Foundations of Probability Theory
(MVE140 — MSA150)

Wednesday 10th of January 2018 examination questions

You are allowed to use a dictionary (to and from English) and
up to a maximum of 2 double-sided pages of your own written
notes. This examination has five problems with a maximum of
20 credit points for a fully satisfactory solution, so the maximal
total is 100 credit points. To pass the course, you need to score at
least 40 points. A member of staff is available at the examination
site around 10:30am and 12pm.

Examination Questions

1. Let {B, : « € I} be an arbitrary family of o-fields of subsets of 2.
Show that N,e/B, is a o-field.

Solution. Since 2 € B, for every «, then Q € Nye/B,. Next, if B € N, B,
then B € B, for all o, hence B® € B, for all «, i.e. B® € NyerB,. Similarly
it is shown that the countable unions are in NyerB,.

2. Let &,&, ... be a sequence of independent Bernoulli-distributed with
parameter p random variables and v be a Poisson distributed random
variable with parameter A\ independent of ¢/ s. Find the characteristic
function of the sum ¢ = "7 _| &, (the sum is understood as 0, if v = 0).
Find the expectation and the variance of (.

Solution. @¢(t) =1 —p+ pe,

pct) =) (Be™)" X"/ (nl) e = (pe(t)A)"/(nl) e = e~
n=0 n=0
it 12
= MY = 1 ithp — S (Ap + X°p?) +o(t).
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Hence E¢ = Ap, E (% = \p + A%p? and var ¢ = \p also.



3. A piece of wire is cut into two pieces at an arbitrary point. One piece is
bent into a square, the other piece — into a circle. Find the probability
that the area of the square is larger than the area of the circle.

Solution. Since the result does not depend on the length units, assume the
length of the initial wire is 1. Let U be the length of the first piece. It is
uniformly distributed in (0,1). Then

P=p{(3) 2+(5)}

=P{4-mU?*-8U +4<0} =P{z; <U < 25},

where Lo o
o= EEVT 053w AEAVT g
4 —7 4 —7
_ _ 1 _ _ T
SOP—P{U>I1}—]_ x1—2+ﬁ~0.47.

4. Let &,& be two independent Exponentially distributed r.v.’s, their
c.d.f’s are Fg, () =1 — e % and Fg, (z) = 1 — e~ respectively, for
some Aq, Ay > 0. Find:
(a) the distribution of 1, = min{¢;, & };
(b) the distribution of 1y = max{&;,&};
(c)

)

(d) the conditional distribution of 7, given 7, in the case when A\; =

A2 = A\

the joint distribution of ny and 7; in the case when A\ = Ay = J;



Solution.

(a) P{m > 2} = P{& > ;& > 1} = e Me ™2 = e MHA)T 5o that
m ~ Exp(A1 + Ao).

(b) P{nz <2} =P{G <& <o} = (1—e ™) (1 —e ™)

(c) If z >y then P{m < xz; ns <y} = P{n <y} which is F),(y) above.
Consider now the case x < y. Since & and & are independent, the pair
(&1, &) has joint cdf Fig, ¢,)(z,y) = (1—e*)(1—e ) for z,y > 0 and 0
otherwise. The set {(z1,22) € R2 : min{zy, 2o} < x; max{z1, 20} < y}
is the union of two rectangles, each having a vertex at the origin and
the opposite vertex in the point (z,y) and (y, x), respectively. By the
symmetry, the measure of each of them is Fi¢, ¢,)(z,y), the measure of
their intersection is Fig, ) (2, ). Hence

P{m <z m <y} = 2F(£1,£2)($7 y)_F(gl,gz)(.CE, x) = 1—e 227 2= W 2~ AwHy),

(d) Obviously, P{n, >y | m =z} =1 for all y < x. Consider y > x and
put z =y —x > 0. Since & and & are equally distributed,

P{n: >y | m=a} =P{&>y | & =6 > 5} P{§ < &}
+P{&G >y | L =u6 > 2} P{& > &)
— e—Ay/e—)\x 0.5+ e—)\y/e—)\x .05 = e—/\z

which corresponds to the distribution of ar.v. n;+&, where £ ~ Exp(\).

5. Let p, = min{¢y,...,&,}, where &, ...,§, are independent identi-
cally distributed non-negative random variables with continuous in the
right neighbourhood of 0 density f(z) such that lim,o f(z) = fo,
0 < fo < oo (for example, uniform in [0, ¢| distributed). Show that
np, converges weakly to the Exponentially distributed random vari-
able with parameter f; (i.e. with the cdf F(x) =1 —e /0% 2 > 0).



Solution. For any x > 0,
P{nu, >z} = P{min{&,..., &} >z/n} =P ( My {&k > x/n})
+o0 n z/n n
f(s) ds) = (1 _/o f(s) ds) :

< x/n

Since [*/" f(s)ds = fox/n+ o(1/n), the last expression is
0

exp{nlog(1 — fox/n +o(1/n))} — exp{for}.

The latter is 1 — F(x) for the exponential Exp(fy)-distribution which is a
continuous function. So the limit for all x means the weak convergence.



