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Ye-205 v L= L Aaw wSla' W 7'
[oUe-=s Sm(F- 5/ ) &)

s M\ 9 'Z T
b/g"(‘{n-l)‘
Tab 2.1: £(6)=6(-16]) £ co <)
—8F sin(Zn-1)6
Z‘ (?_n 1)3 %
PQrSQVuls -{-orme.( f'€(91 df =" Z——- 111' (Zn—l)‘
o ficyun i




sida (@
._E._'é_l.? BCfs{-aM den losn el 5"-—3:_0 My inimerasr
I
z
[(l-rr-g(x)) dx
-1

\e!
Allmén 1gsn €71 lj""jzol 9=Ae*+3€‘xsfcashv+09'nkx

A”: {.' S{:OFPQ in a“mam\q la’sningcu ] fnfegml&w odm

minimera den,

Alt 2: Kann :'301 LL-normen | integralen
8
. l=X-y(x - 5
m "l“ {'X Y )"L‘l(‘l,l) da ‘(f(x]z Ccojllx-l-DSlan
D min l6-9ll fas da " ""zj

3 3: ortdgonah Preje_k{‘fonug av € P
v und er rummet av alla lB’sningu till
"4

Om {p’n/ﬂ;g ot en ON-bas £6r V sa ges Proj av
I=<¢, 4,0, +(F, 808,
¥, och P?_ or or%agmalq-:)b&hguu inte ortogonalfsems
I
P, 2= [coshx s =0
(O 003" [ty gk
jarms wdda

|
7'._ - '3 '2\(
Al ;h'f(_cosh adn jé_%z__e dx=tsiah 1+l

PSS ” P,_H'-".__'-‘Z % sfql.l"l

Lasm'ngsrummd £l ﬂ""{1=o har allbsa en ON-ba s
4., 4,3

_ cosh x .
¢|(K)- — , %1_(\()-‘:‘"“ X :
“'i $-h|12-| G{;nkl'."

Basta Y 9es av pv*ofdd-:’one,n

‘j:<l*x/¢n>¢/; f('*x/¢(9_>%1
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U(:«:}:<\1-~.¢‘f cosh x) c_i_________o'sl'\ — s (1*%, sinhx) sinh x
7 sinh 2-1 Lginhl

<l+*x’ cosh x> :[(H-x)cosh x dx ‘-‘[jéimu-uolda-resonenmg]z
J -]
. dx=2sinhx] =9 sin
2 COS"\K X 2[; ]a_zs"!

(=]

{ |
<H-x, sinh X>= f(hx)sfnkxdx: Z/X Sf'ﬂAdeztp.I]:
- o

:2([): cosh x];—f(oshx o/x)'- 2( cosh 1 - sinhl)': ? els e

A
_8‘-¢-' -1
i =2e
,]‘1 -1
Alltsa ()()3_%_5.':_——-- cosh x + . Sinh %
Y
—,‘Ls;nl\Z"l -'z-st'nlAZ"l

73:6 feL'(R) Vise minllf-gllx da §=o whis[2,9)

fas for 3o(“=‘zl"\'~r_‘£?f\cw) c"“_’to‘w
1€-31" = [Plancherels formel |= g4 | £ I = 2o [| ) -] o
o [T -5 dos by (18013 e

wlsq I« d
A

37;—,& ( 'f\(w)’qu; mead |ikhet ;ldd @(w):ﬁ,(m):%(‘“)ﬁ‘}ll,h‘j

11

0 annars
‘ﬁ-d)_ﬂ_ éda wck L"‘ldm‘: da#

Val
. PAY y
lnver sionsformeln ger 3°(f:)= 'iL’h’ fé\(w) ol dw:é_{n J-{(u)g“"’to(w
-0

-0

S":UfM—Liouv[”e—Pf‘ob'em (en wiss i:gp av diff ckwl)
(r{-‘) + pf +}u:o'F:O pq [Q, '.'7] (rIP& w feﬂu'jffl'f‘a, kont fkner)
w—'—"'J

L&) 9 st Rv): B,(£)=B,(£)=0
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Hitta de ) £ér vilka | icke - trivial 18sn
3.5:4 ¢"+xf=0 palo (]
-('(O)':O
f(t): 0

I sédana hdr problem ar alla egenvé(rden reella
fall A=0: €"= 0= f(x)=Ax+8

f'(0)=0 D A= 0 a _—
p(z)=o=>8=o}:>‘c0 Jov inee

fall A> 0. ,\:/k?-//‘ >0:

f(x)=Ams/ux+ 8 sfn/u_ ¥
{1(0] =0 &S B=O
£(€)=0&> Acos ul=0=A=0cller cospul=0
" w3
n:,/zi- i =
e fus(oe3) T
Fa“ A<0'. A:—v"/ Y>0:
£()= A cosh vx+ B sinh ¥x
f'(c)=0&> B=0
f(L)=0& ACO;“ V-0 A=0 ger ingei heller
(o]

Egenv&wdenq
- 1 \Z ¢
Ry

Motsvarande gge_n{unldz-'a ner
cos - L) T x
/Lln X = COS(V\- 71) --{—-
Normolisera g ra
Ieose-3) %2
= Normeradg egu’\fqnhh'ouu na

vczcos( __%)"Tx

{




i 14 Af=0 pa Lo
£(0)=0
.('(1)-.-:-{‘(')

Alla eﬂ&n\mrden reella
fall A\=0:=> ‘F[x) Ax+8
£(0)=0=>8=0
£0)=-f() DA=-ADA=0 ger inget
Lol N=pt: £(x)= Acos/u'x-rﬂsin/xx
f(0)= 0D A0
.((()—-,((c)ﬁ}ﬁ/t cos/(,*-B v

= 8=0 g,ﬂr,r s i'on}L (-K-)

,[/ / °£' . Vara 'o-Snm"ar'nq

M
EsmVarden
Xn /“-. ) pos 1Fsn bl o)
Eganﬂmu 3
% - = Sin "
S pa " zf;‘_
Normuo. /
Nsm,u ‘x]l me xo’x-['-—cosZﬂ.
/u A ‘__‘_2_——-61\:“
'-'Ef— gf_zﬁli]i-"--‘--— 5_:,"__2& =1 15-’-\}:. Cos fn
Hu, Ao z T =
g” I

sida




= Normevade egan{unh(:fomr sida @)
ﬁn(ﬂ= -—2———-——' 5in/.(,,.:l

| "'cos"f{,‘

fall. A=-v" >0

£(x)= A coshvx + Bsinh yx
£(0)=0=>A=0 Q0 ¢5r v> 0

£00~f0) = tanh v = -V ger 'm&zﬁ

' 5vning 6
3.5:10 (xf )+>\§f:0
£0)=£(b)=0 (65) ™7

Ailn“eﬂehyﬂrdeﬂ X\ ar reella enl
X'F + f+Ax'f=0

X'« xf'+ 2620 (Euler ekvation)

iaf keorin

r(r-N+r+i=0
5 rt+i=o
osn 1,
Allman 18sn FX)=Ax"+Bx"
om f=r: Ax®a By X
'Fa\l X'-'o'. ﬁgrf,:o

£0xy= A+Bln x

e =£(b)=0=>A=8=0, dvs f=0

ger n'nae,{'
fall \=-p5 (u>0); r= t U
'F(T‘-)':A\(#%-BX-# ,
SA+B=0 =-A

Az0 eller b¥-p#=0
bt = |
=0 duger ey, t >0
fall A:v’;(v).o); r=tiy # J 17 * /Ll

E(x)= Ax™V 4BV = Ae V¥, Be'Y A&

(RY): (£()= 06> AxB=0 & B=-A=>F(xy= Ale? ™, ¢tV 10 x)=
=C Siﬂ(v In x)

£(6)=0& C sin(v Inb)=0
(C=O)etlar sin(y Inb)=0
Yinb=nT n=vye,3,...
Y=Yz X

Inb




i 1 sida @
Egeﬂvardcna: )\“ = (‘E%)

Eacnfuqktiom-‘: sin(v,, lax)zsin "‘._.'_l'l‘_l‘.
nb
Egtu{-unkho-\uun ae orto_gonala. map shalarproduu‘en

1 ‘3> f&cx\g(xw(x)d* 3"
Normera mnp duma shalarproc‘uﬁ.t st i L. (l b)) \"’:‘}

Sth n'h’lun / 1 nT ln x\ | —.Inx Inb N
” £ " sin ( nb )E_;Jx kEl :dx}'fsiw‘(“_“i) alj- Inb
"5 ¢
ormuadt eaeﬂfunkhoncrna

B, (x)= J_‘ s'“,,(m‘tr hx)

Utveckla 3("}'21 i dessa ejenFunUioncr
{P;} en ON-bas for Lz./x(J,b)
= utvecklingen blir

q=249, /), 2,
A f'p““ ““‘"’)L"{*=E&1=fw]=...= LR, null,

ooo 3(}() (?.k |)’T Inx o s “ft—l'mnf

(‘lk )

,3___5_-..._|—l-_} se nasta (':'Nn;na
3.5:12

y 2_ IQ ) PSS | isolerad stav

Ol ulx,t)= t emp ‘E =~

V&rmdwninﬂsekv: u s ki,
X=0: temp u(ofﬂ-_—o
x={: isclerad u, (¢, €)=0

Begynnelsetemp: y(x, 0) =F(x)

Variobelseparation ok lEsningar Xx)T(#) som upp(‘glftr de homogena
randvillleoren X (0) = X'H)=0

lnsatbning i ekv

XoT ()= KX ) T(#)

'( £) X____)_(x konst =-A
KT¢) X
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X'+xX=0 Etr S-L-problem, det bliv oftast det
X (0)=X'(t)=0

Xn(x\': $in (n

f\[ﬁ

a P

A :-((h- )'_[tl'_)
T +K T)=0
T:(H-Cek":*

X, )T, &)

Ansit en lZsning .

u(x, )= ZC X (x) Ta &)= Ecn -Kvy sim v, X
VPPf‘j”er(DE) uppfy(ler(KV)

A‘tUSf’Qr @V)

§=0: Z_C., sin Y, x = F(x) (%)

(VL): Four?erserl'eu'!we_clclinsgn av €
L

Cn= %f#m sin(n-2) TE dx
e <
& o

normert ngSFA‘tf‘Or

Alt: Mulhplncera (%) med sin V, (X) och integrera guer [e4]
Z.C"‘JS‘“ Va X Sin Y, x dx j(-(ﬂsmv X

n=i P,

m?l_' f-{-[x] $in VMXOIK
o]

. =5 ¢ o Kn=3)ew
Svar: u(x,t) ;Cn e /4 5w ((n-— ?2’3-)

t
bie ek (Lo sin}) K o
b u(x,t)=? om £(x1=50 J

L
v frernleed) T d = 120 [eont ) T
(7]
100 = 200

ST AT Bl =y
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L Uy = ktxx
u(O,-E) = C
u,(t,e]zo
U(x,0)=£(x)

St V(x}t)zu(x,{-)sc
v uppfyller da ekv:

Ve = kv,

viot) =0

v, (¢,£)=0

v (x,0)=#(x)-C

Sammq e,k.v som q_/ UCX {-) C"'V(’(,) C zb -k(" ) [t mé\—-)‘!’t—

do.r b =2—]({-(ﬂ c)SIn(n' ]'ﬂﬁo{x_/‘c - -—fg,h(n- t‘)&.dx:
fran uppg 1

"G -'Tl'(in-!)

_5: (=0 (u, = kugy +& ¥sinx .
u(o,t)=0
ulnt)=0
u(x,0)=0

Betrakta motsvarande komogwa problem:
Up = kttyy
ulot)=0
u ('H,t]=0

Variabc(sc.paro-l:idn ger ekv

X'ex)+ M X(x)=0
X (0)=X()=0
Ansatt en |osn.n3 u(x, t) utvecklad i motsvarande serie

u(x,t)= Z.C (%) sin nx

SQHZ w ekVQtIOhe_n

ZC:,(*) Sin nx =f~kn"c,, (£) sin nx + e'ﬂ: $in X
1 I .




Sl'da @

ldentificro koeff;cienter
-t
n=1

2
Co@)==kn*C,(£) +{e ’

) annars

E)ggynnelsev l”kof'

(t=0) fC(O)smn;:O@C (0)=0

For n#l fés Cn&)"

Fér a=t: [C/@rk(, (&)= €2
€. (0)=0

Inkeﬂruande faktor e
CJ(e“'bc (#)) = -0t
(-1}t St gkt

fall k#2: C,0)= “"f S s & Lo g ok
s k-2 k-2

k't nz{ ekt

fall ke1: ¢, () =g el®

; -2t -kt
Svar: u(x,f)=(ez ‘eksiﬂx
mk-'l- - om k#1

u(x,ﬂftcﬁuslnx ovn k=2

dvning 7

isclerak T

e, ===
L p :

>

Uy= ety +Re™t

u,4)=ull, t)=0
u(x,0)=0

SP—PG"CIHOn av wotsvarande homoserm ekvation | x-led ger ege.nfunkl:i'o -
Sin Ml "
2

Ansatt u(x/%)z i Ah(ﬂ $in “‘TE"

50&: in i ekv
L"‘-’L
}: A () sin “‘“"‘ Z k? 7T Aa(4) sin 1?_’5+Zﬁ (t) sin® “A"‘
v rd
dar B.=2 W x YRe ct
ﬁ" LbRe sin de: = e oy udde = b’n e"*

O oM n jTmat

ldentifiera koeﬂ'--.:.ente_r

A, ()= -k "A )+ e
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I , oo
Besljnne sevillkor: u(x,0)= IZ An(0) sin "_}’.zz 0=>A,(00:0

ekv ’cmo '+ay = ke"‘t = |5ses med | hemogen + partikulde 15snin
y ety 9
eller ivd’.tgftron&f. foltor

Losn-ng ov dessa ODE ger

A () =Y, €St~
kn"tr‘

geb_ g knt ni/et
nei k*ﬁ‘
n vdd JL“"(:)

£ | i . o | e .
For y- G}j A et ansiller mon kte®t som parhkular‘asnm‘rj =
~kNTrte g

Slﬂ_L om kﬂ{ ¢c Vud&a h&‘fﬂl

=rem kNLF‘C fos en term :° sin NTx
N
¥ A o R ;
433 ’\,..——8—'——' u.(x,t) =\ukbojmn9 ! Pld:g_n X vid tiden £
— ‘-\’—.hé

2 !
U =€ Uyx = g
u(o,t)=u(l, t):0
g_ Sék en 5f:aﬁl'on6.'r !6'sn|'n9 u(x}#):ﬁcx)
Ekv b[lf‘ Ad
&écn-3=
geo) = Alul

Q/":Q‘-:?‘d:‘-g—rl_‘_Ax_‘_B
c 2%
RV ger A,B#ﬁrx)hzi X (x-¢)
ct

_f_)_ u(x, 0)=u£(x 0)=0

Studera vix, )= ulx, t)- ﬁ(x)
Vi fér da

V% ct Vyx
vio,t)=v(L{, t)=0
V(x,0)= - gex)= 2 w(¢-x)

v, (X, 0)=0
Varlabaisgparaf-on

Sok 16sn Xx)T(¢+)
X)) T =c*X "exy T ()
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X“(x): T“(‘é) )
X)) T

X =X({)-0

A= O ger ingek
/\--/u," ger fngu‘:

A=yt ger X(x)=A sinyx+Bcos vx X (0):0=>B=0
X(L)=0>(A=0) eller sin »lz0&y=v,= .,_,_}r

{X"+,\X= 0

Egenﬁtnkb’onar‘ Xh (X) = Sin "-"-%—’—‘-
E‘jf-ﬂvarden z\,,= v:'=____._.“13’1

Motsvarande T, (£):
T (@) e 2T T )= 0

T. (0)=0
T.()=A,, cos “"j}'u B, sin aMct

T.(t)=0 =8,=0
T.(t)=A, cos "ﬂi‘_.i.'

n % gnTet

AnsEiH: en lé'sn-'nﬂ V(x‘,":) :i?_Xn (X')Tn ({) :Z._AH 5N g co 7

Bestém A, s ot V(¥,O)=_3_ _x(f-x)

Utveckla be.sljnn;ls;.\r'illhdl'eb i Faunersmussf,ng,

V(xo)'- ﬂ(x) ZC SMH_T&"' 7 ” f X(f')‘)sfnn?rx dx:[P'I]:'--
- (19¢" L

T ) maso o M udda
O} n ermnf

Bﬂﬂtjmmlsevi llkor

uix, O):___:Z: A., Sin ‘_‘!_".r_’_‘. hZ-C $im ”-wx

A= Cy
k-1) Tret
V(" t)= "h"c"Z ('Z.k [ sm@l"“%—‘ <..‘L_._._(:___,__C--

u(x,t): p’(x].pvcx t)-gxgt-xj

ct i

]
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Visa u(xt)=gx- .'Z—(ﬁ(;ucﬁ) +_££(:<-c‘c)) , da’rp’ar den udda
i‘*P*’-""d‘S‘m wbvidgningen av F(x), dvs v(x, &)= -;—(ﬂncewﬁx-cu)
|ZC.. Sin ,%r_x: -fg(x) pa [0, 1]

Uddeg (ttj Sin uout‘,t)
2{-period{;k) dvs

=g (x)

(K,'I:):”( =4 W wet . | . )
v Z i e '—L"é cos 9-—25—‘- E'nd(os{?:% Sinmsf)+ s.'u(u-ﬁ)]:

=1 3 MWkt e .
2(. G Slh%&).,.z'-cn Sin "%&’):%(—ﬂ(x.ﬁct)—f(x—cf))
VsV
13: 74 |—
Uktzciuxx
Ulo,t)=0

u(m,t)=sin kt
u(x} O): ut(x,O)t O

Lat u(x,t):v(x,t)+%_sinkt
———
) upp{alf{r Rv (fOoch"T)
For v fas ekv
VH:= €* Vgx ¥ ls%;_,-‘- sim kt
vio,t)=v(M,t)=0
V(x,0)=0
V{._(K,O)=-E%-‘-

Motsvarande homogena, problem ger egenfunktionerna siy "_‘%"3. =gin WX
\ ¥- led

Utvecl«.lq_gll!; i dessa funktioner

VX, £)=3 A, (4)sin nx

X:ia“ Stl'n nx
P, |
Qn:?frrj)( sinnx dy :%(T‘I)h”
Ekv ger A, ()= -c'n® A, ()« K 2) sin it
och (BV) ger {A“(o):o

\ -~k 2 oyl
An<0)' 5 n( l) pqr{;kdﬁrl&sniv\&

Allnan ISSnina Ah({): Do sin vict~ E, cos nct+ ‘Zk"-(‘l}hn Siw kb
T TR
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A,(0):0=>E =0
AL(O):H% %(_I)n-n_-_—‘}D“:_‘z(_])na-l

M(ntet kY
A)=260""k G
n’n’(ﬂacq.-k;)( 5 e sin ﬂ(t)

Ulx, )= % sin ktrv(x,t) :% i kB T’%—lf 1) (k sinkt-vcsin “d:)smnx
! n=i W(Htf;‘?'_-k;)

Dirichlets problem
Au= ux‘\ +u53 =0
LI(K)TF(K) Pa aD (r’c\v’ldin)

Pc[r;:r.,\ keord; nater

ik \ - -ty +\"‘hzug
A=), + Ly Uy =Uyg 0 e+ " g

HY:6q

au=0 1 o)
U((rc,g)f'o 'r(ruf),+"r77. u99=0 e ;
u(i,@)=F£e)

u(re)=temp t
5*Z'P"-""*’—"”Gl'- Sele 16sn R(r)@(6) till ekv och det homegena (RV)
wn *ew
O - problemet: @'+ 2\@=0 ) Zﬁwparu'cdisk-—-) @ (21)= @ (o)
Far trigonometriska fourierserier @,(6): ef @' (27)=@(0)
)\n=n1

motsvarande E,, :{r‘1 R"+ r"R‘- YFR‘O
RY(r)1=0

Nu talen som wtlovades v Frra c'?rvmimgen:

,,3_§_1L Bestam esenvf{rden och wnormerade agen{wkﬁfone.r {or

Ve hfz0 , £=tw=0 (1)
Ekv kan gkeivas
X' e axfleNf=0
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Detha. ar en Euler-ekvabion med 16sn G x%+ (,x dar 6, % -
F(r-N+2r+)=0
t ¢ + )20
r=-t/2 rm
Dela upp + olika fall beroeade pa tecknet pa /iy - A
g=A=0: £ = Cox™ 4 Co X lax
E()=0 =0
£(0)=0 = (=0
‘N ‘/L{,A'—/@l/ /u>0
t= X P, BN
£)Z0=C v (=0 ¢,=-C,
f(b)=0=¢, (x,‘/ﬂ, )=, b (Fb) =02 ¢ =0
71—\ <o /q-/t——v/ Y>0
fo)=¢, 'Y . 2 < e |
£ =0 ¢,+¢,20> C,= ~c,:>ch)-—C,x“‘/'Z(e‘V'"“_e—iv‘u):
‘C%”‘Sh(y ln%)=0
{:(b)w0<—5(C o) eller Saw(v h’\\O) D

- w0 ,
PEV =B el

E e,n\fa.ro‘eﬂa- Ou‘ alltsa Xn: '/.41—))1—“* C},h‘b OC.I/I MG‘&SV(’LI’QHJ.{'_
Laen(-uwldnonu ar X e $in 'T\n,‘)

Atecstar oMb normera : - Inb
» 'h‘ In nTr \Y\
ux Siwm “hfh )“ J/;( SH(“ ")o\x Ej |ﬂ>k] jmi mbdﬁ =
o
sa de normerade e Cunletio na biic @, - [2 I/ m(mﬂ_i)
e eqenfunkbionerna ¢ () \E;hx 5 e
3___5__‘_2__ Betrakta St&'rm-L{Ouw‘llcpr‘oblemeb

(CE)' 4 p€+ 220, £ra)=€(b)=0 )
Q V,Sa ot om £ uPP{-ﬂHer () sa o«

)‘J\G Q"l““.‘ “'H"i‘jpﬂc{x

a

Revis’ kj €1 olu-jxf ;dx,[xenm) ot e,nm*)]

r€ X - f-Falv; Pact int rt¢ 3 'F olx lﬂd)‘_
f( ) £d Jp [Pact int] = i{ij JP
f"lf |“dx - fp\ﬂ dx =0 pga(Rv)
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Om P(K)(C e alla x sa uppﬁd“er‘ alla Qgenvardcn till ) Ax-c
Bevis: A = 2
fT1€rdx M—J ol€dx 30~ jcm OeriHlJm

b

_ 20
Division med jl(] Ax(>0) ger Az-C
c. Slutsatsen | LY &r fortfarande r‘\ldn'a om randvilllkoren £¢a)-f(b)=0

grséfﬁ.‘:s WLecl f‘(o") - A ‘E(a)—: F\Cb)- {SF(I:D:O olé."r u>,O ocfh B?’ .
0BsL Fel i Folland. Det har dr rat .
Bevis Den utbi n{'egfe rade termen €ran a/ blic har

- € \c] = = )£ (D)€ (D) + r @' (@)T @) = [Randvillkor]-

== el el » wrc@ @l .

sé vifar A (O eltdx= _p r(b) L €CON .»ca)\x‘w * [ (€]t
N o To Fe Rewhe Lo

jpma«xm 5

Cll dx‘ “CJ\{I dx vowov J\7 G Preﬂssevul b/

($orts)

4.4-5

a 5QPar¢\:bfon W= R(r)@(e)

N _ =2
Au=G+07 U+ g = 1 (M), + 17 Ugg
r'th—PfR‘_ _@ ‘k

R O

©- problemet:
@"rr\@=0
@ 27-periodisk
Men f£ar {;rfaonowne{}'r{glcq fourierserier
eaw{mqkffo.aer Qn:ai“? ne#
egen vardens A= vr"; egen
R-problemet:

e 2R w cRCr)-nt R0 Eulerely w lgsn Ac® +Brs

dar 5, & 5, 1gsn till s(s-Dts-n’=0e = e&>s=1n
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Rn(ﬂtAhr“+B,\ "
(RV)”- Ur(Q,Q):O ger ?‘(Fo):o
R‘h(r]:nA.,r l«—nB,,r" : n=+ o
Ra(r)=0© B,z A, n"
RaC )= An( e i )
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