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REMARK: No aids permitted

1. Consider a 3-period binomial asset pricing model with the following parameters:
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Assuming S(0) = 27 and that the bond has zero interest rate (r = 0), compute the initial
price of the Lookback Option with pay-off
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Y = S(3) — min(S(0), (1), S(2), S(3))

and time of maturity 7' = 3 (max. 3 points). Compute the probability that the derivative
expires in the money (max. 1 point) and the probability that the return of a constant portfolio
with a short position on this derivative be positive (max. 1 point).

Solution: The binomial tree of the stock price is
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To compute the initial price of a contingent claim it is convenient to use the formula
Iy (0) = e Z Goy - Gan Y (@), (1)
ze{u,d}N

where Y (x) denotes the pay-off as a function of the path of the stock price. In this exercise

we have N =3, r =0 and
1
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So, it remains to compute the pay-off for all possible paths of the stock price, where
Y = 5(3) — min(S5(0), S(1),S(2),5(3)).
For instance
Y (u,u,u) = 64 — min(27, 36,48, 64) = 64 — 27 = 37.
Similarly we find
Y(u,u,d) =5, Y(u,d,u) =8, Y(u,d,d) =0
Y(d,u,u) =14, Y(d,u,d)=0, Y(d,d,u)=4, Y(d,d,d)=0.
Replacing in (1) we obtain

Iy (0) = (¢u)’Y (u, u, w) + (qu)*aaY (u, u, d) + (u)*aaY (u, d, u)

+ (QU)QQdY(dv u, U) + (qd)2un(d, d: ’LL)
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This concludes the first part of the exercise (3 points). The probability that the derivative
expires in the money is the probability that Y > 0. Hence we just sum the probabilities of
the paths which lead to a positive pay-off:

P(Y > 0) = P({u,u,u}) + P({u,u,d}) + P({u,d,u}) + P({d, u,u}) + P({d,d, u})
= (pu)’ + pa(pu)® + (Pu)*Pa + (Pu)*Pa + (Pa)*Pu

27 91 13 57
= (Pu)g + 3(Pu)217d + (Pd)zpu = 3 = — =~ 8%
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This concludes the second part of the exercise (1 point). Next consider a constant portfolio
with a short position on the derivative. This means that we buy the derivative at time ¢t = 0
and we wait (without changing the portfolio) until the expiration time ¢t = 3. The return will
be positive if IIy(3) < IIy(0). But IIy(3) =Y, which, according to the computations above,
is smaller than ITy(0) = 8.5 when the stock price follows one of the paths {u,u,d}, {u,d,u},
{u,d,d}, {d,u,d}, {d,d,u} or {d,d,d}. Hence

P[Ily (3) < Iy (0)] = 2(pu)*pa + 3(Pa)*pu + (pa)® = 116 ~ 44%

This concludes the third part of the exercise (1 point).



2. Compute the Black-Scholes price of European calls and puts (max. 3 points). Next consider a
constant portfolio in the interval [0, 7] which is invested in N standard European derivatives
with pay-off functions g1, ...gy and time of maturity T'. Let the price of these derivatives be
given by the Black-Scholes formula. Show that the portfolio satisfies the dominance principle
(max. 2 points).

Solution: See Borell’s notes, Theorems 5.2.1 and 5.1.2

3. Consider two stocks with prices
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, Sa(t) = S2(0)eN

Si(t) = 51(0>e(’“_?)

where 01,09 > 0, 1, e € R and Wi(t), Wa(t) are two Brownian motions. Let 7' > 0 and
assume that Wy (T) and Wa(T') are independent random variables. Compute the Markowitz
portfolio of an investor with initial capital K > 0 and risk aversion # who wants to invest in
the stocks and in a money market with interest » > 0 during the interval of time [0, 7] (max.
5 points)

Solution: . Let a1 be the number of shares of the first stock and as the number of shares of
the second stock in the Markowitz portfolio and let

alSl(O) GQSQ(O) .

T = K ) T2 = K

Then we have the formula
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where Ri, Ry are the returns of the two stocks, p = ¢"7 — 1 and C~! is the inverse of the
covariant matrix Cj; = C(R;, R;). The random variables Ry, Ry, are given by

_ S1(T) = S1(0) S2(T') — 52(0)

Y ) R A ()
It follows that
}mRﬂ— %zDEngn-4, VMUhy—S£®2wnwﬂTn

and similarly for the second stock. Since the expectation and the variance of the geometric
Brownian motion Si(t) are given by

E[S1(¢)] = S1(0)e*t,  Var[Sy(t)] = 51(0)262“1t(e‘7%t —1)

we obtain ,
E[Ry] = T — 1, Var[Ry] = T (71T —1).

and similarly for the second stock

E[Ry] = T —1, Var[Ry] = 22T (727 —1).



Since W1 (T') and W5(T') are independent, then R; and Rs are also independent. Therefore
Cov(R1, Ry) = Ci12 = Oy = 0 and so the matrix of covariances of the random variables
Ry, Ry is given by

©= < Var(gRl] Var(ERﬂ > - C_l N < 1/V33‘[R1] 1/VE§)I.[R2] )

Replacing in (2) we obtain

_LER-p 1 enToel o LER|-p 1 enToeT
"7 20 VarlR] 26 2T (eofT 1)’ "2 90 Var[Ry] 20 22T (eo3T _ 1)

This completes the exercise (5 points).



