it in this particular example) in all points except the origin. It
means that all trajectories of the system cross and immediately leave the x; -
axis that is the line where V(z1, 22) = 0 (the Lyapunov function is not strong).
This observation shows that in fact the Lyapunov function V (p(t, £)) is strictly
monotone along trajectories (t,£) everywhere except discret time moments,
when ¢(t, &) crosses the z; - axis. More explicitely in polar coordinates r and
0:

(rz), = —2rtsin*h

We can therefore conclude that V(¢(¢,£)) \, 0 as t — oo and therefore,



the origin is asymptotically stable equilibrium of this system of equations.
One can also get a more explicit picture of this dynamics by looking on the

equation for the polar angle 6:

<z_j> _ (tan<9)>’zcoj2/(9)

xhry — x| X0 _ (—z1 — 23) 71 — (12) T2
3 a3

2 _ 2 3 2 304
(—af — 25 —xywy) —r* —cosfsin”Or
x? 72 cos? 0

(sin 20 sin?® (9) r?
2

0 = —1—cosfsin®fr?®=—1—

o sin 26(1 —4C0829)T2 <0, <2

We see that for r < 2 the trajectories tend to the origin going (non-uniformly)
as spirals clockwise around the origin.
This example demonstrates the main idea with applications of the LaSalles

invariance principle to asymptotic stability of equilibrium points.



Proposition. Simple version of applying LaSalle’s invariance prin-
ciple for asymptotic stability of equilibrium points by using "weak"
Lyapunof functions.

( The complete version of LaSalle’s invariance principle is Theorem 5.15.
p. 183 that is considered a bit later)

We find a simple "weak" Lyapunov function V;(z) < 0 for z € U in the
domain U C G, 0 € U. This fact implies stability of the equilibrium. Then
we check what happens on the set Vf_l(O) where V;(z) = 0. If the set Vf_l(O)
contains no other orbits except the equilibrium point, this equilibrium point
in the origin must be asymptotically stable.

Any trajectory starting in W will have a positive orbit with compact clo-
sure. We need this property for applying LaSalle’s invariant principle describ-
ing w- limit sets for positive orbits of solutions to ODEs.

Exercise.

Show that all trajectories of the system

/

r =Yy

/

y = —o—(1-a%y

that go through points in the domain H [z, y]TH < 1, tend to the origin. Or by
other words, show that the origin is an asymptotically stable equilibrium and
that the circle H [z, y]TH <1 isit’s domain of attraction.

Consider V (x,y) = 2% + ¢

Vi(z,y) = 2oy —2zy— (1—2?)y*=—-(1—-2)y* <0
Vil0) = {(z,y):y =0}

The only invariant set is {0}, therefore for trajectories starting in H [z, y]" H <

1 the origin is and attractor and it is asymptotically stable with H [z, y]TH <1

being the domain of attraction.



More general formulation and a proof of the LaSalle’s invariance principle
use some general properties of transition mappings, and w - limit sets. We
collect them here and give some comments about their proofs.

We consider I.V.P. and corresponding transition map (¢, ) for the system

Y = f()
w0) = ¢

with f: G — R", G - open, G C R", f is locally Lipschitz, ¢ € G.
1.1 Main theorem on the properties of limit sets.

The next theorem on the properties of w - limit sets collects properties of w -
limit sets valid for systems of any dimension, in contrast with the Poincare -
Bendixson theorem and it’s generalization, that gives a

description of w - limit sets only for systems in plane, or on 2-dimensional
manifolds.

Main theorem about properties of limit sets. Theorem 4.38, p.143

We keep the same limitations and notations for the autonomous system as
above.

Let £ € G. Let the closure of the postive semi-orbit O (£) be compact and
contained in G,

Then Ry C I and the w - limit set Q(§) C G is

1) non-empty

2) compact (bounded and closed)

3) connected

4) invariant (both positively and negatively) under the local flow ¢(t,¢)
generated by the ODE: namely for any w - limit point n € Q(¢), the maximal
interval /,, = R for initial data in 7, and ¢(t,n) € Q(§) for all t € R.

5) p(t, &) approaches Q(&) as t — oo:

Jim dist((1,6). ©(6)) = 0



Example. The Lorentz equation. Trajectory - blue, limit set (&)

- red
s = —olr—y)
y = rx—y—az
7 = ay—bz
A trajectory for o = 10, r = 28, b = 8/7.
Remark

The most interesting statement in the theorem is statement 4). It means
that w - limit sets consist of orbits of solutions to the system. Taking a starting
point n on the limit set Q&) we get a trajectory ¢(t,n) that stays within this
set Q&) infinitely long both in the future and in the past.



A simple tool to satisfy conditions in this theorem is to find a compact
positively invariant set for the system that contains the point £. It can be
done using one of two methods discussed earlier.

Proofs of statements in the Theorem 4.38, are based on: general proper-
ties of compact sets for 1) ,2), simple contradiction arguments and the defini-
tion of limit sets for 3) and the translation property of the transition mapping
o(t, &), together with continuity of (¢, &) for 4), and a contradiction argument
togehter with the definition of w - limit sets for 5).

We will give a proof to 4).

Let n be a limit point for ¢(t,£): n € Q(§). By definition there is a sequence
of times {t,}, t — oo such that ¢(t,,&) — 7.

Consider the trajectory ¢(t,n) starting at 7. Denote by I, corresponding
maximal interval and consider an arbitrary ¢ € I,,, belonging o the maximal
interval I,,. We like to show that ¢(¢,7) € () that a trajectory starting in a
limit point stays in the limit point forever in future and in the past.

For n large enough ¢ + ¢, el sn € I¢ - belongs to the maximal interval I,
of the solution (¢, &) for n large enough.

We apply the group relation for ¢ (similar to Chapmen-Kolmogorov rela-

tion for linear systems)

¥ (Snag) =@ (t + tnag) =@ (ta ‘P(tnag))

It is possible since the domain D of (., .) is open, (¢,1) € D therefore there
is a ball B around (¢,n) such that (¢,¢(t,,£)) € B C D for n large enough
because ¢(t,,§) — 1. Therefore t € I,q, ¢).

By continuity of ¢ it follows:

lim=n

(5 &) = 9 (1 10,6) = (t,m,g)) Lpltn), m— oo

It means that ¢(t,7) is a limit point for ¢ (¢,&) for any ¢t € I,,.1



LaSalle’s invariance principle

We formulate now LaSalle’s invariance principle that generalizes ideas that
we discussed in the introductory example and gives a handy instrument for
localizing w - limit sets of non-linear systems in arbitrary dimension.

Theorem 5.12, p.180

Assume that f is locally Lipschitz f : G — R"™ as before and let ¢(t,¢)

denote the flow generated by the corresponding system

Let U C G be non-empty and open. Let V' : U — R be continuously
differentiable and such that Vi(2) = VV - f(2) < 0. forall z e U. If € € U is
such that the closure of the semi-orbit O (&) is compact and is contained in
U,

i) then R, C I¢ (maximal existence interval for £) and

ii) as t — oo, p(t,£) approaches the largest invariant set contained in
Vf_l(O) that is the set where V(z) = 0.

Proof.

Proof given in the solution of Exercise 5.9, on p. 312.

Set z(t) = ¢(t,&). By continuity of V' and compactness of the closure
c(O*(£)), V is bounded on O (§) and therefore the function V (¢(t,&)) is
bounded.

e Since

d
dt
forallt € Ry, V (z(t)) is non-increasing. We conclude that the limit lim; o, V' (z(t))

(V(x(t))) = Vy(x(t)) <0

of the non-increasing function V' (z(t)) must exist and is finite. We denote it
by A:
lim V (z(t)) = A

t—o0

e Take an arbitrary an arbitrary point z € Q(§) in the w - limit set
Q(&). Then by the definition of w - limit sets, there is a sequence {t,} in R,



such that lim,, .., ¢, = oo and
z(t,) = p(tn,§) = 2(ty) — 2, n— 00

We apply V' to the left and right hand side in this limit calulation.
For any continuous function F' and any convergent sequence { g, }it is valid
that
F(lim g,) = lim (F(g,)

e By the continuity of V it follows that V(z) = lim, . V (2(¢,)) and
limy, oo V (2(t,)) = limy_oo V (2(¢)) . Therefore

V(z) = nh_}IgOV (x(tn)) = tliglov (z(t)) = A

This key point in the proof (' ' ') implies that for all z in the omega limit
set ©(§) the test function V' has the same value:

V(z) =\ Vze Q) (1)

e By the invariance of ©2(§) with respect to ¢(t, .), if z € (&), then (¢, 2) €
Q(¢) for all t € R.(it is why the theorem is called the invariance ~prin-
ciple!!!)

Therefore V (¢(t,2)) = A for all ¢t € R is a constant function of time ¢. A

constant function must have zero derivative:

d

SV (elt,2)) = Vr (lt,2)) = 0

for all t € R. Since ¢(0,2) = z and z is an arbitrary point in () it follows
that

Vi) = GV (e )| =0 Veeqr) )

and therefore Q(&) € V7 (0).

e The statement of the theorem follows now from the Main theorem about



limit sets (Theorem 4.38), that states: () is an invariant set under the action
of ¢(t,.), and ¢(t, &) apporachs Q(§) as t — oc.l

Comment. It can be tempting to simplify the proof by concluding (1)
from the fact that (VV)(z) = 0 from all z € Q(£) which would imply (2).

However this conclusion is not valid, because the set €(£) is not open and
therefore V(z) = A, Vz € Q(§) does not imply V; (2) =0, Ve Q(¢).

The invalidity of this conclusion is illustrated by the following simple ex-
ample: V(z) = ||z||, (&) = {z € RY : ||z|| =1}, then v(z) = 1 for all z €
Q(8), but(VV) (2) = 2z # 0 for all z € Q(E).

The following theorem follows rather directly from LaSalle’s invariance
principle and gives a practical criterium for asympototically stable equilibrium
points using "weak" Lyapunov’s functions.

Theorem 5.15. p. 183.

Let U be an open domain U C G, such that 0 € U and a continuously
differentiable function V' : U — R such that

V(0)=0, V(z)>0,¥zeU\{0}, Vi(z)<0,VzeU\{0}

and {0} is the only invariant set contained in fol(O), then 0 is an asymptoti-
cally stable equilibrium.l]
Proof follows from LaSalle’s invariance principle and is a good exercise.
Theorem 5.22, p. 188. On global asymtotic stability

Assume that G = R". Let the hypothesis of the Theorem 5.15 hold with
U=G=R"

Namely for a continuously differential function V' : R"™ — R such that
V(0) =0, V(2) > 0 for all z € U\{0}, Vy(z) <0 for all z € U\{0}, the origin
{0} is the only invariant set contained in Vf_l(()).

If in addition the Lyapunov function V is radially unbounded:

V(z) = 00, |z — o0



then the origin 0 is a globally stable equilibrium that means that all solu-

tions ||¢(t,€)|| — 0, as t — oo.

Exercise 5.17

The aim of this exercise is to show that the condition of radial unbound-
edness in Theorem 5.22 is essential.

Let f: B2 — B2 be given by

. | (==, 22) if 2722 > 1
£(2) = f(21,22) = { Tage. s« e
Define V: R? - R by

2

.zz .
1+ 23

V(z) =V(z1,22) =27 +

(a) Show that the equilibrium 0 of (5.1) is asymptotically stable.

(b) Show that the equilibrium 0 is net globally asymptotically stahle.

(¢) Show that V" is not radially unbounded.

10



Examples of using La Salle’s principle. Investigate stability of
equilibrium points in the origin.

Example.
/

= 2y

/

y= —z—(1-2%y
Show the asymptotic stability of the equilibrium point in the origin and

Consider the following system of ODEs:

find it’s domain of attraction. (4p)

Solution.

We try the test function V(z,y) = 2% + 2y that leads to cancellation of
mixed terms in the directional derivative V; along trajectories:

Vi(z,y) = day — doy — 4y*(1 — 2?) = —4y?*(1 — 2?) that is not positive
for |z| < 1. Therefore the origin is a stable stationary point. Checking the
behavior of the system on the set of zeroes to Vy(x,y) inside the stripe |z| < 1
we consider (V7)™ (0) = {(z,y) :y =0, |z| < 1}. On this set ¢ = —z and
the only invariant set in (V)" (0) is the origin. LaSalle’s invariance principle
implies that the origin is asymptotically stable and the domain of attraction
is the largest set bounded by a level set of V (x,y) = 2% + 212 inside the stripe
|z| < 1. The largest such set will be the interior of the ellipse z* + 2y* = C
such that is touches the lines x = +1. Taking points (£+1,0) we conclude that
1 = C. and the boundary of the domain of attraction is the ellipse 22 +2y% = 1
with halfs of axes 1 and v/0.5 :

f et
o 02 04 06 08 |1

The next theorem gives a simple criterion for having the whole space as
the domain of attraction for an asymptotically stable equilibrium point.

Example. Investigate stability of the equilibrium point in the origin.

11



We try our simplest choice of the Lyapunov function: V(z,y) = 2 + y* and

arrive to

Vi(z,y) = —2zy — 22" + 2ya®

It does not work because the expression Vy(z,y) includes two indefinite terms:
2xy and 2yx® that change sign around the origin. We try a more flexible
expression by looking on particular expressions in the right hand side of the
equation: V(x,y) = 25 + ay? where 0V /0x = 6x° with the same power of x
as in the equation, and the parameter a that can be adjusted later. V is a
positive definite function: V(0) = 0 and V(z) > 0 for z # 0.The level sets
to V look as flattened in y - direction ellipses. The curve 2% + 3% = 0.5 is
depicted:

¢ o
S N
[6;]
T T T T % T T 1]

0.4 -0.2.0.051 0 0.2 0.4 0.6 0.8

f L O
S R ¢ S
9
7T

Vi(z,y) = 62°(—y — 2°) + 2ay2® = —62°y + 202’y — 62°

12



We get again two indefinite terms, but they are proportional and the choice
a = 3 cancels them:
Vi(z,y) = —62° <0

Therefore the origin is a stable equilibrium point. Vy(z,y) = 0 on the whole
y—axis that in our "general" theory is denoted by Vf_l(O).We check invariant
sets of the system on the set Vf_l(O). We observe that @’ = —z® (only this
fact is important) and 3’ = 0 (it does not matter for fol(O) that is y—axis).
Therefore {0} is the only invariant set on the y - axis. Trajectories starting
on the y - axis go across it in all points except {0}. The LaSalle’s invariance
principle implies that all trajectories approach {0} as t tends to infinity and
the origin is asymptotically stable.

The test function V(z) — oo as [|z|| — oo. It implies that the whole plain

is a region or domain of attraction for the equilibrium point in the origin.ll

13



1. Lyapunov function and stability of stationary points.

Consider the system of ODE: x, — Y

y'=-—y+y’ -2’

Write the definition of asymptotically stable stationary point.

Find Lyapunov function V(z.y) for the given equation and show that stationary point in
the origin is asymptotically stable. (2p)

Hint. Use V(z,y) in the form form V(z,y) = ax® + by? and choose the parameters a., b
so that V(x,y) would be a Lyapunov function.

Solution A stationary point z, is asymptotically stable if there is a neighborhood N of
this point such that for any initial point (o) € N the corresponding trajectory z(t) — x4
for t — 4oc.

Viz,y) = %y - %(—y + 1% — 2°) = 6ax’y — 2by? + 2by* — 202y

Taking 6a = 2b and o = 1 makes V’(z,y) = 6y%(1 — 3?) < 0 for |y| < 1 and y # 0.

5

For y = 0 4/ = —2” and therefore ¥y’ = 0 only for x = 0. It implies that the origin iz

asymptotically stable.

1. Lyapunovs funktioner och stabilitet hos stationdra punkter.
a) Formulera ett criterium for asymptotiskt stabil stationdr punkt till en ODE med hjilp av
en Lyapunovs funktion som inte &r stark Lyapunovs funktion. (2p)
. = —y/3 — x(3z2 2)
b) Betrakta ekvationssystemet: ; vl - 2+ v
y =x—y(3z” +y7)

Hitta en stark Ljapunovs funktion V(z.y) fér att visa att station#dra punkten i origo &r
asymptotiskt stahbil. (2p)

Tips. Anvind V(z.y) pa formen V(z.y) = az? + y? och vilj parametern a sa att 1/ (z.y)
blir en stark Ljapunovs funktion.

V(z,y) kan viljas som V(z,y) = 322 + 42



2. Lyapunovs functions and stability of stationary points.Formulate the criterion for
asymptotic stability of a stationary point of an ODE using only a weak Lyapunov function.
= —z+19y?

Consider the system of equations: { , 2
y=—ry—2

Show that V(z.y) = 2 + 2 is a weak Lyapunov function and decide if the stationary point
at the origin is asymptotically stable, (4p)

-2y —x Yy —xYy — T
2% — 222y = —222 (1 +y):

. —x + 12 2r —x+y?
%H):Vl [ y2:|:[o }{ y2:|=2$(—I+y2}+?y(—xy—a:2):

For |y| < 1 % (V) < 0. It implies that the origin is a stable stationary point. On the line
r=0 % (V) =0 s0 V is only a weak Lyapunovs funktion. But we observe that on the line
x =0 the velocity is not zero —x + 32 # 0 exept the stationary point itself. It implies that
the origin is an asymptoticaly stable stationary point.

2. Ljapunovs functions and stability of stationary points.
Consider the system of equations: { j: i :‘(Ll—l__z;i;,

Show that the origin is an stable fixed point. (4p)

Solution

Viz,y) = 2% + 42

VIi=2z(—z+ 2xy2) +2y(—(1- ;1:2)y3) = —222% 4+ 422y? — 24 (l — x2) =

—22% (1 - 29%) — 2y* (1 — 2?)

We see that V' < 0 for [z| < 1 and |y| < \/1/2



Exercise.
Consider the system of equations

' = —xz42zysin(y)

y = —cos(z)y
Investigate stability of the fixed point in the origin.
Linearization gives Jacoby matrix:

Alz.y) = —1+2ysin(y) 2x(sin(y) + ycos(y))
Y= sin(x)y —cos(x)

A(0.0) = [ _ﬂl G_l ] It implies that the equilibrium 15 asymptotically
stable.

We try also using a Lyapunov function. But 1t feels an overkill comparing
with linearization!

But with hard additional work estimating constants in errors of linearizations
we could specify a region of attraction. We will not do 1t here.

We try V(z.y) = 2? + 3% and use the Cauchy inequality 2ab < a? + b% and
linearization for sin(y) and cos(x) when ¥ — 0 and x — 0: sin(y) = y + O(y?)
and (1—cos(z)) = 22+ 0(2?). The notation O(x) means that O(x)/x 1s bounded
when z — 0.

Vi(z,y) = 2z (-2 + 2zysin(y)) + 2y (— cos(z)y) = 4zysiny — 2y cosz —
2z% =

4z%ysiny 4+ 2y? (1 — cos ) — 2% — 222 = 42?y(y + O(y?)) + 2% (0(z?)) —
2y? — 22% =

—2y% — 222 + 422y + 220(y%) + 220(2?) < -2 {552 + y2} +2(z* + ) +
220(y?) + 2420(2?)

For small neighbourhood N of the origin the first term —2 (2? + 3?) domi-
nates all other terms of higher order. J

It imples that in Vs(x,y) < 0 for (z,y) # (0.0) in N and the orgin 1s
asymptotically stable.



Example 1. Simple strong Lyapunov function.

Exercise 15 Show that (x(¢),y(¢)) = (0,0) is an asymptotically stable solu-

tion of
¢ = —x + 297
= —2ry°.
=4

Example 2. Stability by Linearization
For the following system of equations find all equilibrium points and inves-
tigate their stability and their type by linearization.
2= In(2-1y?)
y' = exp(z)—exp(y)

1. Solution. There are two equilibrium points: z; = (1,1)and 22 = (-1, —1).

0 —2—%—
The Jacobian of the right hand side is: [ _y;” ] Its values in
e’ —e!

0 —2 0 2
z1 and z9 are A; = l ], and A, = [ The eigen-

e —e 1/e —1/e
values to A; are —ie — 1v/e2 —8e,and 1v/e2 —8e — Lle that are conjugate
complex numbers with negative real parts. Therefore we observe stable spi-

ral around the equilibrium point z;. The eigenvalues to A, are , eigenvalues:
% (f%\/8e +1-— %) , é (%\/86 +1-— %), one postive and one negative. There-
fore we x5 is a saddle point and is unstable.

Example 3.

/

2
Consider the following system of ODEs: , Y

y= —z—(1-2%)y

Show the asymptotic stability of the equilibrium point in the origin and find
it’s domain of attraction.

Solution.

We try the test function V(z,y) = x? + 2y? that leads to cancellation of

mixed terms in the directional derivative V; along trajectories:



Vi(z,y) = 4oy — 4oy — 4y*(1 — 2?) = —4y*(1 — 2?) that is not positive
for |z| < 1. Therefore the origin is a stable stationary point. Checking the
behavior of the system on the set of zeroes to Vy(z,y) inside the stripe |z] < 1
we consider (Vf)_1 (0) = {(z,y) : y =0,]z| < 1}. On this set ' = —z and the
only invariant set in (Vf)f1 (0) is the origin. The LaSalles invariance principle
implies that the origin is asymptotically stable and the domain of attraction is
the largest set bounded by a level set of V(z,y) = 2% + 232 inside the stripe
|#z| < 1. The largest such set will be the interior of the ellipse 22 + 2y? = C
such that is touches the lines = +1. Taking points (£1,0) we conclude that
1 = C. and the boundary of the domain of attraction is the ellipse 2% +2y? = 1
with halfs of axes 1 and /0.5 :

' ' ' '
|0 02 04 06 08




How to find a Lyapunov function?

If the right hand side of the equation is a higher degree polynomial, then
it is often convenient to find to find Lyapunov’s function in a systematical way
in the form of polynomial with unknown coefficients and unknown even degrees
like 2m.

Consider the system

= =3z2—y

y/ _ 375 _ 2y3

Try a test function V(z,y) = az®™ + by>", a,b > 0.

= a2m(z)®" ' (=32% —y) + b2n(y)>" " (2° — 2%)
=  —6amaz®™ % —2ma(x)*™ty + 2nby*" " ta® —dnby* !
—_———

good<0 bad—inde finite bad—indefinite  good<0

We choose first powers m and n so that indefinit terms would have same

powers of = and y.

2m—-1 = 5,—=>m =3

2n—-1 = I1j=n=1

Then Vy(z,y) = —18ax® — 625y + 2bz’y — 4nby*.We choose a = 1 and b = 3

to cancel indefinite terms. Then

Viz,y) = 2% + 3y2
Vi(z,y) = —182° —12y* <0, (=,y) # (0,0)

Therefore V is a strong Lyapunov’s function in the whole plane and the equi-
librium is a globally asymptotically stable equilibrium point, because V (z,y) =
2% + 3y? — oo as ||(z,y)| — oco.

Example 4. Investigate stability of the equilibrium point in the origin.



= —y—x

We try our simplest choice of the Lyapunov function: V(z,y) = 2% + y? and

arrive to

Vi(z,y) = —22y — 22" + 2yx®

It does not work because the expression Vy(x,y) includes two indefinite terms:
2y and 2yz5 that change sign around the origin. We try a more flexible expres-
sion by looking on particular expressions in the right hand side of the equation:
V(z,y) = 2% + ay?® where 0V/0z = 62° with the same power of z as in the
equation, and the parameter « that can be adjusted later. V is a positive def-
inite function: V(0) = 0 and V(z) > 0 for z # 0.The level sets to V look as
flattened in y - direction ellipses. The curve x® + 3y% = 0.5 is depicted:

y 0.47
0.357
0.37
0.257

0.151
0.11
0.067

-0.4 -0.2.0.057
-0.17
-0.157
-0.27
-0.257
-0.37
-0.357

=0

L L L L L

|
L L L L N B |

Vi(z,y) = 62°(—y — 2°) + 2ayz® = —62°y + 2az’y — 62°

We get again two indefinite terms, but they are proportional and the choice



« = 3 cancels them:
Vi(z,y) = —62° <0

Therefore the origin is a stable equilibrium point. Vy(z,y) = 0 on the whole
y—axis that in our "general" theory is denoted by fol(O).We check invariant
sets of the system on the set fol(O). We observe that 2’ = —22 (only this fact is
important) and y’ = 0 (it does not matter for Vf_l(()) that is y—axis). Therefore
{0} is the only invariant set on the y - axis. Trajectories starting on the y -
axis go across it in all points except {0}. The LaSalle’s invariance principle
implies that all trajectories approach {0} as ¢ tends to infinity and the origin is
asymptotically stable.

The test function V(z) — oo as ||z|| — oco. It implies that the whole plain is

a region or domain of attraction for the equilibrium point in the origin.

How to find a strong Lyapunov’s function?

Example 4.

It is theoretically possible to find a strong Lyapunov function for the same
system as in the Example 3.

Looking on the previous week Lyapunovs function xz® + 3y we see that it’s
"weekness" followed from the fact that both level sets of V' and velocities of the
system were orthogonal to the y - axis. It implied that Vy(z) = 0 on the y -
axis. To go around this problem a strong Lyapunov function must have level
sets that deviate slightly from the normal to the y - axis. Adding a relatively
small indefinite term 2y to the function 2 4 3y? we get this effect. A level set
corresponding % + zy3 + 3y? = 0.7 of this new Lyapunovs function looks as a
slightly rotated version of level sets for the previous (weak) Lyapunovs function.

Why like that ? Take a simpler example with an ellipse curve z2 + 2y? = 1
and another that is 22 + zy +2y? = 1

0.5
2
form 27 Az = Q(x) is positive definite if and only if det A > 0 and all subma-

This quadratic form is positive definite: the matrix is A quadratic

trices A; from the upper left corner have positive determinants: det A; > 0.
Level sets of the positive definite quadratic form with mixed tems like z2 +
xy + 2y? are ellipses with symmetry axes (that are orthogonal eigenvectors to

A) and are rotated with respect to coordinate axes:



We try to introduce the test function V(z,y) = 2% + 2¢® + 3y? with an
indefinite mixed term zy® added, that would similarly with the ellipses, give
slightly rotated level sets so that trajectories would cross them strictly inside

on the y - axis:

04T

0.17

017
-0.27T
-0.37T

-0.4T

We claim that the test function V(x,y) = 2% + 2y + 3y? is positive definite
and is a strong Lyapunovs function namely that Vy(z,y) < 0 for (z,y) # (0,0).
Because of the geometry of the vector field f of our equation z' = f(2)
velocities on the y axis cross such level sets strictly towards inside, implying the

desired strict inequality V(2z) < 0, z # 0 on the y axis. We need to check that



V(z,y) = 25 + zy> + 3y? is positive definite (it is not trivial) and to show that
Vi(z) <0, 2 # 0 for all z € R? (it requires some non-trivial analysis).
A very useful inequality in analysis is Young’s inequality
Lemma. If a,b > 0, then
a? b9

ab< — + —
p q

for every pair of numbers p, g € (1, 00) satisfying the conjugacy relation.

1 1
,_‘_,:1
p g

The simplest example of Young’s inequality:

ab < = (a® +y°)

N | =

We show that the test function V'

in a domain around the origin.

—~

x,y) = 2% + 2y3 + 3y? is positive definite

Now, let V = 2% + a2y + 3y®. Applying Young's inequality with a = |z

N

b=|y|*, p=06, and ¢ = 6/5, we see that
A6 =], [18/5 =
3 5 _ |7 5[yl L g 59
| = | < < —z —
2’| = l2lly]” < =5 s Sgt Tgy

if [y| <1, so

5, 13 .
Vzéﬁ+€f

if ly| < 1. Also,

We calculate V; = V for the system from the Example 3:
:L‘/ = —y— m?}

y/:xS



—62® 4+ 30 + 3wy = —62° — P (y + 23) + 325y°

= —628 — 233 + 32542 — o,

v

Applyving Young’s inequality to the two mixed terms in this orbital derivative,

we have
| — 239 = |=Py)® < 3|5§-|8 D 'y54/5 < :.118 n Zy4
if [y| <1, and
|3252| = 3|x|%|y|? < 3 PTFS + @] = %TS + ;ys < ?.rS + égﬁ
if |y| < 1/2. Thus,
V< 287_1,_8 B 2?4

if [y| < 1/2. so, in a neighborhood of 0, V' is positive definite and V' is
negative definite, which implies that 0 is asymptotically stable.

Example 5.

Consider the Lienard equation: z” + 2’ + g(z) = 0, and investigate stability
of the equilibrium in the origin. The second order equation can be rewritten as

a system 2’ = f(2):

y = —g(x)—vy

where g satisfies the following hypothesis: ¢ is continuously differentialble for
|z| < k for some k > 0, zg(xz) > 0, x # 0.

Physically this equation is a Newton equation for a non-linear spring. For
example if g(x) = sin(z) it describes a pendulum with friction where air resis-

tance is proportional to velocity.



A Lyapunov function is naturally to choose as a total energy of the system:

Viey) = Y 4 / " g(s)ds

Indeed it is positive definite in the region Q = {(z,y) : || < k } because
g(s)s > 0 in © according to given conditions. The directional derivative of V'
along f is

Vi(z,y) =y (—g(z) —y) + g9(z)y = — (v)°

V' is a Lyapunov’s function, but not strong because Vy(z,y) is negative
definite in Q. Vf_1 (0) is the whole = - axis. Checking values of f on Vf_1 (0) we
observe that trajectories of the system are orthogonal to Vf_1 (0) in all points
on V[l (0) except the origin. It implies that {0} is the only invariant set on
fol (0) that attracts all trajectorie starting in a small neighborhood of the
origin. Therefore the origin is asymptotically stable.

Our next problem is to find a possibly large domain or region of attraction
for the equilibrium point.If we find a closed level set for V in €, it will be a
boundary for a domain of attraction. It will might not be the largest possible

and depends on a clever choice of Lyapunov’s function V.

We cannot solve this problem for a general expression V(z,y) = (1’2)2 +
fox g(S)dS.
Example 6.

Choose a particular g(x) = x + 22 in the previous example.

/

xT = Yy

y —(z+2®) —y

Observe that the system has two equilibrium points: (—1,0) and (0,0)

0 1

Linearization gives Jacoby matrix A(z,y) = - .
“1-9z —

;A(*la 0) =

0 1 0 1
[ ) ) ] Observe that det ) ) =0—-1= -1 <0 it implies by Grob-

man - Hartman that (—1,0) is a saddle point.

1 1 1
A(O,O)—[O ],det[ol 11—1>0,t7‘ace[0 ]—

1 -1 1 -1
~1<0,



(traceA(0,0))* /4 = 1/4 < 1 = det A(0,0). It imples that the origin is stable

spirals.

g(z) = x + a?

We can find an explicit expression for the Lyapunov’s function V(z,y) =
2
% + Jo g(s)ds.

2 3 2
V(x,y):%+%+%
This function is positive definite on the set = {(y)2 > —(z)* - 2 (x)?’}
The level set %yQ + %xQ + %x?’ = % is depicted by the red line.The level set
%yQ + %I‘Z + %a:g = 0 is depicted by the blue line. We will investigate them
analytically a bit later.
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Vi(w,y) = VV(z,y) f=ay+ @)y — ()" —ay—(2)°y = — (y)* < 0 valif
in the whole plane R2.

We check which invariant sets are contained in fol(O) on () that is a part
of z - axis {(z,0) : « > —3/2} that is a thick black line on the picture above.

Notice that Vf_l(O) on  contains two equilibrium points (—1,0) and (0, 0)
and they both are invariant sets. We like to find a largest domain © ; C Q
bounded by a part of a level set of V' such that © ; does not include the point
(=1,0). Then Q ; contains only one invariant set that is the origin (0,0). This
set ) 1 is the domain of attraction for the asymptotically stable equilibrium in
(0,0).

Such largest level set of V must go through the second equilibrium point
(=1,0) and it’s value there is V(z,y) = V(-1,0) = 1/6. The domain of at-
traction Q* is the egg - shaped domain bounded by the closed curve (y)2 =

1/3 — ((x)2 +2 (m)?’) or as a union of explicit two branches:

3
y= # 13- (@ + 5 @)
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It is a part of the red level set on the picture. To see that this curve is closed e
consider derivative of the function

4 (1/3 - ((x)2 +2 (x)3>) = —2z — 222 = (=2)x (z +1). It implies that
the functions has a maximum in = 0, and minimum at x = —1. V(z) has zero
in z = —1 and another zero in = 1/2:

13- (@) + 3 @) L:m = 1/3-((1/2) + 2(1/2)°) = 1/3-((1/4) + § (1/4)) =
1/3—-1/3=0,

|

One can try to find an even larger region of attraction 2** for the equilibrium
point in the origin. It cannot include the equilibrium in (—1,0) because it is
unstable (a saddle point). We can extend Q; to a rectangle [1,0] x [0,/3/3]in
the second quadrant by checking signs of ' and %’ on it’s left and upper sides.
Actual region of attraction is even a bit larger as one can see on the phase

portrait

12



Phase plain example

x2
o
T

Example 7. Exercise 5.13 from L.R.
Investigate stability of the equilibrium point in the origin and find a possible

domain of attraction for the following system.

¥y = —xo(l+ x112)

zh = 2z
We try choose the Lyapunov function V' as
V(z1,22) = 222 + 23

We could try first a function V(z1,22) = az? + 3, check V; and then decide

which value a suites best.

13



Vi(z1,22) = —2az129(1 + z122) + 22922

= Adzix9 — 201172 — an%ac% = —2am%m2 <0
for a = 2
We conclude that the equilibriom 0 is stable. Vy (z1,29) = —2azi23 = 0 on
both coordinate axes. We chech which invariant sets are contained in Vfl (0).
If 1 = 0, then 2} = —x9, a4, = 0. Therefore only {0} is an invariant set on
the x9 axis.

If x5 = 0, then 2} = 0, x, = 2x1. Therefore only {0} is an invariant set on
the z; axis.

Trajectories ¢(t, &) starting inside ellipses V (21, 20) = 22?2 + 23 = C >0 are
contained inside these ellipses. It implies that their positive orbits O () are
bounded and have compact closure in R2.

It implies according to the LaSalle’s theorem that all these solutions ¢(t, &)
approach the maximal invariant set in Vf_1 (0) that in our particular case con-
sists of one point (0,0). Therefore the equilibrium point in the origin is asymp-
totically stable. It is also globally stable because the Lyapunov function V(x)
tends to infinity as ||z|| — oo, making that arbitrary large elliptic discs from

the family 227 + 23 < C are regions of attraction.
|

Example 8.

/

¥ = —x—2y+xy?

Consider the following system of ODE:
y = 3x—3y+y°

1. Show asymptotic stability of the equilibrium point in the origin and find

the region of attraction for that.

Hint: applying Lyapunovs theorem, use the elementary Young’s inequal-

ity 2zy < (x2 + y2) to estimate indefinite terms with xy. (4p)
Solution. Choose a test function V(z,y) = 1 (22 + y?)

Vi=a(—z—2y+ay®) +y Bz — 3y +y°) = zy — 2 — 3y + y* + 2?y?

14



We apply the inequality 2zy < (x2 + y2) to the last term and collecting
terms with =2 and y? arrive to the estimate

Vi < =22 (0.5 —9y?) —y? (25— 3?)

It implies that V; < 0 for (z,y) # (0,0) and |y| < 1/v/2.Therefore the

origin is asymptotically stable.

The attracting region is bounded by the largest levle set of V' - a circle
having the center in the origin that fits to the domain |y| < 1/v/2, namely

(22 +y?) < 1/2.

Another more clever choice of a test function is V(x,y) = 322 + 2y°.

Vi = 6x(—z—2y+ay?)+4y(3z—3y+y?) = 4y —12y* — 622 +622y? = —4y?
(3—y?) —62? (1—9?) <0

for |y| < 1, therefore the ellipse 322 + 2y* < 2 is a domain of attraction

for the asymptotically stable equilibrium in the origin.

One can also observe the asymptotic stability of the origin by linearization

with variational matrix

-1 -2
A= ] , with characteristic polynomial: A\* + 4\ +9 = 0, and

3 -3
calculating eigenvalues: —i\/5—2, iv/5—2 with Re A < 0. But linearization

gives no information about the set of attraction.ll

Example 9 on instability
Consider the following system of ODEs. Prove the instability of the equilib-

rium point in the origin, of the following system
{ ' = 2% 48

/

4
y: :L.37,y5 (p)

using the test function V(z,y) = 2* —y* and Lyapunov’s instability theorem.

Solution.
x® + y3

s | consider how V(z,y) = x* — y*changes

Denoting f(x,y) =

3 —y
along trajectories of the system. f(z,y) - VV(z,y) = xz + yz . Aw® 5 ‘| =
z° —y —4y
20423 + y3da® — 234y3 + yPdy? = 2P4ad + P4y = 4(2® +98) > 0.
Point out that the function V(x,y) = 2% — y* is positive along the line
y = x/2, > 0 arbitrarily close to the origin. It implies according to the

instability theorem, that the origin is an unstable equilibrium.H
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May 27, 2020

1 Banach’s contraction principle. Picard-Lindel6f

theorem.

We consider in this chapter the theorem by Picard and Lindelsf about exis-
tence and uniqueness of solutions to the initial value problem to the system

of differential equations in the form

a'(t) = f(t,2(1)) (1)

2(1) = ¢ (2)

Here f: J x G — R" is a vector valued function continuous with respect

to time variable ¢t and space variable z. J is an interval, G is an open subset
of R"™.
One can reformulate the I.V.P. (1),(2) in the form of the integral equation

H(t) =€+ / £ (s,2(s)) ds 3)

If f is continuous, then these two formulations are equivalent by the

Newton-Leibnitz theorem.



Fixed points of operators.

Consider a vector space X with a subset C' C X and an operator K :
C—C.

Definition

A point T € C' is called the fixed point of the operator K if

K@) =7 (4)

A general idea behind the analysis of many types of equations is to reformu-
late them as a fixed point problem.

Consider the right hand side of the integral equation (3) as an operator
K(x dﬁf £+ / f(s,z(

acting from the vector space of continuous functions C'(I), where I C J is a
closed interval including 7 . Point out that ¢ can be smaller than 7 (t < 7).

The expression ||z{|q(;) = supse; [|z(t)|| defines a norm on the space C(I)
because it satisfies the triangle inequality and we know that uniformly con-
vergent sequences of continuous functions on the compact set (I in this case)
converge to continuous functions.

This space is even complete in the sense that Cauchy sequences of func-
tions in C'(I) converge uniformly to continuous functions. It means more

explicitely that if the sequence {z,} € C(I) has the Cauchy property:

||$m - anC([) = S;}El? ||$m(t) - xn(t)HC(I) — 0

m,n— 00

then there is a continuous function 7 € C(/) such that x,, — 7 uniformly

n—oo

on I, or that is the same, ||z, — %o, — 0.

n—oo

Definition.

We call a normed vector space a Banach space if it is complete with



respect to it’s norm.

This notion was introduced by Polish mathematician Stefan Banach who
lead the greatest school in functional analysis at the university of Lwow in
the beginning of 20th century.

Examples.

The space C(I) is a Banach space.

Elementary examples of Banach spaces are given by R"™ supplied with
norms ||z, = (3 i, |2;[P)"/? with p > 1.

A slight extension of this example is a set [,, p > 1 of real sequences
{zi};2, with finite norms in the form ||z, = (3°7%, |z )P

One of the most popular classes of Banach spaces is the space of "in-
tegrable functions" f : G — R where G C R", with norms [|f|,, =
(f 1f ()P dz) "

"Integrable functions" and the integral here are in the sense of Lebesque,
that is a contemporary notion of integral, studied in the course "Integration
theory" given for master and PhD students.

Remark.

We point out for convenience that different norms are used through out
the text. Notation | || means usual euclidean norm in R". For a Banach space
X the notation ||z||, means the norm in the space X.

The operator K defined above, acts from C(I) to itself. It makes that
the I.V.P. above can be considered as a fixed value problem (4) on C(I) or
on some subset of it.

A classical theorem that guarantees the existence and uniqueness of fixed
points to operators in Banach and more generally in metric spaces, is Ba-

nach’s contraction principle.

Definition. Operator K : A — A, where A C X, and X is a Banach
space, is called contraction on A if there is a constant 0 < 6 < 1 such that

for any z,y € A



15 (2) = K()llx < 0llz —yllx

Example. An elementary example is a smooth function K acting from an
interval [a, b] to itself and having absolute value of derivative | £ K (t)| < 6 < 1
for all ¢t € [a,b]. By intermediate value theorem for any x,y € [a, b] there is
a point ¢ € (z,y) such that K(x) — K(y) = (x — y) K'(c).Therefore

[K(z) = K(y)| = |(z — )| IK'(c)] < 0(z —y)]

It implies that K is a contraction in on the interval [a,b]. Example:
K(x) = 0.5 (z — 0.252%) + 0.2

K(x) 1T

-0.5T

Another example would be a Lipschitz function with Lipschitz constant
L smaller then one: L < 1.

Banach’s contraction principle.

Let A be a non-empty closed subset of a Banach space X and K : A — A

be a contraction operator with contraction constant 6 < 1.



Then there is a unique fixed point T € A, to K such that K7 = T such
that -
1" (20) = Tllx < 75 1 (20) =7 x
for arbitrary xy € A. Here K"(x¢) = K(K(...K(x))...) is the operator
K applied to itself n times.
Proof (not required at the exam) is based on showing that the sequence

of approximations {x,}, -, defined by the equations

r1 = K(xg)

To1 = K(x,)

with an arbitrary initial approximation xy € A, converge to some T € A
that is the unique fixed point of K in A.
It follows by induction that

| Tns1 — xn“x = [[K(zn) — K(In—l)”X <0|r, — xn—lnX

O (201) — K(n-a)llx <0 l7as — 2ually

IA

IA

0" ||z — ol



We will show that {z,} ~, is a Chauchy sequence. Let m > n.

|Zm — xnllxy = [Tm — Tme1 + Tt — Tz + oo + T — Zn|
< wm = @1l + [Tt = w2 + o+ (041 — 20| <
< ("0 + 0™ |l — ol
= " (1+0+..0""") ||lz1 — 2o«
=1
< M (14+0+..0"" T+ L) o — wolly
< «9”(%) |21 — 0|l — O, n—oo, 0<1

A is closed, therefore the limit lim,,_,., x, = T exists T € A.
Claim: 7 is a fixed point to K. We see it by tending to the limit in the

expression for x,:z,. 1 = K(x,)

lim z,,; = limK(x,)= K(limzx,)
T = K(7)

and using continuity of K.
The last question we must answer is the uniqueness of the fixed point to
K in A. Suppose that here is another fixed point x to K in A. Consider

the norm of the difference 7 — z:
17 -2l x = K@) - K@)y <0lz-7|lx , 0<1

It is possible only if 7 — z = 0.



R N A e L
lm [z — ol < 0" (L> 21 — o]
m—oo " - 1-46 X
’ lim z, —x < o (L) |z — xol|
m—oo "llx 1-6 X
- 1
-l < 6 (125 o = ol

|

Elementary exercise on Banach’s contraction principle.

Show using Banach’s contraction principle that the polynomial K(z) =
z? — 0.4 has a fixed point K (z) = .

Solution consists of two steps.
i) Find aset B C R where K (z) has the contraction property: |K(z) — K(y)| <

Olz—yl,0 <1, forz,y € B
ii) Find a subset A C B that the function K maps into itself: K : A — A.

i) K'(x) =2x<1=2€[-0540,0.5—]
ii)The set [—0.5 + §,0.5 — J] satisfies the requirement.



1.257

-1.25T

y 05T

0.25T

-0.5 -0.25 0 0.25 0.5

.o.25/

-0.57

Picard-Lindel6f theorem.
Here f: J x G — R" is a vector valued function continuous in J x G. J
is an interval, G is an open subset of R". Let in addition suppose that f is

Lipschitz continuous with respect to the second argument with the Lipschitz
constant L > 0:

1t 2) = fty)ll < Lz -yl ,Vo,y € G



(We could suppose a weaker condition that this Lispchitz property is only
local, but will not do it because it would make the proof just slightly longer
without changing main ideas).

Then for any (7,£) € J x G the initial value problem

¥ = f(x,t)
z(r) = ¢

has a unique solution on some time interval including 7. [J
Remark. This local solution can always be extended to a unique maxi-
mal solution. We considered maximal extensions earlier in the course.
Proof to the Picard-Lindel6f theorem.
The proof is based on using the integral form of the I.V.P.

() =€+ / £ (s,2(s)) ds

and applying Banachs contraction principle to it. We use the Banach space
of continuous functions x : I — R"on some compact interval I C J.

The application of Banach’s principle here consists of two steps.

e The first one is to find a time interval I; and a subset A C C(1;) such
that the operator K defined by

K(x)(t) = € + / f (s, 2(s)) ds

maps A to itself: K : A — A.

e The second one is to find a time interval I, such that the contractness
property for the operator would be valid on a subset of C(I3). Finally we
will choose the smallest of I; and I, for both properties to be valid and will
conclude the result.

We consider here the case when an interval [7,7+ 7] € J,T > 0 and try

to find a solution on this time interval (or possibly on a shorter time interval

9



(7,7 + A] with A < T ). Considering a time interval backword direction in
time is similar.

We choose first a closed ball B(€,0) = {z: ||z —&|| < 6} such that it
belongs to G: B(E,0) € G.

Our intension is to find solution in the set of continuous functions z :

[7, 7+ T] — R™ such that z(t) € B(¢, ) for all t € [r,7 + T] and therefore
SUDye(r 47y [7(t) — &l < 4. Tt is a closed ball

A= ||CU - §||C([T,T+T]) < 0

in the infinitely dimensional space C([7, T + T7).

Our goal in the proof is to find such an interval [7, 7+ 7] that this set A in
C([r,7+T]) and the operator K satisfy conditions in the Banach contraction
principle.

The function f(¢,x) is continuous on the compact set V = [r,7 + T|x

B(&,6) in R"™and therefore

M= sup |[f(t z)|| <oo
(t,x)eV

The constant M controls how large is velocity f(¢,x) inside the set V =
(7,7 + T)x B(,6)(yellow in the picture). Correspondingly M controls how
fast the (blue) trajectory z(t) can go away from the initial point &.

According to the equation x(t) = K(x) must be inside the "angle"
bounded by the cone ||z — &|| = M (t — 7).

We give here two pictures illustrating the proof, a one dimensional picture:

and a two-dimensional picture:

We are going to estimate | K (z)(t) — £|| and choose the length T" of the
time interval [7,7 + T in such a way that for any z(t) € B(§,0) for t €

(7,7 + T, it follows that K (z(t)) does not escape the ball B(&, ).

I (2 (1) = €]l <0

10
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fort e [r,7+T7.
It would imply that

sup || K(2)(t) = &l = 1K (2) = Elloqprrymy <0

te[r, 74T

for |z — &ll o ryry) < 0- We start with proving the first inequality:

1K @) (0= ¢l = | [ £ sae)ds| < [ 17 (alo)]ds < T

We observe that choosing T < §/M we get that [|[K (z) (t) — &|| < 0 for
t € [r,7 + T|. Taking supremum of the left hand side over ¢t € [r,7 + T

arrive to
K (x) — 5”0([T,T+T]) <0

It means that for this time interval trajectories do not gun out of the yellow
domain on the picture. In turn it means that the operator K maps the closed
ball A in C([r, 7+ T1) defined by the inequality [z — &l 47y < 9, With

T <o6/M

into itself:
K:A— A

Now we check conditions (again choosing the length of the time inter-
val) such that the operator K would be contraction on the set A with
once again suitably adjusted time interval T'. Consider first the difference
| K (z) (t) — K (y) (t)]], for arbitrary ¢t € [7,7 + T]. We apply the triangle in-
equality, the Lipschitz property of the function f , and estimate the integral

by the length of the interval times maximum of the function under it.

13



t triangle inequality

1K () (1) = K (y) (DI = (s,2(s)) = f (s,y(s)) ds

< | F (s x(s) = f (s,9(9)l ds
Lipschitzgpropcrty I /t ||x(8) B y(s)” s S

sup
< LT sup |z(s) —y(s)ll = LTz =yllcgrrim
s€lr,7+T)]

Calculating supremum over t € [1,7 + T'] of the left hand side we arrive

to the inequality

K (z) — K (y>||o([T7T+T]) < LT — y||c([T7T+T])

It implies that choosing the length f the time interval 7" < 1/L we get

the contraction property.

1K (2) = K Wl < 0lz = yllo@rim. 0<0<1

Now choosing the time interval 7' < min(1/L, § /M) we conclude that the
operator K maps the closed ball A in C([r,7 + T]) defined by

A= {m eC([r,v+1T)), ||z — f||0([T,T+T}) < 6}

into itself: K : A — Aand that K is a contraction on A: | K (z) — K ()|l ¢(r iy <
0z — yHC([T’TJrTD, 0 < 1, for any x,y € A.

By the Banach contraction principle K has for T < min(1/L, 6/M) a
unique fixed point T in A that is the solution to the integral equation (3) and
to the original initial value problem.Hl

Example. Banach’s contraction principle applied to a non-linear

integral operator.(exam 2019 june)

14



Consider the following (nonlinear!) operator

K()(t) = / B(t, ) [x(s)]? ds + g(t).

Fixed point problem to solve:
r = K(x)

acting on the Banach space C(]0,2]) of continuous functions with norm

|zl coz) = llzllc = sup [z(t)|. Here B(t,s) and g(t) are continuous func-
’ €[0,2]

tions and [B(t, s)| < 0.5 forall ¢, s € [0, 2] . Estimate the norm || K (z) — K(y)|l¢ (0.2
for the operator K (x)(t). Find requirements on the function g(¢) such that
Banach’s contraction principle implies that K (x)(t) has a fixed point.

Solution.

Banach’s contraction principle. Let B be a nonempty closed subset of a

Banach space X and let the non-linear operator K : B — B be a contraction.
[K(z) = K@)y <0z —ylly, 0<1

Then K has a fixed point T = K (Z) such that

977,

"(20) — Ty <
|57 o) =7l < T

for any xy € B. Here K"(xy) = (K(K(...K(zp)...)) is the n -fold super-
position of the operator K with itself.

We like to have the estimate ||K(x) — K(y)|| < 6 ||z — y|| for z,y in some
closed subset B of C(]0,2]).

15



/0 B(t, 9)] | [2()]? — [y(s)]?| ds

taking

1B o) = )] fe(s) + ) ds\ <

sup
t,s€[0,2]

< /0 ds sup |B(t,s)| sup |z(s) —y(s) <Sup Ix(8)|+szl[zp2]\y(8)l) =

t,s€[0,2] s€[0,2] s€[0,2]

= 2:05[lz =yl Uzl + lyllc) = llz = yllc Uzllc + lyle)

We take supremum ower ¢ € [0, 2] of the left hand side and get

1K (2) = K@)lle < lle = ylle (lzlle + llyle)

We can choose a ball B C C(][0,2]) such that for any =, y € B it follows
llzllc + llyllec < 6 < 1, for example B can be taken as a set of continuous

functions with ||z]|, < 6/2. On this set K will be a contraction because
1K (z) = K@)lle <0llz—yle, 6<L.

To apply Banach’s principle we need also that K maps B into itself,
namely that ||K(z)||, < 0/2 for ||z|, < 6/2.

It gives a requirement on function g¢(t).

K@) = [ Bles) o) ds+9(0)
IK(@)lle < 2x0.5x |zl +llglle < (8/2)° + llglle < 6/2
Conclusion is that ||g[|, = sup,co 9 9(t)] < 0/2 — 0/2)*=60/2(1—-0/2)

implies that K : B — B, where B = {xz(t) : |z(t)| < 0/2}, z(t) - continuous.
Therefore K has a unique fixed point in the ball B in C'([0,2]). B

16



Example. (exam. 2018 january)

1. Consider the following initial value problem: y' = sin(y)t?; y(1) = 2.

a) Reduce the initial value problem to an integral equation and give a
general description of iterations approximating the solution as in the

proof to the existence and uniqueness theorem by Picard and Lindelof.
(2p)
b) Find a time interval such that these approximations converge to the

solution of the initial value problem. (2p)
Solution.

We introduce an integral equation equivalent to the ODE ¢’ = f(¢,y)
by the integration of the right and left hand sides in the equation:

y(t) = y(1) +/1 f(s,y(s))ds.

Taking yo(t) = y(1) we define Picard iterations by the recurrense rela-

tion

Yara(B) = (1) + / F(5,9u(s))ds.

Yn+1 =

For the particular equation it looks as
t
Yns1(t) = y(1) + / sin(y,(s))s*ds = K(yn, t).
1

Fixed point problem:
y =K(y)

The Banach contraction principle gives existence and uniqueness of

17



solutions by showing that the operator K is a contraction on some

closed set B of a Banach space X, such that K maps B into itself.

A hidden question here is that we must find this Banach space X and

this set B where these conditions are satisfied.

One proves the existence and uniqueness theorem by showing that at
some time interval the integral operator K(y,t) = y(l)—{—flt sin(y(s))s?ds
in the right hand side is a contraction in C'([1,7):

def
IK(w) = K@)llgqr = sup [K(w,t) = K(u, )] < sup [w(t) —u(t)] = alw —ullgp
te[1,7) te(1,1]
a < 1, in some ball |w —y(1)|[o 7 = SuPepr [w(t) —y(1)] < R in
the space C'([1,T]) of continuous functions on [1, T, and maps this ball
into itself:

sup |K(w,t) —y(1)| < R
te(1,7)

and applying the Banach contraction theorem to K(y,t).

We estimate first ||K(w) — K(u)|lonr = supepn [K(w, t) — K(u, t)]

for continuous functions u and w such that sup,c;; 7y [w(t) —y(1)| < R

and

lw =y (W)l o = suPsepa [u(t) —y(1)] < R. Point out that sup,cpy 7 [w(t)] <
y(1) + R. We will find T such that the contraction property is valid:

IK(w) = K(u)llouz = sup /1sin(w(s))52d5—/1 sin(u(s))s*ds

te[1,T]

< a sup |w(t) —u(t)],
te[1,T]

We carry out elementary estimates using the triangle inequality and in-
[ sin(w(s))s?ds — [/ sin(u(s))sts‘ <

termediate value theorem for sin.

¥ (sin(w(s)) — sin(u(s))| s2ds =

18



S N(w(s) = u(s)) cos(8(s))| s%ds < (T = 1)T2-1- sup [w(s) — u(s)|

1
te[1,T]
K (w) — K(“’)HC([LT] <(Tr-1nr1? [w(s) — U(S)HC([LT]

The argument 6(s) above is a number between w(s) and u(s) that exists
according the intermediate value theorem. It was also used above that

|cos(f)| < 1. Therefore to have the contraction property we need to
have (T'—1)T? < 1.

For a function w with [|w(s)||op. ) = SuPsepr [w(t) —y(1)] < R we
like to have that |K(w,t) —y(1)] < R meaning that K maps this ball
in C([1,7]) into itself. For this particualr case it is not necessary
because he equation is defined in the whole R and the contraction
property is bvalid in the whole C([1,7) . But this checking might be
necessary if the contraction property is valid only locally, not in thew

whole C([1,T]).

The following estimate leads to another bound for 7: sup |[K(w,t) —y(1)| <
te[1,T)

sup ‘ff sin(w(s))s?ds| < (T —1)T? < R.
te([1,T)

Therefore the time interval must satisfy estimates (7'— 1) T? < 1 and
(T —1)T? < R to have convergence of Picard iterations in the ball
supye;1 ) [w(t) — y(0)] < R. Taking R =1 we get an optimal estimate
(T —1)T? < 1 that is satisfied for example for T' = 1.4:

a =0.4(1.4)(1.4) = 0.784

Introduction to bifurcations.

Considering differential equations where the right hand side includes a

parameter:
o' = f(t,z, p)
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we can observe qualitative changes in the phase portrait of the system at

certain values of the parameter p = .

Examples of bifurcations.

Pitchforc bifurcation
The equation

v = px — 2°

has one stable equilibrium point z = 0 for x4 < 0, that becomes unstable and
splits into two stable equilibrium points at © = 0.
f(l’) = —I—$3,/L<O

-10™

fx)=ao—23 >0
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257

=257

Transcritical bifurcation.
The equation

t' = px — 2?

has two fixed points for ;1 # 0 which collide and exchange stability at p = 0.
fle)=x—2*u=1

-1.257

=257

-3.757

()

—r—2* p=-1
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-1.257

-257T

3757

Saddle point bifurcation.
The equation

.TI:,U—FHTQ

has one stable and one unstable equilibrium point for u < 0 which collide at

i = 0 and vanish when p > 0.

Hopf bifurcation

One impressive example is the so called Hopf bifurcation where an as-
ymptotically stable equilibrium becomes unstable equilibrium surrounded by
a unique limit cycle, a periodic solution attracting sorrounding trajectories.

The theorem blow gives a possibility to show the existence of a unique
periodic solution surrounding an equilibrium that is a repeller.

Theorem on Hopf bifurcation. Let the system of differential equations

in plane:

95/1 = fi(x1, 22, 1)

37/2 = fo(wy, 22, 1)

have an equilibrium point in the origin for all real values of the parameter p.
Suppose that for the linearized system of equation around the origin eigen-

values are purely imaginary for p = . Suppose also that for real part part
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of eigenvalues Re(A1(1)) = Re(A2(i)) the condition

% {Re(/\1(,u))}|u:uo >0

and that the origin is asymptotically stable for p = p,.
Then

i) u = p is a bifurcation point for the system
ii) there is an interval (u;, f4) such that the origin is a stable spiral(focus)
iii) there is an interval (u, tt5) such that the origin is an unstable spi-

ral(focus), surrounded by a limit cycle (periodic orbit) with size increasing

with increasing of .

Example. Show that the following system undergoes Hopf bifurcation
at p = 0.

v = pxy — 2wy — 221 (23 + 23)?

Ty = 2m1 + pxy — wo(2? + 23)?
Linearized equations are the following;:

/
T, = Mxp— 239
/
Ty = 2T1 — [T

with matrix[ a ] with eigenvalues A\ o(p) = p£2i. Therefore Ay 2(0) =

!
+2¢ are purely imaginary.

Re A(p) = p. and %Re Alp) =1>0.
The system has a strong Lyapunov function V (zy, 15) = 22 +23 for u = 0.
Vi1, 2) = =2 (227 4 23) (2} + 23)* < 0, (z1, 22) # (0,0)

that makes the origin asymptotically stable for 4 = 0. Then according to
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the Hopf theorem the system undergoues a bifurcation at © = 0 and at some
small ¢ > 0 it has instable spiral in the origin, surrounded by a periodic
orbit. If it is difficult to find a strong Lyapunov function, one can apply
LaSalle’s invariance principle.

Exercise.

Show that the equation ="+ (2? — )2’ +2x+2* = 0 has a Hopf bifurcation
at p=0.

Bifurcations will not be at the exam!!!
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Main ideas and tools in the course in ODE

1. Integral form of I.V.P. to ODEs

2. Gronwall’s inequality for showing uniqueness and continuity with respect
to data.

Generalised eigenspaces of matrices. Basis of generalized eigenvectors.
Jordan form of matrices. Matrix exponent and logarithm.

Transfer matrix. Monodromy matrix.

Stability and instability of equilibrium points.

Linearization and Grobman Hartman theorem. (iff Re(\) # 0)

Lyapunov functions.(for stability and for hunting positively invariant sets)

© ® N o ovoe W

LaSalle’s invariance principle for hunting w - limit sets.

10. Idea of solving integral equations by iterations.

Examples
1) Solve the initial value problem
i =ta?, z(1)=¢

and find maximal intervals for solutions. Give a sketch of the domain for z(¢t) =
©(t,1,€) in the (¢, z) plane.

2) Can one conclude which maximal interval have solutions to the similar
equation

&=

without solving it?

1. Solution.



1) Tt is the equation with separable variables.

d
d—f =t z(l)=¢
dzx
-1 t?
w2 = 3 ¢
21 11 148
C = —_— —_— C = - —_—
5 o 2 " 262 2¢?
-1 21+
222 2 262
-1 e 1+ - (1+8)
202 2% 2 2¢?
xz = ’ = 1

(1+&)-¢2 (1+&)/(&) -2

_ 1 NP
= Tre @ M) > 08>0
_ 1 NP
C U+f%/@%—ﬂ’0+€)Nf) £>0,6<0
x = 0, £=0, equilibrium

(+&)/(€) > & ve(—/+e)/(€)/a+e)/ (@) oreny

1. The maximal intervals for these solutions are open in accordance with the
general theory. One solution z = 0 is defined on the whole R. We draw
boundaries of the domain for ¢(t, 1,¢).



ks

-50%

The equation & = t3z is defined on R x R and the right hand side satisfies
on any compact time interval [~R,R], R > 0 the estimate |t3z| < R*(1+ |x)
where the right hand side rises linearly with respect to |z|. It implies that the
maximal existence interval for all solutions to this equation is R.

Estimating Lyapunov functions V and
their derivatives V; = VV . f along trajectories.

Investigation of positivity of functions V and V; =VV - f.

Choosing a Lyapunov function: it must be positive definite: V(0) = 0,
V(z) >0,z #0.

We like to have Vy = VV - f negative definite Vy < 0 or at least VV - f < 0.

Example.
—x — 2y + zy?
3z — 3y + y°

Show asymptotic stability of the equilibrium point in the origin and find
the region of attraction for that.

"
1. Consider the following system of ODE: { Z _

Hint: applying Lyapunovs theorem, use the elementary inequality
Lo, o
|zy| < 5 (z* +y?)

to estimate indefinite terms with zy.



A more general inequality can be useful for polynomials of higher degree in

f:
Popa 11
jabl < & 4+ = -+-=1 pqg>1
pq P g

1. Solution. Choose a test function V(z,y) = 3 (2% + y?)
Vi =a(—z—2y+ay?) +y (3z — 3y + y*) = zy — 2 — 3y* + y* + 2?y?
=12 (1 fy2) — 92 (3 fy2) +ay < —a? (1 fyz) — 92 (3*@/2) +0.522% +
0.5y>

We apply the inequality 2zy < (x2 + y2) to the last term and collecting
terms with 22 and y? arrive to the estimate

Vi < —2? (0.5 —y?) —y* (2.5 — ¢?)

It implies that V; < 0 for (z,y) # (0,0) and |y| < 1/v/2.Therefore the
origin is asymptotically stable.

The attracting region is bounded by the largest levle set of V' - a circle
having the center in the origin that fits to the domain |y| < 1/v/2, namely
(2 +y%) < 1/2.

The second idea for choosing Lyapunov functions is choice of V

of polynomilas with arbitrary even powers and arbitrary coeffi-
cients.

Another more clever choice of a test function as
V(z,y) = az™ + by"

in particular V(z,y) = 322 + 2y? works in this particular case:

Vi = 6x(—x—2y+zy?)+4y(3z—3y+y?) = 4y* —12y* — 622 +-62%y* = —4y?
(3—y2) — 622 (1—y2) <0

for |y| < 1, therefore the ellipse 322 + 2y* < 2 is a domain of attraction
for the asymptotically stable equilibrium in the origin.

One can also observe the asymptotic stability of the origin here by lin-
earization with variational matrix

3 -3
calculating eigenvalues: —z‘\/5—27 iv/5—2 with Re A < 0. But linearization
gives no information about the domain of attraction.

A= [ b2 }, with characteristic polynomial: AN 440 +9 =0, and
Poincare - Bendixson theorem and
testing absence of equilibrium points in the positive invariant set.

We try to find an ring shaped domain that is positively invariant and need
to check three conditions:



i) The outer boundary of the ring (using a level set of a test function, or a
polygon shaped domain testing velosities on each segment of it’s boundary)

ii) The inner boundary of the ring (using a level set of a test function, or
linearization for identifying a repeller inside a large postively invariant set by
applying the Grobman - Hartman theorem)

iii) Check that no equilibrium points exist inside of the ring (missed often
by students)

Example. Show that( thg follgwing system of ODEs has a periodic solution.

=x—-2y—x(22° +vy
{ y’4x+yy(2x2+y2)) (4p)

Solution. Consider the following test function: V(x,y) = 222 + y2. Denot-
ing the right hand side in the equation by vectorfunction F(z,y) we conclude
that

Vi =VV . f=4a% — 8zy — 42? (222 + y?) + 8zy + 2y* — 2y*(22% + y) =
2 (1= (227 +¢?)) (22% + ¢?).

It implies that the elliptic shaped ring: R = {(z,y): 0.5 < (222 +y) < 2}
is a positive invariant compact set for the ODE, because velocity vectors are
directed inside of this ring both on it’s outer and inner boundaries ( VV - F < 0
for (222 +y) =2 and VV - F > 0 for (22% + y) = 0.5.

The origin is the only equilibrium point of the system. It is not so easy to
see from the system of equations itself. But one can see it easier by cheching
first zeroes of Vy(z,y) that is a scalar function and evidently must be zero in
all equilibrium points..

We observe that V (z,y) = 222 +y? is positive definite and VV - F(z,y) = 0
only if (z,y) = (0,0) or if (22%+3?) = 1.But it is easy to see from the expression
for the right hand side for the ODE that in the last case (z,y) cannot be
equilibrium point because the right hand side becomes linear with nondegenerate
matrix and is zero only in the origin (z,y) = (0,0). The equation for equilibrium
points on the level set (222 + y?) = 1 is the following:

1 O=2z—-2y—a2=-2y
’ O=4drx+y—y=4x
By the Poincare-Bendixson theorem the positively invariant set R not in-
cluding any equilibrium point must include at least one orbit of a periodic
solution.l



