Foundations of Probability Theory
(MVE140 — MSA150)

Friday 21st of December 2012 examination questions
Tid: Ki. §.30- 1Z:3p0
You are allowed to use a dictionary (to and from English), a
university approved calculator and up to a maximum of 3 double-
sided pages of your own written notes. This examination has five
problems with a maximum of 20 credit points for a fully satis-
factory solution, so the maximal total is 100 credit points. To
pass the course, you need to score at least 40 points, The exam-

iner, Prof. Sergei Zuyev, will be available at the examination site
around 10:30am and 12pm. Telephone: 031 772 3020.

Examination Questions

1. Let {By: « € I} be an arbitrary family of o-fields of subsets of (2.
Show that NyerB, is a o-algebra,

2. A bag contains a new tennis balls and b ‘old’ ones (i.e. already played
with). A tennis coach takes two balls from the bag at random and
make a training with them. At the end of the training he puts both
balls back into the bag. Find the probability that at the next training
session he would take out two new balls,

3. The joint density of random variables € and 7 is given by Jenlz, y) =
27" for 0 < z < y < 400 and 0 otherwise,

(a) Find the marginal densities,

{b) Conditional density Joje==(ylz) and the conditional expectation
Elp | €.

{c) Are £ and % independent?

4. Given n independent realisations &1y .+4,&n of arandom variable £ with
cdf F(x), their arrangement in increasing order is called wveriational
series; £y < .. +&(n). The kth element of this series &y Is also called
the kth order statistic, k = 1, .. ., 1. Note that &y = min{éy,...,&,}
and {¢,y = max{¢,... +&n}. Find the distributions (express it via the

cdf} of

(a) &y and &,,);
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(b) &y for a general & — L...,n

(c} In the case when & are uniform in [0,1], find the conditional
distribution of &(1) given &§(n) =, where z € (0,1).

5. The Gamma, distributed random variable (o, B)

with shape parameter
@ > 0 and rate parameter £ > 0 has density

fasle) = £

55'0_1 e—ﬁm
)
for z > 0 and 0 otherwise, I'(a) above is the Euler's Gamma-
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which is a generalisation of the factorial: I'(n 4 1)
.

function:

= nl for any natural

(a) Compute the Laplace transform Lyep)(2) = Ee—#reb) and the
corresponding characteristic function,

(b) Show that if (e, 8) ~ Gamma,
for any constant ¢ >0,

(c) Show that ¢, = (Yo, B8)—a)/ Vo weakly converges when @ — oo
to M(0, 5-2) Normal distribution,

(o, B), then ey(e, B) ~ Gamma(a, §/c)
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You are allowed to use a dictionary (to and from English), a
university approved calculator and up to a maximum of 3 double-
sided pages of your own written notes. This examination has five
problems with a maximum of 20 credit points for a fully satis-
factory solution, so the maximal total is 100 credit points, To
pass the course, you need to score at least 40 points. The exam-
iner, Prof., Sergei Zuyev, will be available at the examination site
around 10:30am and 12pm. Telephone: 031 772 3020.

Examination Questions

1. Let {By: o€ I} be an arbitrary family of o-flelds of subsets of 9.
Show that NaerBa is a o-algebra.
Solution. Since Q € B, for every «, then Q € NaciBea. Next, if B € N,Ba
then B € By for all o, hence B® € B, for all @, i.e. B® € MuesBa. Similarly
it is shown that the countable unions are in NacsBa.

2. A bag contains a new tennis balls and b ‘old’ ones {i.e. already played
with). A tennis coach takes two balls from the bag at random and
make a training with them, At the end of the training he puts both
balls back into the bag. Find the probability that at the next training
session he would take out two new balls.

Solution. Let Az, i =0, 1,2 be the event that i new balls out of 2 selected at
the first training were new and By be the event that 2 new balls are selected
at the second training,

P(0) = 8 Pl = -2 pag) = L)
(*3) (*3%) (°3")
Then P(By l Ay = (“gi) / (“’{b), 1+ 0,1, 2 because when 4; is observed, the

number of new balls has become m - 1 after the first training. Now use the
total probability formula:
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3. The joint density of random variables £ and # is given by fr,(z,y) =
2e7%¥ for 0 < = < ¥ < 400 and 0 otherwise,

{a) Find the marginal densities.

(b) Conditional density fpe—,(y|x) and the conditional expectation
Efn | €.

{(c) Are £ and 5 independent?

Solution,
OO
fe(z) = / 207 Vdy = 2%, >0
T

v
foly) = / 277 Ve =2e7¥(1—e¥), y>0
Y

2e7TY o
fnﬁ:w(ylm) = 9¢ 2% e x): y>z

Elp | €= /:0 ye~W8dy = ¢ + 1,

The variables are dependent since fe (2, ) # fe(z) fy(v)-

4. Given n independent realisations €1, ..., €, of a random variable £ with
cdf F(z}, their arrangement in increasing order is called variational
series: £y < ... &) The kth element of this series &y s also called
the kih order statistic, k = 1,...,n. Note that £y = min{éy, ..., &}
and &,y = max{£y,...,£,}. Find the distributions (express it via the
cdf) of

(8} &y and £(py;
(b) &y for a general k=1,...,n.

(¢) In the case when & are uniform in {0, 1], find the conditional
distribution of £y given &,y = «, where z € (0,1).




Solution. ) < r when exactly k realisations do not exceed = and the rest
are larger than z. This corresponds to k successes in n Bernoulli trials with
success probability P{¢ < 2} = F(z) so that

Plé < ab = ()P0 - P

When & ~ Uniff0, 1}, P{{;) < z} = o™ for ¢ € [0,1] so that the pdf of
€y 18 nz™ Mg qy(z). Forany 0 <y <z, Py >y | =2 & =
£yt = (z — )", because all n — 1 values &,...,&, must lie in [y, z].
Obviously, the same probability is for condition & = §,). Writing the full
probability formula and using that P{ = §,y} = 1/n for all k, we have
that P{{) >y l ) = 2} = (z — )" ! with the pdf

Feppleem=a(®) = (0 = 1)z — )" Ly (1),

. The Gamma. distributed random variable y{x, 8) with shape parameter
a > 0 and rate parameter § > 0 has density

R

for 2 > 0 and 0 otherwise. I'(a) above is the Euler’'s Gamma-function:
(e o]
MNe) = / e dy
0

which is a generalisation of the factorial: T'(n+1) = n! for any natural
.

{a) Compute the Laplace transform Loapiz) =E e~ #V(eh) gnd the
corresponding characteristic function.

(b) Show that if v{e, 8) ~ Gamma(a, 3), then cy{a, ) ~ Gammal(c, 5/c)
for any constant ¢ > 0.

{c) Show that {4 = {v{e, 8) — @)/ /@ weakly converges when o — oo
to (0, 872 Normal distribution.
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Solution.

r — ﬁa ® ~ 2 po—1 ~,Ba:d
T(Q,ﬁ)(z) == ——-—-—1_1(&) o e &I e Z

R

since the expression in the square brakets is the density of Gamma(a, 8- z)
distribution which integrates to 1, Thus the characteristic function is

. gty —a
Pyiap) (1) = Ly(a,m(—it) = (1 - -E) ,

To show (b), just verify that Loy 6y(2) = Ly(a,8/¢)-
For {¢), expand the characteristic function

e, (8) = e_itﬁww(a,ﬁ)(t/‘/a) - eXp{—it\/a - alog(l B —\/%E)}

at ¢ = 0 to see that ¢, (t) = exp{~t2/(26?) + o(a~*)} which converges to
the characteristic function of (0, 872).



