
Tentamentsskrivning: Statistisk slutledning 1

Tentamentsskrivning i Statistisk slutledning MVE155/MSG200, 7.5 hp.

Tid: 11 juni 2019, kl 8.30 - 12.30
Examinator och jour: Serik Sagitov, tel. 031-772-5351, rum H3026 i MV-huset.
Hjälpmedel: Chalmersgodkänd räknare, egen formelsamling (fyra A4 sidor).
CTH: för “3” fordras 12 poäng, för “4” - 18 poäng, för “5” - 24 poäng.
GU: för “G” fordras 12 poäng, för “VG” - 20 poäng.
Inclusive eventuella bonuspoäng.

———————————————————————
Partial answers and solutions are also welcome. Good luck!

1. (5 points) A state teachers association studied the educational qualifications of its member-
ship, which consists of 50 000 teachers. The analyst used a sample design in which independent
simple random samples of teachers are selected from among the member teachers in three school
levels.

Stratum Level of school Number of members Sample size
1 Elementary 25 000 100
2 High school 20 000 100
3 College 5 000 100

Total 50 000 300

(a) What are possible advantages and disadvantages of this sampling design compared to a
single random sample of size n = 300 taken from the whole population?

(b) The following data gives the sample means and variances for the reported numbers of years
of education:

Level of school Mean Variance
Elementary 14.8 6.4
High school 17.3 2.7
College 19.3 3.6

Find a 99% confidence interval Iµ of the population mean. What are your assumptions?

(c) Without any prior knowledge on the variation within the strata, how would you allocate
300 observations among the three strata in a more effective way? Explain your choice.

2. (5 points) Turn to the data on the previous problem and treat the three strata as three
separate populations. Denote by µ1, µ2, µ3 the corresponding population means.

(a) Build a 95% confidence interval for the difference δ = µ1−µ3 based on a t-distribution. What
is wrong with just checking if this interval does not contain zero, to reject the H0 : µ1 = µ2 = µ3?

(b) Test the null hypothesis of no difference H0 : µ1 = µ2 = µ3. What are your assumptions?

(c) A new study is planned to compare female and male means. There will be six independent
samples of size 50 taken: so that for each of the level of school, 50 female members and 50 male
members will be sampled at random. Describe a suitable parametric test.

3. (5 marks) Think of a chi-square distribution χ2
k with k degrees of freedom. It is connected

to the standard normal distribution as follows: if Z1, . . . , Zk are N(0,1) and independent, then

Z2
1 + . . .+ Z2

k ∼ χ2
k. (1)
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Denote by µ and σ2 the mean and variance of χ2
k-distribution.

(a) Using (1) compute µ.

(b) Let Z ∼ N(0,1). Using the fact that the curtosis of a normal distribution equals 3, show
that

Var(Z2) = 2.

(c) Using (1) and (b) compute σ2.

(d) The chi-square distribution has the same density as a gamma distribution with the shape
parameter k

2 and the scale parameter 1
2 . Using this fact verify your answers for (a) and (c).

4. (5 points) Draw a copy of the boxplot on your answer paper.

(a) Compute the range and the inter-quartile range for the underlying sample.

(b) Is the distribution skewed to the right or to the left? Which is larger: the sample mean or
the median? Explain.

(c) Roughly sketch the corresponding normal probability plot.

(d) Suggest a data transformation which will make the empirical distribution to look more like
a normal distribution.

5. (5 points) Consider a cross-classification for a pair of categorical factors A and B. If factors
A and B have three levels each, then the population distribution of a single cross classification
outcome has the form

b1 b2 b3 Total
a1 π11 π12 π13 π1·
a2 π21 π22 π23 π2·
a3 π31 πI2 π33 π3·

Total π·1 π·2 π·3 1

Here
πij = P(A = ai, B = bj)
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are the joint the probabilities, and

πi· = P(A = ai), π·j = P(B = bj)

are the marginal probabilities.

(a) Clearly state the hypothesis of independence between factors A and B in terms of the above
given parametric model.

(b) Present a realistic example of such two categorical factors. Try to make your example dif-
ferent from those mentioned in the lecture notes.

(c) Aiming at the chi-square test of independence, the following data was collected

b1 b2 b3
a1 6 3 9
a2 7 2 8
a3 13 6 15

Explain how these nine counts were produced. In particular, how many independent samples were
collected?

(d) Apply the chi-square test of independence to the data in (c). What can be said about the
p-value of the test?

6 (5 marks) An experiment was conducted to study the effects of two types of promotional
expenditures on sales of a certain product sold in supermarkets. Sixteen localities were selected
for the test. Different combinations of media advertising expenditures (x1) and point-of-sale ex-
penditures (x2) were specified for the study, and the localities were assigned at random to each of
these combinations (x1i, x2i). Then the dollar sales (yi) were recorded for i = 1, . . . , 16.

(a) The sample correlation coefficient computed from the 16 pairs (x1i, x2i) is zero. Is it a good
or bad feature of the experimental design? Explain.

(b) The following table presents a part of the computer output for multiple regression

Variable Ref. coeff. Std. dev. T stat.
Constant 2.13438 .61036 3.50
x1 3.02925 .12028 25.18
x2 .70575 .12028 5.87

Perform three utility tests. Clearly state your conclusions.

(c) The following table presents another part of the computer output for multiple regression

Source Sum of squares
Regression 193.4888
Residual 3.7616
Total 197.2503

Compute the adjusted coefficient of determination. What does it say about the underlying model?

(d) For a supermarket with media advertising expenditures being x1 = 2 and point-of-sale
expenditures being x2 = 4, what would be your prediction for the dollar sales of the product
under the study?
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Normal distribution table
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Chi-square distribution table
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Critical values of t-distribution
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NUMERICAL ANSWERS

1a. An advantage of this stratified sampling compared to a single sample is in the possibility
of comparing qualification levels of the teachers from different school categories. A possible disad-
vantage is a larger standard error of the estimate of the overall mean.

1b. For the stratified sample mean with w1 = 0.5, w2 = 0.4, w3 = 0.1, and n1 = n2 = n3 = 100,
we find the stratified sample mean

x̄s = 0.5 · 14.8 + 0.4 · 17.3 + 0.1 · 19.3 = 16.25,

and its standard error

sx̄s
=

√
(0.5)26.4

100 + (0.4)22.7
100 + (0.1)23.6

100 = 0.144.

The 99% confidence interval for the overall mean becomes

Iµ = 16.25 ± 2.58 · 0.144 = 16.25 ± 0.37 = (15.88, 16.62).

1c. Using proportional allocation allocation, we put 150 observations on the Elementary level,
120 observations on the High school level, and 30 observations on the College level. This would
make smaller standard error compared to the simple random sample.

2a. Two sample 95% confidence interval

Iδ = 14.8 − 19.3 ± 1.96
√

3.6
100 + 6.4

100 = −4.50 ± 0.62.

Since this interval does not cover zero, it indicates that the null hypothesis H0 : µ1 = µ2 = µ3

should be rejected. However, this conclusion is based on the comparison of the two extreme strata
means and might be false due to missing of the multiple comparison effect.

2b. We apply the one-way anova test. Using the the samples means and variances we obtain

14.8+17.3+19.3
3 = 17.13,

SSA = 100 · ((14.8 − 17.13)2 + (17.3 − 17.13)2 + (19.3 − 17.13)2) = 1016.7,

SSE = 6.4 · 99 + 2.7 · 99 + 3.6 · 99 = 1257.3.

Putting these into the anova table

Source of variation SS df MS F
Main factor 1016.7 2 508.3 121.0
Error 1257.3 297 4.2
Total 2274.0 299

and checking the F-distribution table with 2 degrees of freedom in the numerator, we see that the
p-value of the F-test is much less than 0.1%. We conclude that the difference between the three
means is statistically significant.

2c. A suitable parametric model would be a two-way anova model with two main factors being
factor A = level of school with 3 levels,
factor B = gender with 2 levels.

3a. Since
E(Z2) = Var(Z) = 1,

we get
µ = E(Z2

1 + . . .+ Z2
k) = k.
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3b. Kurtosis of the standard normal distribution is

3 = E((Z)4),

and therefore,
Var(Z2) = E((Z)4) − (E(Z2))2 = 2.

3c. Due to independence,

Var(Z2
1 + . . .+ Z2

k) = kVar(Z2) = 2k.

3d. Gamma distribution Gam(α, λ) has the mean and variance

µ = α
λ , σ2 = α

λ2 .

With α = k
2 and µ = 1

2 , we obtain the same values as above

µ = k/2
1/2 = k, σ2 = k/2

1/4 = 2k.

4a. The range is close to 3500 and the inter-quartile range is like 500.

4b. Skewed the right. The sample mean is larger than the sample median as the sample values
larger than the median contribute to the arithmetic mean such that the mean will be larger than
the median.

4c. For a right skewed distribution the normal probability plot would have the following typical
profile reflecting the fact that the largest sample values are larger than would be predicted by the
normal distribution.

Sample quantiles

Normal quantiles
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4d. A logarithmic transformation

new data = log(original data)

might do the job.

5a. Hypothesis of independence

πij = πi·π·j , i = 1, 2, 3, j = 1, 2, 3.

5c. The nine numbers

b1 b2 b3
a1 6 3 9
a2 7 2 8
a3 13 6 15

are the counts obtained after cross-classification of a single sample.

5d. The observed and expected counts

b1 b2 b3
a1 6 (6.8) 3 (2.9) 9 (8.3)
a2 7 (6.4) 2 (2.7) 8 (7.9)
a3 13 (12.8) 6 (5.4) 15 (15.8)

Here the problems is with the expected counts being smaller than recommended 5. Combining the
first two rows we get a new table with observed and expected counts

b1 b2 b3
a1 + a2 13 (13.2) 5 (5.6) 17 (16.2)
a3 13 (12.8) 6 (5.4) 15 (15.8)

The corresponding chi-square test statistic is as small as 0.2, and according to the χ2
2-distribution

table the p-value is close to 90%. Thus we do not reject the null hypothesis of independence.

6a. A problematic case in a multiple regression setting

Y = β0 + β1X1 + β2X2 + ε,

is when two explanatory variables are linearly dependent (collinearity). In our case the X1 and X2

are uncorrelated (orthogonality) which is a very good feature for the multiple regression design of
experiment.

6b. Using t13 as the null distribution for all three test statistics for three utility tests we reject
the following three null hypotheses

H0 : β0 = 0, H0 : β1 = 0, H0 : β2 = 0.

6c. The adjusted coefficient of determination

R2
a = 1 − 15·3.76

13·197.25 = 0.98

gives a high score (98 out of 100) on how well the two explanatory variables explain the observed
variation in the response variable.

6d. The predicted mean response is

2.13 + 3.03 · 2 + 0.71 · 4 = 11.3.


