FOURIER ANALYSIS & METHODS LECTURE NOTES

JULIE ROWLETT

ABSTRACT. Caveat Emptor! These are just informal lecture notes. Errors are
inevitable! Read at your own risk! Also, this is by no means a substitute
for the textbook, which is warmly recommended: Fourier Analysis and Its
Applications, by Gerald B. Folland. He was the first math teacher I had at
university, and he is awesome. A brilliant writer. So, why am I even doing
this? Good question...

1. 2020.01.20

According to Gerry, Fourier Analysis is “A collection of related techniques for
solving the most important partial differential equations of physics (and chem-

istry).” For example, we're going to be solving partial differential equations, ab-
breviated PDEs

A Laplace equations (related to computing energy of quantum particles)

O wave equations (describes the propagation of waves, hence also of light and
electromagnetic waves)

heat equation (describes the propagation of heat, is the quintessential dif-
fusion equation)

What is a PDE?

[1]

Definition 1. A PDE is an equation for an unknown function (unsub) which
depends on n > 1 independent real variables. Writing u for the unknown function,

u:R® = C.

The PDE for u is an equation that u is supposed to satisfy and contains u together
with one or more partial derivatives of u. The PDE may also contain other, specified
functions.

Example 1. The Laplace equation for a function on R? is:
Ugy + Uyy = 0.
The Laplace operator on R? is:
A=y + Dy,
so writing it this way the Laplace equation looks like
Au = 0.
The wave equation for a function on R3 x [0,00); is

Ut = Ugg + Uy + Uy
1
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Sometimes there is a constant on one side or the other, but mathematicians often
use interesting time units to be able to assume ‘without loss of generality’ this
constant is 1. The heat equation for a function on R x [0,00); is

Ut = Ugy-
Similarly, I like to assume the constant is 1.

1.1. The sound check analogy. Have you ever noticed that at a metal concert,
even if the band has played thousands of concerts, even in the exact same venue,
they always do a sound check? Do you know why? It’s because the sound produced
by the band obeys the wave equation. This equation is really hard to solve. More-
over, it is really sensitive to the geometry of the space where the band plays. Even
if it’s the same venue, the number of people inside is not the same, and these people
are part of the geometry of the space. So, every time they play, the band has to
do a sound check to see how the geometry of everything is affecting the solution of
the wave equation which is basically how the band sounds.

The wave equation, and indeed all PDEs are HARD to solve. There is no single
unifying theory to guide us to the solution of all PDEs. It’s like the metal band:
we have to do a sound check for each and every concert. There is no magic pre-set
we can use for all our concerts. Similarly, we have to deal with each and every PDE
individually and carefully. To solve them, we must study a variety of methods and
learn how to use these methods and combine them when possible.

1.2. The first method: Separation of variables (SV). If you come to the
(obligatory for Kf, option for TM and F) extra three lectures, you will learn how
to classify every PDE on the planet. For the great majority of these, we have no
hope to solve then analytically (that is, to write down a mathematical formula as
the solution to the PDE).

In case you have forgotten, here is a reminder.

Definition 2. An ODE is an equation for an unknown function (unsub) which
depends on one independent real variable. Writing u for the unknown function, an
ODE for u is an equation that u is supposed to satisfy and contains u together with
one or more derivatives of u. The ODE may also contain other, specified functions.

Question 3. What is the difference between an ODE and a PDE'?H

So, to introduce the technique of separation of variables, let’s think about a
really down-to-earth example. A vibrating string, like the guitar or bass strings in
our metal band. The ends of the string are held fixed, so they’re not moving. You
know this if you play or watch people play guitar. Let’s mathematicize the string,
by identifying it with the interval [0, ¢] C R. The string length is £. Let’s define

u(z,t) := the height of the string at the point x € [0, ¢] at time ¢ € [0, co].

L Answer: the unknown function (unsub) in an ODE depends on only one variable, so the
derivatives in the equation are ‘ordinary derivatives.” The unknown function in a PDE depends
on at least two variables, so we can no longer speak of ordinary derivatives, because the only
derivatives that make sense when a function depends on two or more variables are partial deriva-
tives. So, it’s just a matter of how many variables does the unknown function in the equation
depend on?
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Then, let’s just define the sitting-still height to be height 0. So, the fact that ends
are sitting still means that

u(0,t) =u(f,t) =0 Vit

A positive height means above the sitting-still height, whereas a negative height
means under the sitting-still height. The wave equation (I'm not going to derive it,
but maybe you clever physics students can do that?) says that:

Ugy = iy
The constant ¢ depends on how fast the string vibrates.
Question 4. Is this equation a PDE or an ODE?ﬂ
Technique 0 = Separation of Variables starts like this: we assume that
u(z,t) = X (2)T(t),

that is a product of two functions, each of which depends only on one variable.
Why can we do this? Who knows, maybe it is rubbish! Maybe u is not of this
form. Kind of like the sound check: we guess at the sound levels and then play a
bit to see if it sounds good. Same here. We just have to try.

Assuming that v is of this form, we put this into the PDE:

Upy = Cuy = X"(2)T(t) = X (2)T"(t).

Now, we would like to separate variables by getting everything dependent on z to
one side of the equation and everything dependent on ¢ to the other side. To achieve
this, we divide both sides by X (z)T'(t):
X// T/I
7@) = C27(t)~
Stop. Think. The left side depends only on z, whereas the right side depends only
on t.

Exercise 1. Ezplain in your own words why if one side of an equation depends on
x and the other side depends on t, then both sides must be constant.

What should we solve for first? X or T'7 We’ve got more information on X than
we do on T', because we know that the ends are still. This means that

X(0)=X() =0.
So, the equation for just f is
X
X
X(0)=X() =0.
Let’s give the constant a name. Call it A\. Then write

X"(z) = AX(z), X(0)=X(£)=0.

(z) = constant ,

Well, we can solve this. There are three cases to consider:

2Answer: it’s a PDE because the function depends on two independent variables: position on
the string  and time ¢.
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This means X" (z) = 0. Integrating both sides once gives X’(x) = constant
= m. Integrating a second time gives X (x) = mx + b. Requiring X (0) =
X (¢) = 0, well, the first makes b = 0, and the second makes m = 0. So,
the solution is X (z) = 0. The 0 solution. The waveless wave. Not too
interesting.

The solution here will be of the form

X (z) = aeV* + be~ Ve,

Exercise 2. Show that it is equivalent to write the solution as A cosh(v/Ax)+
Bsinh(\f)\x), for two constants A and B. Determine the relationship be-
tween A and B and a and b. Show that in order to guarantee that X (0) =
X() =0 youneeda =A =B =b=0. You should do this exercise,
because it I strongly suspect you can do it. Think of it as a warm-up for
Folland’s exercises.

Thus, with our teamwork, (me providing hints and you doing the actual
work by solving the exercise) we have gotten the 0 solution again. The
waveless wave. No fun there.

Finally, we have solution of the form

acos(\/|A|z) + bsin(y/|A|x).

To make X (0) = 0, we need a = 0. Uh oh... are we going to get that stupid
0 solution again? Well, let’s see what we need to make X (¢) = 0. For that

we just need
bsin(y/|\[¢) = 0.

k2m?

02
Super! We still don’t know what b ought to be, but at least we’ve found all
the possible X’s, up to constant factors.

That will be true if

Al = keZ.

Just to clarify the fact that we’ve now found all solutions, we recall here a
theorem from your multivariable calculus class.

Theorem 5 (Second order ODEs). Consider the second order linear homogeneous

ODE,

au” +bu' +cu=0, a##0.

If b=1c =0, then a basis of solutions is given by

{z, 1},

so that all solutions are of the form

u(zr) =Az+B, A,BeR

If ¢ = 0, then a basis of solutions is {e~%/%* 1} so that all real solutions are given

by

u(z) = Ae™**/% L B.

If ¢ # 0, then a basis of solutions is one of the following:

(1)

{em® e} if b2 # 4ac, where
—b+ Vb? — dac —b— Vb? — dac
= rp=

& 2a 2a
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(2) {e"*, ze™} if b* = dac, with r = —£.
Exercise 3. Our equation is
X"=)X <<= X"-)\X=0.
So, in the language of the above theorem, a =1, b =0, and c = X. Use this to find
all solutions which satisfy X (0) = X (£) = 0.
The solutions we’ve found are, up to constant factors:
krz k2m?
Xp(x)=sin| — ), Ip=-—
k( ) ( Y ) k 62
Do not worry about the constant factors at this point in time. Save
them for later [l

Now, let’s find the friends of X, the time functions, 7" which depend only on
time. These come in pairs, so that X; comes together with 77. This is because
the value of the constant A1, comes from X;. However, we’ve also got Xo, and the
value of the constant \s is different. So, for each pair we have

Xillf/ =\, = _kQﬂ-z - CQTLQ/.
Xk 02 Tk
This is almost the same equation we had before. Here we have, re-arranging:
k22
"o
T =—"ap T

. somc . . . .
Exercise 4. Use Theorem i% To show that a basis of solutions is given by

ikwt  _ ikmt
[ [
e e« .

Show that it is equivalent to use

cos @ sin @
A 4
as a basis. Hint: remember e’ = cos® + isinf for i = /—1 for any 6 € R.

Let us pause to think about what this means. The physics students may recognize

that the numbers
{ Ak} r=1
are the resonant frequencies of the string. Basically, they determine how it sounds.
The number |A;| is the fundamental tone of the string. The higher |\g| for k& > 2
are harmonics. It is interesting to note that they are all square-integer multiplies
of A\;. Here’s a question: if you can “hear” the value of [A;], then can you tell me
how long the string is? Well, yes, cause
1 1

—, = (= .
& VAL

So, you can hear the length of a string. A couple of famous unsolved math problems:
can one hear the shape of a convex drum? Can one hear the shape of a smoothly
bounded drum? We can talk about these problems if you’re interested.

A1 =

3The reason we should do this is because the less baggage we are carrying around, (i.e. the
fewer symbols we got to write), the less likely we are to screw something up. So, we should
remember the patience principle and be patient, wait to get the constants later.
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So, now that we’ve got all these solutions, what should we do with them? Good
question...

1.3. Superposition principle and linearity. Superposition basically means adding
up a bunch of solutions. You can think of it like adding up a bunch of solutions to
get a super solution!

Definition 6. A second order linear PDE for an unknown function u of n variables
is an equation for uw and its mixed partial derivatives up to order two of the form

L(u) = f,
where f is a given function, and there are known functions a(z), b;(x), ¢;;(x) for

x € R™ such that

n

L(u) = a(z)u(z) + Z bi(x)uz, (v) + D cij(@)ui;(x).

ij=1
In this context, L is called a second order linear partial differential operator.

The reason it’s called linear is because it’s well, linear.
Exercise 5. For two functions u and v, which depend on n variables, show that
L(u+wv) = L(u) + L(v).
Moreover, for any constant ¢ € R, show that
L(cu) = cL(u).
Definition 7. The wave operator, OJ, defined for u(x,y) with (z,y) € R? is
O(u) = —uge + .

Exercise 6. Verify that the wave operator is a second order linear partial differ-
ential operator.

We have shown that the functions
ug(z,t) = Xp(2)Tr(t)
satisfy
Cuy, = OVE.
Hence, if we add them up this remains true:
O(uy +ug +uz+...) =0.
oBsfl
Exercise 7. Show that the equations
X=Xy <= fil —MXp=0

do not add up. In particular, show that just the first two of these equations do not
add up,
X7 4+ X5 — (M + A2) (X1 + X2) #0.

41 love this Swedish expression. Nothing quite like it in the languages I know. Well, the closest

JINCY
is maybe which is also very cute.
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The reason these equations do not add up is because it’s not the same L. The
equation for Xy, is

X! — M Xy =0.
This depends on k, and since each \1 # Ao # A3, ..., the differential operator is
2
Ly = —5 + M.
G, + Ak

This exercise shows that one must take care when smashing solutions (i.e. super-
posing) together!

When we look at the different uy(x, t) in the wave equation, it’s all good, because
it’s always the same wave operator. Hence, we may indeed smash all our solutions
together, include the (to be determined) coefficients, and write

. [ krx krt . (knt
u(z,t) = Z up(z,t) = Zsm (£> (ak cos (cf) + by, sin (cé)) ,
E>1 E>1
and it satisfies
Ou(z,t) =0, u(0,t) =u(l,t)=0.
We'’ve still got some unanswered questions:

(1) What are the constants ay and by?
(2) If we can figure out what the constants are, then we are still left with this
thing:

Z sin <k7) (ay cos(kmt/l) + by sin(knt /L)) .

Is this hot mess going to converge?

2. EXERCISES TO BE DONE BY ONESELF

1.1.1 Show that u(x,t) = t=1/2¢=o"/(4kt) gatisfies the heat equation
U = Kgy.
1.2.5(a) Show that for n =1,2,3,... u,(x,y) = sin(nnz) sinh(nmy) satisfies
Uy + Uyy = 0> ’LL(O, y) = U(Ly) = u(gc, 0) =0.
1.3.5 By separation of variables, derive the solutions u, (z,y) = sin(nrz) sinh(nmry)
of
Uy + Uyy = 07 u(07 y) = U(Ly) = U(J?, 0) =0.
1.3.7 Use separation of variables to find an infinite family of independent solu-
tions to
up = ktge, w(0,8) =0, wuz(l,t)=0,
representing heat flow in a rod with one end held at temperature zero and
the other end insulated.
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ABSTRACT. Caveat Emptor! These are just informal lecture notes. Errors are
inevitable! Read at your own risk! Also, this is by no means a substitute
for the textbook, which is warmly recommended: Fourier Analysis and Its
Applications, by Gerald B. Folland. He was the first math teacher I had at
university, and he is awesome. A brilliant writer. So, why am I even doing
this? Good question...

1. 2019.01.22

Let’s look at another example. Consider a circular shaped rod, like a rod that’s
been bent into a circle. Let’s mathematicize it! To specify points on the rod, we
just need to know the angle at the point. For this reason, we use the real variable
x for the position, where = gives us the angle at the point on the rod. We use
the variable ¢t > 0 for time. The function u(x,t) is the temperature on the rod at
position x at time t.

The heat equation (homogeneous, which means no sources or sinks) tells us that:

U = kg,
for some constant & > 0. At this point our only techniques are separation of
variables and superposition. We first use separation of variables to find solutions.

So, let us do the same first step as we did in solving the homogeneous wave equation.
It’s just a means to an ends, by writing

u(z,t) = X (2)T(t).
Plug it into the heat equation:
T'(t) X (z) = kX" (2)T(t).

We want to separate variables, so we want all the t-dependent bits on the left say,
and all the z-dependent bits on the right. This can be achieved by dividing both
sides by X (z)T(t),

T'(t) X" (x)

Tt) X(x)
We now know that both sides must be constant. Let us call the constant A, so that
T/ X//
— = A=k—.
T X

Exercise 1. In your own words, explain why both sides of the equation must be
constant.

Now, we need to pick a side to begin... We actually have some information which

is hiding inside the geometry of the problem. The geometry is referring to the x

variable. What can you say about the angle x on the rod and the angle = + 27 on
1
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the rod? They are the same. This means that our temperature function must be
the same at x and at = + 27. So, we must have

X(z+27m) = X(x).
We can repeat this, obtaining
X(x+2mn)=X(z) VneLZ

This means that X is a periodic function with period equal to 2w. So, we have a
bit of extra information about it. The equation for X is:

X" (z) = %X(m)

for a constant .

Exercise 2. Case 1: Show that if A = 0, there is no solution to X" (x) = 0 which
is 2w periodic, other than the constant solutions.

Case 2: If A > 0, then a basis of solutions is,
{eﬁw/\/g7efﬁw/\/ﬁ}.
So, we can write
X(z) = aeV e /VE | pe=VAe/VE
For the 27 periodicity to hold, we need
X(0)=X(2r) = a+b= aeV 22 /VE L pe=VR2m/VE a(eﬁ%/‘/%—l) = b(l—e_ﬁzﬁ/\/g)
. (1— efﬁzw/\/ﬁ)
o=b e T
We also need
X(—271)=X(0) = a+b= ae= VA /VE  peVRT/VE a(e‘ﬁ%/ﬂ—l) = b(l—eﬁzﬂ/ﬂ)
1 _ eVA2m/VE
=b T
So, we have two equations for a, therefore they should be equal:
| VR iVE ) VRem/VR
B R, N S

If b = 0 then a = 0 so the whole solution is the zero solution. If b # 0 then we must
have

= a

a

1— e*\/X27r/\/E 1— e\/X27r/\/E
eV ern/VE _ | - e—VA2r/VE _ ]_.
Changing the sign of the top and bottom on the right side, this is equivalent to:
1—e-VA2m/VE  VRam/VE _ g
eVaen/VE 11— e-Vaen/VE'
Call the left side x. Then the right side is % So the equation is

1
* = — :}*2:1 = % = +1.
*

Exercise 3. Show that « > 0.
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If
k=1 = 1—e VA/VE _ oVR20/VE | s 9 = oVA2m/VE | o—VR2r/VE

I don’t like the negative exponent thing (it is really a fraction), so I am going to
multiply by eVA2r/VE, Also, doing this turns it into a quadratic equation:
2eVA2T/VE _ ATVAIVE 4 ATVAVE 9 2nVAVE L

Now we can factor this equation because the left side is
(2VMVE _1)2 20 = 2™VMVE =1 = 27V /VE = 04.

That 4 indicates a contradiction. Therefore, in the case where A > 0, the only
solution which is 27 periodic is the zero solution.
Hence, we are left with Case 3: A < 0. Then, a basis of solutions is

{sin(v/I\|z/Vk), cos(v/[\|z/VE).

We need these solutions to be 27 periodic. They will be as long as /|A\[/Vk is an
integer. So we need

A <0, VIA

Y =neZ = )\, = —n’k

vk

Hence, our solution
Xn(z) = an cos(nx) + by sin(nz), n € Ny.

Exercise 4. Show that allowing complex coefficients, it is equivalent to use a basis
of solutions

{eﬂ'inm }neZ~

Find A,, and B,, in terms of a, and b, so that
Xn(z) = A,e™ 4+ B,e ",

Now, we can solve for the partner function, 7T, (t). Since

T (t
TnEt; = A = -0k,
the equation for T;, is
T (t) = —n2kTn(t).
Consequently,
T.(t) = e~""* up to constant factor.

So, we now have found the solutions
Un(2,1) = X (2)T (t) = e ¥ (a,, cos(nz) + by, sin(nz)).
These solutions satisfy the heat equation
Orthy, — kOpztty, = 0.

Let us define the heat operator for functions of one real variable and one time
variable,
Z:=0; — kOys.
Then we have
E’U,n(t) =0Vn € NQ.
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Consequently, we can use the superposition principle to smash all these solutions
we have found into a super solution

u(z,t) = Z un(x,t) = Z e_”ztk'(an cos(nz) + by, sin(nx)).

n>0 n>0

We do this because we do not know how many of the u,, functions we will need. In
case we don’t end up needing them all, then their coefficients will be zero, so they
will just disappear on their own anyways. Let’s think about the physics. The rod
has some temperature function at time ¢ = 0, which we call ug(z). Then ug(z) is
also a 27 periodic function. We would like

u(z,0) = up(z) = Z ay, cos(nz) + by, sin(nz) = ug(z).
n>0

So, given ug(z), can we find a,, and b,, so that this is true?

Fourier made the bold statement that we can do this. It took a long time to
rigorously prove him right (like 100 years, because this whole theory about Hilbert
spaces, measure theory, and functional analysis needed to get developed by Hilbert
& his contemporaries).

1.1. Introduction to Fourier Series of periodic functions. If we have a finite
one dimensional, connected set, then we can always mathematicize it as either (1) a
bounded interval or (2) a circle. When we take a bounded interval of length 2¢, and
we take any function whatsoever on that interval, we can always extend it to the
rest of R to be 2¢ periodic, by simply repeating its values from the interval. Hence,
for both of these contexts we can do everything we desire with periodic functions.

Definition 1. A function f : R — R is periodic with period p iff for all z € R,
f(z+p) = f(z), and moreover, p > 0 is the smallest real number for which this is
true.

For example, sin(z) is periodic with period 27. Our heat equation examples,
fn(x) = ay, cos(nx) + by, sin(nzx) are periodic with period 27 /n. We shall prove a
super useful little lemma about periodic functions and their integrals.

Lemma 2 (Integration of periodic functions lemma). If f is periodic with period

p then for any a € R
a+p
[ fwyds

is the same.

Exercise 5. Give an example for how this fails to be true if the function f is not
periodic. That is, take some non-periodic function and show that integrating it from
say a to a+ p is not the same as integrating it from c to ¢ + p.

Proof: If we think about it, we want to show that the function

o) = [ swas

is a constant function. This looks awfully similar to the fundamental theorem of
calculus. Now, this statement above is not true for non-periodic functions. So,
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we're going to need to use the assumption that f is periodic with period p. This
tells us that f has the same value at both endpoints of the integral, so

fla)=flatp) = flatp)=fla)=0.
Now, since we want to consider a as a variable, we don’t want it at both the top and

the bottom of the integral defining g. Instead, we can use linearity of integration
to write

s = [ e [ s

Then, using the fundamental theorem of calculus on each of the two terms on the
right,

g9'(a) = fla+p) - fla) =0.
Above, we use the fact that f is periodic with period p. Hence, ¢’(a) = 0 for all
a € R. This tells us that g is a constant function, so its value is the same for all
a€R.

&
So you survived a bit of theory, now let’s return to our physical motivation!
We wanted to find coefficients so that the u(x,t) we found to solve the heat equa-
tion would match up with the initial data, ug(z). If it does, then (using some
advanced PDE theory beyond the scope of this humble course), u(z,t) is indeed
THE UNIQUE solution to the heat equation with initial data ug(x). Hence, u(x,t)
actually tells us the temperature on the rod at position x at time ¢. Cool. So,
setting ¢ = 0 in the definition of u(x,t) we want

(1.1) uo(x) = Z an, cos(nz) + by, sin(nx).
n>0
It is totally equivalent to work with complex exponentials, because
ein:c + e—inx einx _ e—in;c
——— sin(nz) = -
2 (nz) 21

Exercise 6. Show that we can write ug(x) as a series above in (Hﬁ) if and only if

we can write
ug(x) = E cne'™.

cos(nx) =

nez
Moreover, show that
1 1
co = %, Cp = §(an —iby), n>1, ¢, = i(a" +ibp),m < —1.

Finally, use this to show that
ag =2co, anp==¢p+c_p,n>0, b,=r1i(c, —c_p),n>0.

It is slightly more convenient for these purposes to do the calculation using the
{e"™*},,cz basis. This will be elucidated in a moment. The equation we want to

obtain is:
ug(z) = Z cne'™®.
nez
The object on the right is a sum of coefficients ¢, € C times functions e"®. It is
simply a linear combination of the functions e***. If we could show that in a suitable
sense these functions for a sort of “basis” then we should be able to expand our
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function wug in terms of this basis. Sure, the basis is infinite, so, you've graduated
to “linear algebra for adults,” in which your vectors are now infinite dimensional.
L' To continue with the linear algebra concept, we need a notion of dot product,
in order to expand ug in terms of our basis functions e?™*. This is obtained using
something called a scalar product, or dot product, or inner product: they all mean
the same thing.

Definition 3. For two functions, f and g, which are real or complex valued func-
tions defined on [a, b] C R, we define their scalar product to be

b
(f.g) = / F(@)g@)d.

We say that f and g are orthogonal if (f, g) = 0. We define the L?([a,b]) norm of

a function to be
£l z2(ap)y = VS5 £)-
OBS! Learn this definition right now!!!! It is really important. Every detail:

b PR
(f.9) = / f@g@dz, 1112 = (. ).

Now, if you wonder why it is defined this way, that is because defining things this
way has the very pleasant consequence that it works. Meaning, when we define
things this way, we are able to use the separation of variables technique to solve
the PDEs.

2. EXERCISES TO BE DONE BY ONESELF: HINTS
1.1.1 Show that u(x,t) = t=1/2¢=2"/(4k1) gatisfies the heat equation
U = Kgy.

Hint: Use the product rule when you're differentiating with respect to
t. When you're differentiating with respect to x, remember that from x’s
perspective, t is just a constant.

1.2.5(a) Show that for n =1,2,3,... u,(x,y) = sin(nmz) sinh(nry) satisfies

Uza + Uyy = 0, u(0,y) = u(l,y) = u(z,0) = 0.

Hint: Use the product rule and remember that in the eyes of x, sinh(nmy)
is constant. Similarly, in the eyes of y, sin(nmz) is constant.

1.3.5 By separation of variables, derive the solutions u, (z,y) = sin(nrz) sinh(nmry)
of

Uzz + Uyy =0, w(0,y) =u(l,y) = u(z,0) =0.

Hint: Start by writing u(z,y) = X (2)Y (y). Plop it into the PDE. Get
all the = dependent terms to one side of the equation and the y dependent
terms to the other side. (probably do this by dividing by XY). Solve for
X first. Use the conditions on X (0) = X (1) = 0. (Why?) Then once you
have found your Xs (there will be many!) find their partner functions. Use
the condition Y (0) = 0 (Why?) to help with this.

1Grigori Rozenblioum, who taught this class for many years, and is in general an awesome
mathematician, used to say “If you can pass this course, then you’ve earned the right to buy
Vodka at Systembolaget, regardless of your actual age.”
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1.3.7 Use separation of variables to find an infinite family of independent solu-

tions to
up = kugy, w(0,8) =0, wuy(l,t)=0,

representing heat flow in a rod with one end held at temperature zero and
the other end insulated. Hint: Start by writing u(x,t) = X (x)T'(t). Follow
the same type of procedure as for the preceding problem, but now you have
the conditions on X that X(0) = 0, X'(¢) = 0 (Why?) Find the X first
(there will be many!), and then use these to find their partner functions. It
will be kind of similar to the example from lecture today, but the boundary
conditions are different, so this will change things.

REFERENCES

[1] Gerald B. Folland, Fourier Analysis and Its Applications, Pure and Applied Undergraduate
Texts Volume 4, (1992).
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inx

Proposition 1. On the interval [—m, 7], the functions
e

are an orthonormal set with respect to the scalar product,

(f.9)= _ﬂ f(x)g(x)dx.

Proof: By definition, we consider
T eiNT gimw
——dx.
—x V2T V27

We bring the constant factor out in front of the integral the constant factor, and
we recall that ei™e = ¢~¥™% g0 we are computing

1 ™ . .
o eINT o —IMT 1.
2r J_
Exercise 1. Why s
eimz — efimz?

Ezplain in your own words or prove it algebraically.

So, we compute,

T 2 m=mn
/ elm(nim)d.r = eﬂizt(n—m,) ™ .

-7 n—m
T=—7

Now, we know that
pim(n—m) _ 1 n —m is even
—1 n—misodd.
To see this, I just imagine where we are on the Liseberghjul... Or you can write
this out as
(=) = cos(m(n —m)) + isin(r(n — m)).
1
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The sine term is always zero since n and m are integers, and the cosine is either 1
or —1. Similarly,

—im(n—m) _ {1 n —m is even

—1 n—misodd.

So in all cases, when n # m,

eifr(n—m) _ e—iﬂ(n—m) =0.
Hence,
1 [ . . 2 — =
- eInT o—IMm® o 27 n m .
2r J_ 0 n#m

This is precisely what it means to be orthonormal!

\2’
So, now we know that {¢,(z)}nez are an orthonormal set. We want them to
actually be an orthonormal basis, so that we can write for any ug(z),

ug(x) = ch(bn(x)v bn(z) =

neEZ

inT

e
Vor

In analogue to linear algebra, we should expect the coefficients to be the scalar
product of our function ug(z) with the basis functions (vectors), ¢,(x). More
generally, for a 27 periodic function v(z), we hope to be able to write it as

v(x) = Z Cndn(x), cn= /7T (X)) (x)dx = L /_: v(x)e " d,

nez - 2

so that

o) =3 (50 [ i) e

27
nez -T

This motivates:

Definition 2. Assume f is defined [—m, 7]. The Fourier coefficients of f are
1 mnr\ __ 1 T —inx
Cp = §<f,€ >*2ﬂ[ﬂf($)e dz.

The Fourier series of f is
§ Cn eine
ne”Z

1.1. Computing Fourier series. Let’s start with the function f(z) = |z|. Tt
satisfies f(—m) = f(7). We will prove later that the Fourier series which is defined
to be

. 1 [T i
E cne™, ¢ = — (x)e™"*dx

= 2 J_,
converges to f(x) for all points z € (—m, 7). What happens at the endpoints
+77 We must postpone this question for now. Looking at the series, we make the
following observation
Z cnein(z+27r) — Z cneinz.

nez nez
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Consequently, the series is 27 periodic. So, although the series will converge to
f(x) = |z| for x € (—m,m), because we are going to prove that it does, once we
leave this interval, the series will no longer converge to f(z) = |z|. The series will
converge to the function which is equal to f(z) = |z| inside the interval (—m,),
and which is 27 periodic on the whole real line. So, the function to which the series
converges has a graph that looks like a zig-zag. It’s really important to keep this
in mind.
So, now let’s compute the Fourier coefficients:
™ ™ 2
Cn = 1 |z|e™ " dx, ¢y = S |z|dx = T
27 2m s

-7 —T

Since

we compute:

nm 1

—x x<0
|| =
T x>0
0 )
/ —ze My = /7T xe™dy = ve’™”
—r 0 m
in 2 Gn)?

0 . 7‘— .
/ o T / re " dx.
-7 0
We do substitution in the first integral to change it:
0 T _inx
e
— / —dx
0 0 m
ﬂ.einﬂ e
Similarly we also use integration by parts to compute
™ ) l.efin:r 7" ™ efina:
/ xe ""dx = - / ——dx
0 0 o (=in)

—in
ﬁefinﬂ' e*inﬂ' 1
= — = + —-
—in (=in)2 ~ (—in)?

Adding them up and using the 27 periodicity, we get
2eT 2 2(—1)" -2

n2 n2 n2
OBS! We need to divide by 27 to get
(—1)" -1

The Fourier series is therefore
E + einz _l
2 Z 2 )’
n€Z, odd

Exercise 2. Use these calculations to compute the series

Z a cos(nx) + by, sin(nx)

n>0

and to show that all of the b, are equal to zero.
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Now let’s return to our example from Wednesday. We wish to solve the heat
equation on a circular rod. Let

u(x,t) = the temperature at the point/angle x and time ¢.
Then the heat equation (physics!) dictates that
Uy — kg, =0 VreR, t>0.

Above k£ > 0 is a constant which comes from - you guessed it - physics! There is
some initial temperature along the rod as well,

u(z,0) = f(z).
Since the rod is circular,
u(z +2m,t) = u(x,t) Vo eR,

so similarly,
flz+2m) = f(z) VzekR

When we solved the heat equation using separation of variables we obtained a
solution which could be written either using complex exponentials or using sines
and cosines. For simplicity, I am taking the complex exponentials,

u(z,t) = Z e ke, e

ne”Z

So, we would like

u(z,0) = cheim = f(z).

neZ
Now we know how to find the coefficients,

1 [ ;
Cn = —/ f(x)e " dx.
2 J_,

For the function, for example, f(z) = |z| for x € (—m,7) which is defined on the
rest of the real line to be 27 periodic, this is a function which makes sense as the
initial temperature of the rod. We have computed these coefficients. The theory
we will prove later will show that the Fourier series converges to f(x) for all € R.
Moreover, the theory will show that our solution u(x,t) is the unique solution to
the heat equation with initial condition given by f. Nice!

We are not limited to computing Fourier series of periodic functions, it’s just that
Fourier series will always be periodic functions themselves. For example, consider
the function f(z) = x defined on (—7, 7). By the theory we shall prove later, the
Fourier series will converge to this function inside the interval (—m, 7). Outside this
interval, the series will converge to a function which is 27 periodic, and is equal
to x for © € (—m,m). So this will have little jumps at the points (2n + 1) for
n € Z. It will be discontinuous there. We don’t need to worry about that, it’s no
problem whatsoever. For the moment we just are content that the Fourier series
will converge to f(x) = x for € (—m, 7). This is because in our applications, we
will use these series to solve PDEs in bounded intervals. For now we are working
with the bounded interval (—m,7) but later we’ll see that we can use the same
techniques to handle any bounded interval.
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Exercise 3. Compute in the same way the Fourier coefficients
1 ™

= — ze "y neZ.
2 J_ .

Cn

Use that calculation to show that a, = 0 for all n, and then compute the Fourier

sine series,
E by, sin(nzx).
n>1

Exercise 4. Look at these two Fourier series, that is the series for |x| and x. Do
the series converge? Do they converge absolutely? Compare and contrast them!

1.2. Introducing Hilbert spaces. A Hilbert space is a complete normed vector
space whose norm is induced by a scalar product.

Definition 3. A Hilbert space, H, is a vector space. This means that H is a set
which contains elements. If f and g are elements of H, then for any a,b € C we
have
af +bg € H.
This is what it means to be a vector space. Moreover, Hilbert spaces have two
other nice features: a scalar product and a norm. Let us write the scalar product
as
(f,g): Hx H— C.

To be a scalar product it must satisfy:
(af,9) =alf,9) VaeC,
(h+f.9) = (h,g9) + ([, 9),

and
(f.9) =g, f)-
The norm is defined through the scalar product via:
IVAIRERVAVEY R

The norm must satisfy

Ifll=0 < f=0, [If+gll <Ifll+lgll.

Finally, what it means to be complete is that if a sequence {f,} € H is Cauchy,
which means that for any £ > 0 there exists N € N such that

[[fn — fmll <& ¥Yn,m >N,
then there exists f € H such that
lim f, = f,

n—oo
by which we mean that
lim ||f, — f|| = 0.

n— oo
Exercise 5. As an example, we can take H = C". For z = (z1,22,...,2,) € C"
and w = (w1, ..., w,) € C" the scalar product

n
(z,w) = Z 2j0;.
j=1
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Show that the scalar product defined in this way satisfies all the demands made upon
it in the definition above. Why is H = C™ complete?

Now, let us fix a finite interval [a,b]. We shall be particularly interested in a
Hilbert space known as L?([a, b]) or once we have specified a and b, simply L?. This
is the actual grown-up mathematician definition of the Hilbert space, L%. It can be
gleefully ignored.

Definition 4 (The precise definition of L?). The Hilbert space L?([a,b]) is the set
of equivalence of classes of functions where f and g are equivalent if

f(z) = g(z) for almost every x € [a, b] with respect to the one dimensional Lebesgue measure.

Moreover, for any f belonging to such an equivalence class, we require

b
(1.1) / 1 (2)2d < oo,

K . . 12finite
If f and g are each members of equivalence classes satisfying (I ; the scalar product
of f and g is then defined to be

b
(1.2) (f.g) = / F(@)gl@)da.

One can prove that with this definition we obtain a Hilbert space.

Theorem 5. The space L*([a,b]) for any bounded interval [a,b] defined as above,
with the scalar product defined as above, is a Hilbert space.

This theorem is beyond the scope of this course. Moreover, the precise mathe-
matical definition of L? is overkill for what we would like to do (solve PDEs). This
is why I offer you:

Definitjgn. 6, (Our working-definition of L?). L?([a,b]) is the set of functions which
satisfy (IT.I), and is equipped with the scalar product defined in (| .2;.

Although we don’t necessarily need it right now, you may be happy to know that
the L? scalar product satisfies a Cauchy-Schwarz inequality,

IKF. )l < I£1gll-

Exercise 6. Use the Cauchy-Schwarz inequality to prove that for any f € L? on
the interval [—m, 7], the Fourier coefficients,

1 s

= — —inwd ,
c o | (x)e x
satisfy
o < 111
"\

2. EXERCISES TO BE DONE BY ONESELF: ANSWERS

1.3.7 Use separation of variables to find an infinite family of independent solu-
tions to
ur = ktgy, w(0,8) =0, wuz(l,t)=0,
representing heat flow in a rod with one end held at temperature zero and
the other end insulated.
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Answer:

Up(z,t) = e~ (@nH1) w2kt /(41%) i <(2n + 1)7m>
b 2[ .
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The following proposition shows that any function that is bounded on a closed
interval is an £2 function.

Proposition 1 (The Standard Estimate). Assume f is defined on some interval
[a,b]. Assume that f satisfies a bound of the form |f(z)| < M for z € [a, b]E| Then,

b
/ f(x)dx| < (b—a)M.

Proof: Standard estimate!

/abf(x)dx g/ab|f(x)|dx§/abMdm:M(b—a).

&
Exercise 1. Use The Standard Estimate to prove that any function which is con-

tinuous on a closed, bounded interval [a,b] is in L* on that interval.

Example 1. So, it seems that a lot of functions will be in £2. What are some
functions which are not in £2? Let’s consider the interval [—m,7]. The function
f(x) =2 is not in £? on that interval, because

is infinite. We could still have unbounded functions on this interval which are in
L2, as long as their integrals can be defined. For example, let’s define

o V3 1 #£0
f(x)'_{o 2=0"

e actually only need this for “almost every” z, but to make that precise, we need some
Lebesgue measure theory.
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Then, we can integrate
/7r z|5/33]"  6x%/3

F@)fde= T =

- o
So, the function doesn’t have to be bounded for the integral to be finite, but it also
can’t blow up too badly.

2. BESSEL’'S INEQUALITY (L? CONVERGENCE OF FOURIER SERIES)

Today we’re going to investigate the issue of convergence of Fourier series. To
move towards this question of convergence, we prove an important estimate known
as the Bessel Inequality. Bessel’s Theorem will be a very important ingredient in
the proof of our first big theorem which is one of the theory items, which can appear
on the exam.

Theorem 2 (Bessel Inequality). Assume that f is square-integrable on [—m, 7).
Then the Fourier coefficients {c, }nez of f satisfy

s

Slel <o [ 1P

nez -

Proof: It is sufficient to show that

N
2r Y el <IfIP VN €N
n=—N

Since on the right side we have the L? norm of a function, we would like to have
the L? norm of a function. Recall the Pythagorean Theorem: when a L b then the
length of the vector a + b = c is equal to a? + b?. The same thing works in higher
dimensions. In particular, since the functions e’™® are orthogonal for n # m, it is
also true that c,e’™ are orthogonal for n # m, so we have

N N N
(2.1) 1S e = 32 Jleae™@|2 = 3 2nleal®.
n=—N n=—N n=—N
Now, let’s write
N
Sn(z) = Z cpe™®.
n=—N

This is the partial Fourier expansion of f. Let us compare it to f using the L?
norm:

0< ISy = fIP=(Snv = f,Sn — f) = (SN, Sn — ) = (f.Sv — f)
= (SN, SN) — (SN, f) = (f, Sn) + {f, f)
= ||SNI1? = (SN, f) = (f, Sn) + I fI1%.

Let us compute the two terms in the middle:
N

™ N T N s
(Sn, f) = / cn€™ f(x)dx = Z cn/ e f(x)de = Z cn/ e~ f(z)dx
T n=—N n=—N - n=—N -

N
= g Cn2TCy,.

n=—N
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‘We compute:

- N N - N
(f,Sn) = f(x) Z cpettdy = Z Cn f(x)e ™ dy = Z Cn2mey,.
-7 n=—N n=—N -

n=—N

Since
‘Cn‘zzcnq
we have
N
0 < [[Sn—FI1* = 1SN =(Sw, )= {(f, SW)+IFIP = [ISn|P=2(2m) D Jenl*+]I£I>-
n=—N
By Bl
N N N
0<2r Y feal® =22m) Y leaP+IfIP = 27 Y Jeal® < IFII%
n=—N n=—N n=—N

\2’
Corollary 3. We have
S lanl? + [bal? = dleof? +2 3 feal?,
neN n€Z\0

and
lim x, =0, x=ua,b, orec.
[n|—o0
Exercise 2. The proof is an exercise. First, use the previous exercises where we
expressed the a’s and b’s in terms of the c¢’s. Next, what can you say about the
terms of a non-negative, convergent series?

2.1. Pointwise convergence of Fourier Series. By Bessel’s inequality, we know

that
1 s
2 < 2 )
Sl <z [ 11

nez
Now, it’s important to note that when the series of |c,|? converges, then eventually
len]? < 1 s0 also |, < 1. Then, |c,| > |e,|?. So, just because the series of |c,|?
converges, the series with just ¢, might not. For example,

1
ZE<OO

n>1

1

n>1

whereas

So Bessel’s inequality doesn’t tell us that the Fourier series
ZC einz
n
ne”Z

always converges. This is a bit of a concern, because we want to use our method
to solve PDEs. In fact, we will see that Fourier series always converge ‘in norm,’
meaning with respect to the L? norm. However, to solve PDEs, we would like the
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series to converge at specific points. To state the theorem which tells us when and
how a Fourier series converges, we need the following definition.

Definition 4. A function is piecewise C* on a bounded interval, I, if there is a
finite set of points in the interval (possibly empty set) such that f is C¥ on I\ S.
Moreover, we assume that the left and right limits of f() exist at all of the points
inS, forall j =0,1,...,k.

Now we are going to prove the great big theorem about pointwise convergence
of Fourier series.

Theorem 5 (Convergence of Fourier series). Assume that f is piecewise C* on
[-7,7]. Define f on the rest of R to be a 21 periodic function. Denote the left
limit at x by f(x_) and the right limit by f(x4), so that for each x € R,

floy = lim  f(¢), f(x+)::tlim f@).

t—=z,t<z —z,t>T
Let
N .
Sn(zx) := Z cne™?,
-N
where
1 4 .
Cn = 5 B fx)e™ " dx.
Then )
lim Sy(z) = - (f(z_)+ f(z4)), VxeR.
N—oo 2

Proof: Thisis a big theorem, because it requires several clever ideas in the proof.
Smaller theorems can be proven by just “following your nose.” So, to try to help
with the proof, we're going to highlight the big ideas. To learn the proof, you can
start by learning all the big ideas in the order in which they’re used. Once you’ve
got these down, then try to fill in the math steps starting at one idea, working to
get to the next idea. The big ideas are like light posts guiding your way through
the dark and spooky math.

Idea 1: Fix a point = € R. This first step is more getting into a frame of mind.
Think of z as fixed. Then the numbers f(z_) and f(z4) are just the left and right

limits of f at x, so these are also fixed. Our goal is to prove that:
. 1
(2:2) lim Sy(2) = 5 (fa-) + f(@4))

N—o00 2

Idea 2: Expand the series Sy (x) using its definition.
Nopogm , ,
Sn(z) = — e "™dye'™*.
~() ; o | f(y) Y

Now, let’s move that lonely e’"* inside the integral so it can get close to its friend,
e ™. Then,

N
1 " —iny-+inc
Sn(z) = Z o fly)emmvrmedy.
—_N -m

We want to prove @%%g we have f(y) rather than f(x). This leads us to...
Idea 3: Change the variable. Let t =y — x.
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Then y =t + x. We have
N 1 mT—X .
Sn(z) = — / [t +x)e " dt.
Remember that very first fact we proved for periodic functions? It said that the
integral of a periodic function of period P from any point a to a + P is the same,

no matter what a is. Here P = 27. This leads to...
Idea 4: Shift the integral

/ ft +z)e ™dt = [t +x)e " dt.

Thus
N | - | X
- —int g, _ int
S’N(x)—_EN 5 _Wf(t—i—x)e "t = _Wf(t—i—x)%_ _ENe”dt.

Idea 4: Define the N Dirichlet kernel, Dy (t).

1 o
Dy(t) = 5= e
-N

Idea 5: Collect the even and odd terms of Dy to compute its integral.
Recall that
neN = " 4 e ™ = 2cos(nt),n > 0.
Hence, we can pair up all the terms +1, +2, etc, and write

1 1
Dyn(t) = — — t).
WD) = 5=+ 3 L eos(a)
n=1
So, Dy (t) is an even function. Moreover, since cos(nt) is 27 periodic and even,

/ cos(nt)dt =0 Vn >1,

—T

SO . _—
Dy (t)dt = —dt = 1.
v [ 27
Since Dy (t) is even, we also have:
0 T
1
(2.3) Dbyt =5 = [ Du(tyir
- 0

Idea 6: Go back to the original definition of Dy (t) and re-write it to look like a
geometric series.

As it stands, Dy (t) looks almost like a geometric series, but the problem is that
it goes from minus exponents to positive ones. We can fix that by factoring out the
largest negative exponent, so

1 2N
DN(t) _ %e—th Z emt.
n=0

We know how to sum a partial geometric series. This gives
1 — @f@N+DE  —iNt _ Gi(N+1)t

1 —iNt
DN =g =
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Since ”
Sn(z) = f(t+ x)Dn(t)dt,
%%alem to
i | [ e+ Dyt = 3 (1) + 1) | =0
N—oo —r 2 B N -

The Sy business has an integral, but the f(z4) don’t. They have got a convenient
factor of one half, so...
Idea 7: Use our calculation of the integral of Dy to write
0

e = [ Ddif), Sy = / " Dn(t)dtf(zy).

-
Hence we are bound to prove that

0
=0.

Nhinoo‘/: F(t+2)Dy(t)dt — DN(t)f(x)dt/OWDN(t)f(:ch)dt

—T
It is quite natural now to split the integral into the left and right sides, so that we
must prove

0 T
lim ‘/ DN(t)(f(tJrz)ff(x_))dtJr/ DN(t)(f(ter)f(er))dt‘.

N—o0

Idea 8: Use the second property ‘\( proved about Dy (t).

0
‘ DN(t)(f(tJrfE)—f(ﬂc—))dtJr/o DN(t)(f(tJrév)—f(m))dt‘:

—T

e~ Nt _ z(N+1)t T o—iNt _ ez(N+1)
t — _))dt —(f(t — dt|.
[ it Ut = i [T ) — s
Since there are these factors of e ™Vt and ¢!+t this sort of looks like some
twisted version of a Fourier coefficient. This observation leads us to. ..
Idea 9: Define a new function

f(H—f) flz) 4 ¢ [—7,0)
t e .
g(t) = futn—fes) ¢ (0, 7]
The function g is well-defined on the interval [—, 7] \ {0} because the denominator
does not vanish there. Moreover, it has the same properties as f has on this interval.
We extend g to all of R to be 27 periodic. What happens to g when ¢ — 07
t — _ t(f(t — _ !
g FEHD = S) M) ) fe)

t—0_ 1—eit t—0_ t(1 —et) —ie0

For the other side, a similar argument shows that

t—0, 1 —ett
Therefore, g has finite left and right limits at ¢ = 0, because f does. Hence, g
is also a piecewise differentiable and piecewise continuous 27 periodic function.

Consequently, g is bounded on [—, 7] so it is in L?([—m, 71]) and Bessel’s inequality
holds.
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Idea 10: Recognize the Fourier coefficients of the new function
0 ,—iNt _ ,i(N+1)t T o—iNt _ Gi(N+1)t
—(f (¢ — _))dt —(f (¢ — dt
| e ) e | e ()= @)
1 T

:% .

—T

T

. 1 .
e WNtg(tydt — — / WNFVL g () dt.
27

—Tr

The first term above is by definition Gy, the N** Fourier coefficient of g, whereas
the second term above is by definition G_j_1, the —N — 1 Fourier coefficient of g.
By Bessel’s inequality,

lim GNZOZ lim G—N—1~
N—o00 N—o00
\20
folland
2.2. Exercises for the week from [I]. =

2.2.1. Exercises to be demonstrated in the large group.

(1) Compute the Fourier series of the function defined on (—w, )

f(ac)::{o f7r<9:<0.

r O<ax<m

(2) Compute the Fourier series of the function defined on (—m, )

f(2) := |sin(a)].

(3) Compute the Fourier series of the function defined on (—m, )

1 —a<z<a
fl@):=¢ -1 2a<uz<4a
0 elsewhere in (—m, 7).

Here one ought to assume that 0 < a < 7 for this to make sense.
(4) Compute the Fourier series of the function defined on (—, )

f(z) =22
2.2.2. Ezercises to be done by oneself (earlier in the week).

(1) Compute the Fourier series of the function defined on (—m, )

f(@) = x(m — |z)).
(2) Compute the Fourier series of the function defined on (—, )
flx) = e
(3) Use the Fourier series for the function f(z) = |sin(z)| to compute the sum
i 11 i (-t w2
—An? -1 27 =dn? -1 4

(4) Use the Fourier series for the function f(z) = z(m — |x|) to compute the
sum
_1\n+1 3

— (Ot
Z(Zn—1)37§'

n=1
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(5) Let f(x) be the periodic function such that f(x) = e* for x € (—7, ), and
extended to be 27 periodic on the rest of R. Let

Z Cneinz
nez
be its Fourier series. Therefore, by Theorem 2.1
= Z cn€™, Vx € (—m,m).
neZ

If we differentiate this series term-wise then we get > inc,e™®. On the
other hand, we know that ()’ = e*. So, then we should have

g inc,e™* = E cpe'™ — ¢, =inc, Vn.

This is clearly wrong. Where is the mistake?

2.2.3. Exercises to be demonstrated in the small groups.
(1) Use the Fourier series of the function f(z) = x(7 — |z|), defined on (—m,7)
and extended to be 27 periodic on R, to compute the sums:
1 w2 (-1)ntt g2
dETE X T

n>1 n>1

(2) Use the Fourier series of the function f(x) = €%, defined on (—m, ) and
extended to be 27 periodic on R, to compute the sum:

1 T 1
= = coth(br) — —.
;nub? op Ot (Om) = 575

(3) Use the Fourier series of the function f(x) = 22, defined on (—m,7) and
extended to be 27 periodic on R, to compute the sums:

-7 x—lQZ smnx)’ x € (—m,m)
n>1
)" cos(nz)  Tmt
—2r?z® =4 —
T SZ 3
n>1
PDELEE
<= 00
nZln 90

2.2.4. Ezercises to be done by oneself (later in the week).

(1) Determine the Fourier sine and cosine series of the function

T 0<zx< 3
T—x ggxgw

(2) Expand the function

fz) =

1 O<zr<?2
-1 2<z<4

in a cosine series on [0, 4].
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(3) Expand the function e in a series of the form

Z cn €™ g e (0,1).

nez
(4) Define
t 0<t<1
fey=41 1<t<?2
3—1t 2<t<3

and extend f to be 3-periodic on R. Expand f in a Fourier series. Deter-
mine, in the form of a Fourier series, a 3-periodic solution to the equation

y"(t) +3y(t) = f(2).

REFERENCES

[1] Gerald B. Folland, Fourier Analysis and Its Applications, Pure and Applied Undergraduate

Texts Volume 4, (1992).
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ABSTRACT. Caveat Emptor! These are just informal lecture notes. Errors are
inevitable! Read at your own risk! Also, this is by no means a substitute
for the textbook, which is warmly recommended: Fourier Analysis and Its
Applications, by Gerald B. Folland. He was the first math teacher I had at
university, and he is awesome. A brilliant writer. So, why am I even doing
this? Good question...

1. 2019.01.29

As a corollary to the theorem on the pointwise convergence of Fourier series we
have

Corollary 1. If f and g are 2r periodic and piecewise C'. Assume that at any
point at which f is discontinuous, it satisfies

f(z) = w7

and the same is true for g. Then if f and g have the same Fourier coefficients,
then f =g.

Proof: By assumption, f and g have the same Fourier series. Let us write the
partial series

N
Sn(z) = Z cpe™®.
-N

By the theorem on the pointwise convergence of Fourier series,

(1.1) A}gnoo Sy(a) = flz) ‘; flz-) _ g9(z4) —;—g(x_)7 Vo € R.

Now, at a point where f is continuous,

flag) + flz-)
2
Similarly, at a point where ¢ is continuous

g(x4) +g(z_)
N DI ).
So, by the assumptions on f and g, we have for all x € R

foy L @) gle) +g(a)

2
5
Thus, by @%L

= f().
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1.1. Fourier series to compute sums. On an exam one may see the following:

Berakna:
(oo}
>
5
v 1+n
Tips: Utveckla e® som en Fourier-serie pa intervallet (—m,7)).

The best advice is to follow the hint. Moreover, if this Fourier series is contained
in Beta, then begin by writing down the series contained in Beta. In case the series
is not contained in Beta, we compute it:

/7r Jroine g 693(172'71) eTe—inm e~ TeinT N 9 Sinh(ﬂ')

- = — — — =(—1)
—in |,__ 1—in 1—in

T=Tr

1—in

—T
Hence, the Fourier coefficients are

1 (—1) 2sinh ()

)

2 1—in
and the Fourier series for e® on this interval is
o0 .
(=1)"sinh(7)
xT max
=y € (—m,m).
e o etz e (—m,m)
We can pull out some constant stuff,
sinh(7) o= (—1)"e™®
e’ = , T € (—mm).
us Z 1—1n (=m,m)

Now, we use the theorem which tells us that the series converges to the average of
the left and right hand limits at points of discontinuity, like for example 7. The left
limit is e™. Extending the function to be 27 periodic, means that the right limit
approaching 7 is equal to e~". Hence

n  inm

e’ +e” "  sinh(m) = (—1)"e
2 o 2 1—in

Now, we know that e = (—1)", thus

e +e ™  sinh(m) o 1
2 o Zl—m'

We now consider the sum, and we pair together +n for n € N, writing

=1 1 1 2
=1 =1 —_—
gl—in +T%1—in+1+in +%1+n2

Hence we have found that

€™ +e ™ sinh(7) = (—1)"e™™™  sinh(7) 2
= = 1 D .
2 T Z 1—in v + nZEN 1+n?

The rest is mere algebra. On the left we have the definition of cosh(w). So, moving
over the sinh(7) we have

7 cosh(r) 1 7 cosh(r) 1 1
sinh() + Z 1+ n? < sinh() 2 Z 1+n?
neN neN
Wow.
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1.1.1. Caution. To what does the Fourier series converge when z is not in the
interval (—m,7)? When we build a Fourier series for a function defined on the
interval (—m, ), it is of the form:
ZC eine
ne"r.

nez

Each of the terms e is a 27 periodic function. Hence the Fourier series is also a
27 periodic function. So, for z = 27, the series does not converge to e2™. Rather,
it converges to e because, writing

S(@) =" cne™, Sz + 2km) = S(x) Vk € Z.
nez

For x € (—m,7), by the Theorem we proved, we have that S(z) = e”. However, for
x outside this interval, the series converges to the function which is equal to e on
(—m,m) and is extended to be 27 periodic. Hence the series converges to the value
at 0 since 2m = 0 + 27, and the series is 27 periodic. This is a really important
subtlety.
Example: Use a Fourier series to compute
3 (="
n2 4+ b2’

n>1

Hint: Compute the Fourier series of the function which is equal to e*® for |z| < 7
and extended to be 27 periodic.

To do this, in case the series is not contained in Beta, we compute the coefficients
directly:

1 " ebxe—inacdm — 1 e(b—in)ﬂ' _ 1

_ L _ b eimem
2 J_ . 27(b —in) 27(b —in)

Cn

To simplify things, let us note that
e:l:imr — (_l)n.
Thus

1 " b 1
B 27 (b — in)(il) ¢ " 2n(b—in)

The Fourier series is therefore
1 . (=)™
- h b Z’I’L(E.
—sin (bmr) Z e

b—in
nez

Cn

n_—bmw __ (71)71 T —bmw\ __ (71)n .
(—1)"e " = o= (ef™ —e7tm) = msmh(bﬂ).

Given the presence of the (—1)", which we also want, it makes sense to try com-
puting with = 0. The series is at this point

1. =4
— sinh(b .
7rsm (W)T%b_m

Let us re-arrange things a wee bit:

1. (=)™ sinh(bm) 1 . (=)™ 1 (=)™
= sinh(bm) - = sinh(bm) 3 + = sinh(bm) 3 .
—sin (bmr) 2 " in — + —sin (bmr) 2 =i + —sin (bm) 2
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Let us re-write

with the observation that

Consequently the series is:
sinh(br) 1 . (=™ (="
———~ + —sinh(b —+ —
b +7rsm(7r>nz>:1<bm+b+in

sinh(br) 1 L OFin+b—in

= ——— + —sinh(b -t
b —— ( ﬂ-)nzz:l( ) (b—in)(b+in)
sinh(br) 1 . 2b

= ——— + —sinh(b 1)t
— +7Tsm(7r);1( i S

On the other hand, we use the theorem PWF)_ to say that at the point 2 = 0 the
Fourier series of this function converges to

f(04) + f(0-)
5 .
At the point 0, note that our function is defined to be €** for |z| < 7 and certainly

|0] < 7, so in particular, the function is continuous and thus the left and right limits
are both equal and equal to f(0) which is 1. Thus the series converges to 1, and so

B sinh(bm) 1 . o 2b
1= — + - sinh(brr) Z(—l) el

n>1
Re-arranging, we get

sinh(br)  2bsinh(br) (=)™ v 1 (=)™
1- - — = .
) 7r Z:l b2 4+ n? 2bsinh(bmr) 202 T; b2 4+ n?

1.2. Differentiating and Integrating Fourier series. First, let us demonstrate
a fact about the Fourier series of a function and its derivative. Note that this is a
theory item, so you may be asked to prove this on the exam.

Theorem 2. Assume that f is 21 periodic, continuous, and piecewise C'. Let ay,
bn, and c, be the Fourier coefficients as we have defined them previously, and let
a,, b, c, be the Fourier coefficients of f' according to the same definition. Then
we have

=inc,.

/
= —nay,, ¢

al, =nb,, b -

Proof: DO NOT DIFFERENTIATE THE FOURIER SERIES TERMWISE.
To do this, you would need to prove that the series can be differentiated termwise,
which at this point we do not have the techniques to demonstrate. So, it will be an
incomplete and incorrect proof. Not a good thing.

Instead, use the definition of Fourier coeflicients and integration by parts:

c S fl(x)e " dx = ZL f(ac)e*"””rcz7r _ 1 f(z)(—ine” ") dx
T

n — I
2 J_, r=-=7 21 J_.

= ﬂ/ f(z)e ™™ dx = inc,,.
2 J_,
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Above, we have used the fact that f is 27 periodic, and e~ is also 27 periodic so

T=T

1 .
_ —inT — 0'
L fayeine
In the last step we use the definition of ¢,,. Recall that
1

T
Ap =Cp+C_p, ap= - f(z)cos(nx)dz, Vn € N>,
—T

and Lo
by =i(cn —c—p), bp=— f(z)sin(nz)dr, Vn € N>y,
TS =

with
1 g d
ap=cop= — x)dz,
o=c=g- [ f@
and the same relationship holds true for a/,, b/,, ¢),. We therefore compute
!

a, =c, +c_, =inc, —inc_, = in(c, — c_p) = nby,

bl =i(c, —c_,) =i(inc, +inc_,) = —n(c, + c_p) = —nay,.

—n

0c

Corollary 3. Assume that f is 2w periodic, continuous, piecewise C', and assume
that f' is also piecewise C'. Then, if

o0
Z Cneznm
— 00

is the Fourier series for f, we have that

E incpe'™*

Now, using the theorem we have just proven, we obtain

1s the Fourier series for f'.

Before demonstrating the results concerning integration of Fourier series, it shall
be useful to introduce a certain Hilbert space known as “little ell two.”

Definition 4. Let
2(C) == {(2n)nez, 2n € C¥n, and Z |2n|? < 00}
nez
This is a Hilbert space with the scalar product
<Zaw> = Z ZpWp, 2= (Zn)n€Z> w = (wn)nEZ-
ne”Z
The norm on the Hilbert space, £2 = £2(C) is defined by

1zl = [D |znl>
nez

We also have a Cauchy-Schwarz inequality:
(2, w)| < [|z][]|w]].

We will use this together with the relationship between the Fourier coefficients for
a piecewise C' and continuous function, f, to prove
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Theorem 5. Assume that f is 21 periodic, continuous, and piecewise C'. Then
the Fourier series of f converges absolutely uniformly to f on all of R.

Proof: By assumption, f’ is piecewise continuous. Bessel’s inequality tells us

that
> e, ? < oo
Z

We use the preceding theorem to say that for all n # 0,
1

lcen| = C;E

Hence we can estimate

. Cl
S lene™ [ = lenl = leol + > [l
In|

neL nez n€Z\0
By Bessel’s inequality
D lenl? < oo,
nez
and we know very well that
Z In|™2 < cc.
nEZ\O

So, using the Cauchy-Schwarz inequality on £2, we have

lenl -
> leal = leol + ] = leol + > lenl? [ Y Inlm2 < oo,
n 7

neL n€Z\0 €Z\0 1€Z\0

Therefore the Fourier series converges absolutely, and uniformly for all z € R,
because we see that the convergence estimates are independent of the point .
Since the function is continuous, the limit of the series is, by the Theorem on the
pointwise convergence of Fourier series

flay) + flzo)

(]

0c

We can repeat this idea to show that the more differentiable a function is, the
faster its Fourier series converges.

Theorem 6. Let f be 21 periodic, and assume that f is C*=1, and fO*=1 s
piecewise C*, and f is piecewise C*. Then the Fourier coefficients of f satisfy

Z In*a,|? < oo, Z [nFb,|* < oo, Z Infen|? < oo.
If |en| < cn| %= for some ¢ > 0 and a > 1, for all n # 0, then f € C*.

Proof: We apply the theorem relating the Fourier coefficients of f to those of
the derivatives of f. Do it k times. We get

B = (in)ke,.

Next, we apply Bessel’s inequality to conclude that since f is piecewise C*, f*) is
bounded on the interval hence it is in L? on the interval, and so

Z P2 < oo
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Since

|| = [n*|en

Z [n*e,|? < oo.

We have similar estimates for a,, and b,, using the same theorem, specifically

this shows that

|at?] = [nFanl,  pP] = [n*by].
Hence,

Z [n*a,| < oo, Z [n¥b,,| < co.

Now we demonstrate the result which says that if the Fourier coefficients are
sufficiently rapidly decaying, then the function f is actually in C*. Let

gla) = fE D (@).

Then g is continuous and by assumption it is piecewise C'. Therefore, by the
theorem on the pointwise convergence of Fourier series, the Fourier series of g
converges to g(z) for all 2 in R. Next, we use the assumption and the fact that the
Fourier coefficients of g are

P = (in)kLe,.

Therefore
S lelE e = [ 0 4 3 el < [+ e 30 I < o
nez n#0 n#0

Hence, the series converges absolutely and uniformly in R. Moreover, differentiating
the series termwise is legitimate, because the result

E Z‘ncglkfl)einm

also converges absolutely and uniformly in R:

S linel D < 3 el D] < e 3l < oo

nez n#0 n#0

because o > 1. Since the series is equal to g(z) = f*#~1(z) for all € R, and the
series is a differentiable function for all x € R, this shows that g is differentiable for
all x € R. Moreover, ¢’ is continuous on R, because the series defines a continuous
functionﬂ This is the case because the series defining g’ converges absolutely and
uniformly for all of R. Hence, f*~1) is in C! on all of R, and therefore f is in C*

on all of R.
0¢

We will prove a theorem about integrating Fourier series. To get warmed up,
here is an exercise.

LThis is true because the series should really be viewed as the limit of the partial series,
and each partial series defines a smooth, thus also continuous, function. The uniform limit of
continuous functions is itself a continuous function.
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Exercise 1. Show that if you compute the indefinite integrate

/emzdac, n € Z\ {0},

the result is also a 2w periodic function. What happens in the case n =07?

Theorem 7. Let f be a 27 periodic function which is piecewise continuous. Define

F(z) = /O o

If ¢ =0, then
F(z)=Cy+ Z I gine Co= L/ F(z)dz
in 21 ). '
n#0
Similarly,
F() = 540+ 3 2 sin(nr) — 2 cos(na)
) == — sin(nz) — — cos(nx).
20 n n
n>1
Proof: We first note that F is continuous and piecewise C!, because it is the
integral of a piecewise continuous function. Moreover, assuming ¢y = 0, we see that

r+27T x x+2T
Flat2m)—F(z) = /0 fae= [ syt = /

Above we have used the nifty lemma that allows us to slide around integrals of
periodic functions. So, F' satisfies the assumptions of the theorem on pointwise con-
vergence of Fourier series. We therefore have pointwise convergence of the Fourier
series of F. Moreover, applying the theorem relating the Fourier coefficients of
F’" = f to those of F, we have

f)dt = i ft)dt = 2mweg = 0.

Cn

m

(That’s because ¢,, = C/ and the theorem says C/, = inC,, which shows ¢,, = inC,,,
which we can re-arrange as above). Of course, the formula for Cy is just the usual
formula for it, because we can’t say anything more specific without knowing more
information on f. The re-statement in terms of @ and b follows from the relationship
between these and the c,.

Remark 1. If ¢y # 0, then define a new function
g(t) == f(t) — co.
Since f is 2w periodic, so is g. Then, apply the theorem above to g. Note that

Gla) = /0 " (Bt = F(x) — con

Moreover, the Fourier coefficients of g,

1 " —ine _ _ 1 " —ine
9 77T(f($) —co)e dr =c, = o /4 f(z)e "™ dx, Vn #£0.

So, the series for G(x) from the theorem is

— C .
CO + § .ieznx’
m
n#0
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with
— 1 "
2w ).

Co (F(z) — coz) dz = Cy.
So, in fact, it is the same Cy, where we have used the oddness of the function x
above. Then, we get something of a corollary which says that in general, the series

in the theorem,

Cn 1 [7
max — F
Co + E Pl Co o [W (z)dx
n#0
converges to F(z) — cox.

1.3. Fourier sine and cosine series. Let’s say we are just looking at [0, 77]. There
are two ways to extend a function defined over there to all of [—m, 7]. One way is
oddly, and the other way is evenly. If we want to extend oddly, we define

flz) :=—f(-z), ze€(—mn0).
Then, we have computed in an exercise that the a,, coefficients are all zero, and the
b, coefficients are

by, = L f(z)sin(nx)dz = 72r/0ﬂ f(z) sin(nz)dz.

T™J

Here we used the fact that sine is also an oddball. On the other hand, if we want
to extend evenly, we define

f(il?) = f(—$), T E (—71', O)
Then, we have computed in an exercise that the b,, are all zero, because our function
is even. Here we have the coefficients

apy, = L f(z) cos(nz)dx = 2 /7r f(z) cos(nx)dz, n >0.
) . 7 Jo

Above we used the fact that cosine is even. In this way, we may define Fourier sine
and cosine series for functions on [0, 7]. The Fourier sine series is defined to be

Z by sin(nz), b, = i/ow f(z) sin(nx)dx

n>1

whereas the Fourier cosine series is

2 ™
% + Z an cos(nx), an = ;/0 f(x) cos(nx)dzx, VneN.

n>1

Theorem 8. Let f be a function which is piecewise C* on [0,7]. Then the Fourier
sine and cosine series converge to f(z) for all x € (0,7) at which f is continuous.
For other points, they converge to

1

5 (@) + ().

Proof: First, we extend the function either evenly or oddly. Next, we extend it
to all of R to be 27 periodic. Like Riker, we just make it so. We're only proving
a statement about points in (0, 7). So, what happens outside of this set of points,
well it don’t matter. We apply the theorem on pointwise convergence of Fourier

series now.
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1.4. How to compute sums using the Integration Theorem for Fourier
Series. Example: Use a Fourier series to compute:

1
>
n>1

Hint: Expand z2 in a Fourier series. This is an even function, hence no sines
in its Fourier series. The other terms

I 2 [T
a, = 7/ 22 cos(nz)dx = 7/ z2 cos(nz)dz.
0

T J)_x ™

We do this integral:

T . P .
/ 22 cos(nz)dx = /IQ <sm(nx)) dr — z251n(7”$)
0 n n

Above we did integration by parts. The first part vanishes. The second term we
handle with integration by parts again,

/()Tr:rsin(nx)dx = /Oﬂx (= cos(nz)/n) doe = —

Now this time the second term vanishes because integrating gives us a sine which
is 0 at 0 and at 7. So, recalling the constant factors, we get

T 2 2m(—1)"
/ z? cos(nx)dr = m cos(mn) = m(=1)
0

Hence our coefficients,

B / o S(nT)
0

0 n

x cos(nz) |”

+ /07r cos(nz)/ndx.

n

0

n? n?

_ 2x2(=1)"

(07% 5

n
Moreover, we also compute the term

1 s 3 2
ao:f/ P2y = 2T 20
T 3T 3

—T

Hence, the Fourier series expansion of x2 is

2 —1)" cos(nz
T gy U eostn)

Let = = m. Since our periodically extended function, 22 is continuous on all of R,

the Fourier series converges to its value at z = 7 which means

2 n n 2
, 7 CED R
PEg ) = 5= s

n>1 n>1

4

To get up to summing n~* we use Theorem 2.4 about integrating Fourier series.

We see that

2

C():?.

We also see that for f(t) = t2,

T $3
F(z) ::/0 OLEE
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The series from the theorem is

" sin(nx
Cp+a Y EN sinnn),
n>1
The term
1 ™
Co = % F(z)dx =0,

because F(x) above is odd. Hence, the theorem together with the remark after it

says that
3 2

smmc) x T
45 == - —), € [-m, 7.
2 3 3 x € [—m, 7

Exercise: Compute > n=3
To proceed, we're going to need to use the theorem once more to get n* in the

denominator. Before we do this, let’s multiply everything by 3 to make it nicer.
Then

-7 1:—122 s1nn:1:)7 x € [—m, 7.
n>1
So, here we have
© 4 2.2
FO) =t — 7% = Fla)= | fat=2 -T2
We see also that
1 K
= — t)dt = 0.
=g [ Wi =0
Hence, we apply the theorem directly to F'. The theorem says
cos(nx
F(z)=Cy+12 Z 7)
n>1

‘We compute

2 J_, T 4 2 ~ 20 6
Therefore
zt 22?2 pt ot (—=1)" cos(nx)
F(z) = — — =T 1Yy _
@ =T "2 "2 % ot TS [=m,7]

We do the same trick now of choosing
x=m = cos(nz) =cos(nr)=(-1)", (=1)"(-1)" =1Vn.

Hence,

Re-arranging things
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Just for fun, we determine what this is...

S . S ol (0 S S S W i Bt (B U
20 6 2 4 2\10 3 2/ 2 30

8y _2r
—2\30) 15°

So, recalling the factor of 1—12, we see that

24 4 4

1 iy T T
,;ﬁ T (12)(15)  6(15) 90

Wow, who would have guessed that? Not I said the fly!

1.4.1. Exercises to be done by oneself: Hints.

(1)

(2)

Compute the Fourier series of the function defined on (—m,)

f(x) = x(m — |a]).
Hint: Use Beta.
Compute the Fourier series of the function defined on (—m,)
flx) = e
Hint: Use Beta.
Use the Fourier series for the function f(x) = |sin(z)| to compute the sum

14n2—1_2’ n:14n2—1_ 4

n—=

Hint: use Beta to show that the Fourier series of the function defined to be
|sin(z)| for |z| < 7 and extended to be 27 periodic is:

2 4 i cos(2nx)

T o an2 — 1

T — an 1

Use the theorem on the pointwise convergence of Fourier series to compute
the value for z = 0. Then use algebra to obtain the value for

> i
4n? —1°
n>1
Next, take x = 7, and proceed similarly to compute the sum
(-1
Z 4n2 —1°
n>1

Use the Fourier series for the function f(z) = z(m — |z|) to compute the

sum
> (_1)n+1 7.[.3

Z (2n —1)3 T 32

n=1
Hint: use Beta to show that the Fourier series of the function z(m — |z|)
defined on |z| < 7 and extended to be 27 periodic is:

7Zs1n (2n— 1)z
2n—1
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To compute the sum, set x = 7 and use the theorem on the pointwise
convergence of Fourier series.
Let f(z) be the periodic function such that f(x) = e® for x € (—m,7), and
extended to be 27 periodic on the rest of R. Let

ZC e

mn

nez

be its Fourier series. Therefore, by Theorem 2.1
e’ = cheim, Vo e (—m, 7).
nez

If we differentiate this series term-wise then we get > inc,e™®. On the
other hand, we know that ()’ = e*. So, then we should have

g inc,e™* = E cpe'™ — ¢, =inc, Vn.

This is clearly wrong. Where is the mistake?

Hint: What are the hypotheses of the theorem on differentiation of
Fourier series (Theorem 2 in today’s notes)? Are they all satisfied in this
case?
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1. 2019.01.31

1.1. Example of the vibrating string. Assume that at ¢ = 0, the ends of the
string are fixed, and we have pulled up the middle of it. This makes a shape which
mathematically is described by the function

T, 0<z<m
v(z) =
2m—x, w<x <27

Assume that at ¢ = 0 the string is not yet vibrating, so the initial conditions are

then
u(z,0) = v(x)
{ut (£,0)=0
We assume the ends of the string are fixed, so we have the boundary conditions
u(0) = u(27) = 0.

The string is identified with the interval [0,27]. Determine the function wu(z,t)
which gives the height at the point x on the string at the time ¢ > 0 which satisfies
all these conditions.

1.1.1. First Step: Separate Variables. We use our first technique, separation of
variables. The wave equation demands that

Ou =0, Ou=0yu— Opzu.
Write
u(z,t) = X (z)T'(t).
Hit it with the wave equation:
X(x)T"(t) — X" (x)T(t) = 0.

We again separate the variables by dividing the whole equation by X (2)T(t). Then
we have

T”(t)_X”(x)_ N T;’_Xi”_ tant

7T(t) X)) - T = x = constant.
The two sides depend on different variables, which makes them both have to be con-
stant. We give that a name, A. Then, since we have those handy dandy boundary

1
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conditions for X (but a much more complicated initial condition for u(x,0) = v(z))
we start with X. We solve

X" =X, X(0)=X(2nm)=0.
Exercise 1. Show that the cases A > 0 won’t satisfy the boundary condition.
We are left with A < 0 which by our multivariable calculus theorem tells us that
X (z) = acos(y/|Alx) + bsin(/|A|x).
To get X(0) = 0, we must have a = 0. To get X (27) = 0 we will need

VIA2r =kr keZ.

Hence
k
=—, keZ.
VIAI=3, ke

Since sin(—x) = —sin(z) are linearly dependent, we only need to take k € N
(without 0, you know, American N). So, we have X which we index by n, writing

X, (x) =sin(nz/2) neN.
For now, we don’t worry about the constant factor. Next, we have the equation for
the partner-function (can’t forget the partner function!)
T//
2= A\,
T,
Since we know that A, < 0 and +/|\,| = n/2 we have

’I’L2

Hence, our handy dandy multivariable calculus theorem tells us that the solution
T, (t) = ayp, cos(nt/2) + by, sin(nt/2).
Now, we have

tun(z,t) = Xp(2)To(t), Du,=0 VneN

1.1.2. Supersolution obtained by superposition principle. Since the PDE is linear
and homogeneous, we also have

O Z Up(x,t) = Z Oup(z,t) = 0.
n>1 n>1
We don’t know which of these wu,, we need to build our solution according to the

initial conditions, so we just take all of them for now.

1.1.3. Fourier series to find the coefficients using the initial conditions. We need
u(z,t) := Zun(x,t)
n>1
to satisfy the initial conditions. The first is that

u(z,0) = ZXn(m)an = v(x).

n>1
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We are working on the interval [0, 27]. The coefficients are obtained by using X,,
as a basis for £2 on this interval. The coefficients are therefore

1 X _fOQﬂv(x)Xn(x)dw

= v, Xp) = — .
I\an\2< ) J2T | X () [2da

If one wishes to do these integrals, one is welcome to do so. That will not be
necessary on the exam, however.
To obtain the b,, coefficients, we use the other initial condition which says that

u(2,0) = 3 X (@)T5(0) = 3 X, (2) (_“”5 sin(0) + ba g cos(o))

(1.1) an,

n>1 n>1

=3 Xu(2)ob, =0.

2
n>1
These coefficients are calculated in the same way:

n 0, X.,)

—b, = = QVn.

2 || X I

Hence, our solution is
Z ap, sin(nx/2) cos(nt/2),
n>1

with a,, given in equation

1.2. Summary of methods for solving PDEs on bounded intervals. Thus

far we have collected the following techniques to solve PDEs like the heat and wave
equation on bounded intervals:

(1) Separation of variables (a means to an end),

(2) Superposition position (smash solutions together to make a supersolution),

(3) Fourier series to find the coefficients obtained using the initial data (£?
scalar product and divide by the norm).

These methods work well on bounded intervals.

1.3. Another wave equation example. Solve:

Upp = Uge, >0, x€(=1,1),

u(0, x) =1-— ||
ut(0,2) =0
ugy(t,—1) =0
ug(t,1) =0

We use separation of variables, writing u(x,t) = X (x)T'(t). It is just a means to an
end. We write the PDE:

"X = X"T.
Divide everything by XT to get
T// X//
T X

Since the two sides depend on different variables, they are both constant. Start
with the X side because we have more simple information about it. The boundary
conditions that

Ug(t, —1) = up(t,1) =0 = X'(—1) = X'(1) = 0.
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So, we have the equation
"
< = constant, call it A.

Thus we are solving
X"=)X, X'(-1)=X'(1)=0.

Case 1: A = 0: In this case, we have solved this equation before. One way to think
about it is like the second derivative is like acceleration. If X" = 0, it’s like saying
X has constant acceleration. Therefore X can only be a linear function. Now, we
have the boundary condition which says that X'(—1) = X’(1) = 0. So the slope of
the linear function must be zero, hence X must be a constant function in this case.
So, the only solutions in this case are the constant functions.

Case 2: )\ > 0: In this case, a general solution is of the form:

X(z) = Ae¥AT 4 Be=Ve,
Let us assume that A and B are not both zero. The left boundary condition requires
AVie VA —VABeY? = 0.
Since A > 0 we can divide by v/ to say that we must have
AeV* = BeV? = 4 2V,

=€

B
The right boundary condition requires

AV — VABe VA = 0.
Since A > 0, we can divide by V'), to make this:

AeVd = Be VA — 2V = B
1
Hence combining with the other boundary condition we get:

A ovx _ B 2 2 A
- = = — A*=B A=4B — = =1
e — —_— e

Neither of these are possible because

e2Y* > 1 since 2\ > 0.

So, we run amok under the assumption that A and B are not both zero. Hence,
the only solution in this case requires A = B = 0. This is the waveless wave.
Case 3: )\ < 0: In this case a general solution is of the form:

X (z) = acos(v/|Alx) + bsin(/|A|x).
To satisfy the left boundary condition we need

—av/|A[sin(—+/A]) + by/|A[ cos(=/A]) = 0 < asin(y/|A]) = —bcos(V/]A]).

To satisfy the right boundary condition we need

—a/IN sin(v/|A]) + bv/[A cos(v/[A]) = 0 <= asin(y/]A]) = beos(v/|A]).

Hence we need

(1.2) asin(v/|A]) = —bcos(v/|A]) = beos(v/|A]).

We do not want both a and b to vanish. So, we need to have either
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(1) the sine vanishes, so we need sin(4/|A|) = 0 which then implies that

VIAl=nm, neZ

(2) or the cosine vanishes so we need cos(y/|A|) = 0 which then implies that

VI |:<n+;)7r, neN.

:b
Note that these two cases are mutually exclusive. In case (1), by @_Cthis means
that b = 0. In case (2), by his means that a = 0. So, we have two types of
solutions, which up to constant factor look like:

X, (2) cos(mmx/2) m is even
m\T) =
sin(mmz/2) m is odd

In both cases,

2.2
mam
Am = —
4
We can now solve for the partner function, T,,(t). The equation is
T _ X — A, = _m’r
T, Xpn 4

Therefore, we are in case 3 for the T}, function as well, so we know that
t t
T (t) = ay, cos <m27r> + by, sin (m27T> )

Um (2,t) = X (2)Tin(¢), Duy =0 Y.

(Recall that O = 0y — O, that is the wave operator). Hence, our functions solve
a homogeneous PDE, so we can use the superposition principle to smash them all
together to make a super solution:

W) = 3 (@, t) = 3 Xon(2) (am cos (”Z“) + by, sin (m;t» .

meN neN

Then we have for

How do we determine the coefficients? Using the initial data and a Fourier series
for it!!!
The initial data is
u(0,2) =1-— ||
u(0,2) =0
Let us plug ¢ = 0 into our solution:
u(z,0) = Z X ().
meN
We demand that this is the initial data, so we need
1= z[ =) Xp(2)am.
meN
It is a Fourier series on the right side!! We therefore just need to expand the function
1 —|z| in a Fourier series. If we think about the basis functions {X,,(x)}m>0 then
(1 =[], Xon (2))
[ X ]2

Ay =
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where )

(1~ [2], Xon(2)) = / (1 o) X (@),

-1
1
X2 = / Xon0) P

On an exam, you are not actually required to compute these integrals!
Now, for the other coefficients (the b,,), we use the condition on the derivative:

ut(x,0) = Z mng){m(x) = 0.
meN
We know how to Fourier expand the zero function: its coefficients are all just zero.
Hence, it suffices to take
b, = OVm.

1.4. Fourier series on an arbitrary interval. When we use our tools to solve
a PDE on a finite interval, as above, the initial data is mot a periodic function.
Moreover, it was not defined on the interval (—m, 7). The technique still works!
It is actually quite beautiful. When we determined the coefficients, we solved for
the Fourier coefficients on the interval (—1,1). Here we explain how to do that in
general.

For a function f defined on an interval [a — ¢,a + £] for some a € R, and some
£ > 0, we begin by extending f to be 2¢ periodic on R. Next, we define

o= 1 (% +a) = 1o,

that is
24 (x —a)m
—“4+a=z, t=-—--—""-
T Y4

Then, the function g(t) is 27 periodic, because
t+2m)¢ tl tl
gt+2m)=f ((7T7T)+a> =f (W+a+2€> —f(WJra) .

Above, we used the fact that f is 2¢ periodic. If g is in £2, then we can expand it
into a Fourier series:
E c eint
n )

nez
with coefficients

1 (" , 1 (" tl ,
Cn = — g(t)e "™dt = —/ fl=+a)e ™t
2 J_, 2 J_, T

Substituting in the integral,

tl Adt
r=—+a, do=—
T
the coefficients become:
a+l a+l
Cp = iz * f(w)e—in(m—a)ﬂ/édx — i * f(w)e—in(m—a)ﬂ/édx.
2w/ a—/t 20 a—/

Then, we get by substituting for ¢ in terms of x the Fourier series for f,

Z cnei’L((ﬁuM).

nez
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The same relationship holds for the Fourier cosine and sine coefficients:
ap = 2co, Gp =Cp+C_p, by= i(cn - C—n)y n>1,

or equivalently

1 a+€ 1 a+€

apn, = f/ f(z)cos(n(x — a)r/l)dx, b, = f/ f(z)sin(n(z — a)r/0)dx,

l a—~{ l a—~{

and the Fourier series has the form
"2& + 3" a4, cos(n(e — a)r/0) + by sin(n(z — a)m/b).
n>1

To what does the Fourier series converge?
Theorem 1. Assume that f is defined on an interval [a — €, a+ ] for some a € R,
and some ¢ > 0, such that f is piecewise C' on this interval. Then the Fourier

series for f, defined by

. r—a)m 1 a+/{ )
E :Cnezn(%)’ Cn = — f'(:L.)efzn(asfa)ﬂ-/edx7
nez 20 a—~{

or equivalently the series
% + Z an cos(n(z — a)rw/l) + b, sin(n(x — a)w /L)
n>1

converges to f(x) for all x € (a — €,a + €) at which f is continuous. At a point
x € (a —L£,a+¢) where f is not continuous, the series converges to

flzy) + flz)
5 :

Exercise 2. Prove the theorem. As a hint: apply the Theorem PCFY to the
function g above.

(1.3)

1.5. Two primary applications of Fourier series. We now have to main uses
for Fourier series.

(1) Solving PDEs on bounded intervals. This proceeds in three steps: (1)
separation of variables (a means to an end), (2) smashing all solutions
obtained in this way together to create a super solution (superposition),
and (3) using a Fourier series to express the initial data.

(2) Using Theorem 2.1 to compute nifty sums like:

Z 1

n>1 n2
To compute such a sum, you will first compute the Fourier series of a certain
function f which is defined on (—,7) and extended 27 periodically:

E cpe'™".
nez

Next, substituting a specific value of x you want to recover the desired sum,
like >~ n~2. You use the theorem to conclude that the series converges to
the average of the left and right limit of the function at . Then re-arrange
to obtain your desired sum.
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The simplest way to compute the sum

Z :
n4
n>1

requires deep theorems about Hilbert spaces, which is our next topic. These theo-

rems will tell us that .
Sl = 5z [ Ifta)ds
nez

for
f(z) := 2% for |z| < 7, and extended to be 27 periodic on R,

/ f(x)e™ "™ dg.

If we have looked up the Fourier series (or we compute it), we find:

i + Z " cos n:lc)

n>1

with

This is not given in terms of ¢,, but we can nonetheless obtain the ¢, since:
4(=1)™

2 Y

ap =Cp +cC_p = bp=i(ch —c_pn)=0Vn>1 = ¢, =c_,

n
and thus
2(=p"

ayp =2¢, = ¢, = 5
n

=c_, VYn>1.
The magical Hilbert space theory therefore tells us that

1 27° d
2 212
Cn, — dr = — — = —.
> enl? = / |2 de = o — 3

neZ
On the left side,

2 4
2 2 2 m 4
Z'C’n' |col +QZ|Cn\ Z K‘FQZM
nez n>1 n>1 n>1
9 + SZ nt
n>1
Consequently,
N 91t — 5t 1 7t
— =—+438 — - — =38 —_— = — = —.
+ Z 5 9 Z n4 8 45 Z nt 90
n>1 n>1 n>1

Our main motivation for developing Hilbert space theory (in case we are not simply
motivated by the love of the theory itself) are that this theory will:

(1) provide new tools to be able to explicitly evaluate series using Fourier series
(as done above);

(2) determine if our solution found by the Fourier series method is indeed the
unique solution to our PDE on a bounded interval;

(3) provide new tools to be able to solve PDEs in other compact geometric
settings (like in a rectangle, disk, annulus, cylinder, box, sphere, and so
forth).
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1.5.1. Exercises to be done by oneself: Answers.

(1)

Compute the Fourier series of the function defined on (—, )

f(@) = x(r — |z)).
Okay, it is
Z 8sin((2n — 1)x)
= 7(2n —1)3
Compute the Fourier series of the function defined on (—, )

f(z) = e,
Okay, it is
Z Slnh(bﬂ')(*l)n inz
— """
oyt w(b—in)
Use the Fourier series for the function f(z) = |sin(z)| to compute the sum

I (=t w2
_ Z() .

n2 -1 4

2_ - b)
:14n 1 2

n=1

The Fourier series is
2 4 Z cos(2nx)
4n? —1°
So, to obtain the first sum, one can use z = 0. The series will converge to
0, so you get that

2 4 Z 1 —0
T 42 —1
n>1
Then, re-arranging, one obtains the desired sum. To get the sum with the
(—1)"*1 upstairs, one should use x = 5, because then upstairs one has
cos(2nm/2) = cos(nm) = (=1)".

The series will converge to |sin(m/2)| = 1. The same idea applies to re-
arrange and obtain the desired sup.
Use the Fourier series for the function f(z) = z(m — |z|) to compute the

sum
i (_1)n+1 7.[.3
On_1)3 39
= (2n—1)% 32
We have computed the Fourier series above. The question now is what
value of z to use? Well, upstairs we have

sin((2n — 1)x).
For & = 7/2 this becomes
sin((2n — 1)7/2).

This will alternate between +1 like when n = 1 and —1 like when n = 2.
So, we can compute in this way that

sin((2n — 1)7/2) = (—1)"*.
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Consequently, for z = 7/2 the series is

8(—1)"+!
7;1 m(2n —1)3°

It converges to the average of the left and right limits of f(z) at = 7/2.
These are the same and are both equal to

772

1
Hence
n+ 1

772 n—l

Re-arrange to get the desired sum.
Let f(x) be the periodic function such that f(z) = e® for x € (—m,7), and
extended to be 27 periodic on the rest of R. Let

E Cn eZTLI

ne”Z

be its Fourier series. Therefore, by Theorem 2.1

e’ = chei"m, Vo € (—m, 7).

neEZ

If we differentiate this series term-wise then we get > inc,e™®. On the
other hand, we know that ()’ = e*. So, then we should have

E inc,e'™* = E cpe'™ — ¢, =inc, Vn.

This is clearly wrong. Where is the mistake?

DO NOT DIFFERENTIATE THE SERIES TERMWISE!!! That’s the
mistake. One can only differentiate termwise when the function satisfies
the hypotheses of Theorem 2.3. That theorem requires the function to
be continuous on R. The function e* on (—m,7) and extended to be 27
periodic on R has discontinuities at m + 2n7 for all n € Z. So it fails to
satisfy the hypotheses of the theorem, thus that theorem does not apply to
this function.

Determine the Fourier sine and cosine series of the function

f(z) = {x 0

<z <
T—x ggxg

5 N

Okay, they are
7_72005 4n— )x) éz n+1sm 2n—1)).
= et (2n —1)2

Expand the function

-1 2<z2<4

ﬂ@:{l O<z<?2
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in a cosine series on [0,4]. Okay, it is

5 (e

n>1

Expand the function e® in a series of the form

chez’”"‘”, x € (0,1).

nez
Okay, it is
eQﬂ'inx
-1 _—
(e ) Z 1—2min
nez
Define
t 0<t<1
fo)y =41 1<t<?2

3—t 2<t<3

and extend f to be 3-periodic on R. Expand f in a Fourier series. Deter-
mine, in the form of a Fourier series, a 3-periodic solution to the equation

y"(t) +3y(t) = f(t).
This is Extra Exercise 2, and the solution is contained in the extra 6vningar
document on the course homepage.
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inevitable! Read at your own risk! Also, this is by no means a substitute
for the textbook, which is warmly recommended: Fourier Analysis and Its
Applications, by Gerald B. Folland. He was the first math teacher I had at
university, and he is awesome. A brilliant writer. So, why am I even doing
this? Good question...

1. HILBERT SPACES

Why should we bother to understand Hilbert spaces? Hilbert spaces are impor-
tant because they are the missing mathematics (which Fourier did not have!) to
rigorously justify using Fourier series to solve PDEs. We have learned the following
procedure:

(1) Start with a PDE where the x variable is in a finite (bounded) interval.

(2) Separate variables by writing w, (the unsub) as a product like u(z,t) =
X(2)T(¢t). Plug it into the PDE.

(3) Solve for X using the boundary conditions. This will probably give lots of
Xs which can be indexed by N.

(4) Each X,, has a partner T,,. Solve for these. Probably, you've got some
unknown constants.

(5) Is the PDE homogeneous? If so, X177 + X275 +. .. also solves the PDE so
you can smash them together into a big party series. If *not* then you may
need to do something else (i.e. steady state solution). In the homogeneous
case, you will then use the IC and the collection {X,,} to find the coefficients
in T}, and end up with a solution of the form

> Xo(@)Tu(t).
neN
It’s precisely in this last step where the Hilbert space theory is being used
to say that you can use the X, obtain the IC, because the Hilbert space
theory tells us when certain functions are basis functions for £2!
A Hilbert space is a completeﬂ normed vector space whose norm is defined by a
scalar product. The definition of a vector space means that if v and v are elements
in your Hilbert space, then for all complex numbers a and b,

au + bv is in your Hilbert space.

So, taking a = b = 0, there is always a 0 vector in your Hilbert space. The fact
that it is normed means that every element of the Hilbert space has a length, which

Date: 2020.02.03.
1Every Cauchy sequence converges. Do you remember what a Cauchy sequence is? If not,
please look it up or ask!
1
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is equal to its norm. To define this, we describe the scalar product. For a Hilbert
space H, the scalar product satisfies:
u,v € H = (u,v) € C,
ceC = {(cu,v) = c(u,v),
u,v,w e H = (u+w,v) = (u,v) + (w,v),

(u,v) = (v, u),
(u,uy >0, =0 <= u=0.

Therefore, we can define the norm of a vector as

[lul| := v/ {u, u).

The norm of a vector is also equal to its distance from the 0 element of the Hilbert
space. Similarly,
[lu—v]| = {u—v,u—v)
is the distance between the elements u and v in your Hilbert space. We say that a
set of elements
{ua} C H

is an orthonormal basis (ONB) for H if for any v € H there exist complex numbers
(cq) such that

1 =
’U:anuon <u0¢7’u’6> :6a’5 - {0 z#g

This is the Kronecker §. You may be wondering why we haven’t written an index
for a. Well, that’s because a priori, they could be uncountable.

Theorem 1. A Hilbert space is separable if and only if it has either a finite ONB
or a countable ONB.

There is a cute proof here:
http://www.polishedproofs.com/relationship-between-a-countable-orthonormal-basis-and-a-cou
We're only going to be working with Hilbert spaces which have either a finite
ONB or a countable ONB. The dimension of a Hilbert space is the number of
elements in an ONB. Any finite dimensional Hilbert space is in bijection with the
standard one
C", u,velC" = (u,v)=u-7.
Thus, writing
u=(uy,...,un), with each component up € C,k=1,...,n

and similarly for v,

n
<U7 U> = Z UR V-
k=1

The bijection between any finite (n) dimensional Hilbert space and C™ comes from
taking an ONB of the Hilbert space and mapping the elements of the ONB to the
standard basis vectors of C™. Here are some useful basic results for Hilbert spaces.

Proposition 2. Let H be a Hilbert space. For any u and v in H,
[l +|* = [Jul* + 2R(u, v) + ||o] |
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Proof: Compute:
lJu+v|]? = (u+v,u+v) = (u,u+v) + (v,u +v)
= (u,u) + {u,v) + {(v,v) + (v, u)
= |ul* + (u, v) + [Jv]* + (u, v).
We all know that for a complex number z,
z 4z =2R(2).
So,

(u, v) + (u,v) = 2R(u, v).

0c

1.1. Cauchy-Schwarz Inequality, Triangle Inequality, and Pythagorean
Theorem.

Proposition 3. For any Hilbert space, H, for any u and v in H,
[(w, v)] < [lul[]v]]-

Proof: Assume that at least one of the two is non-zero. Let’s assume v # 0,
because otherwise we can just swap their names. We begin by considering the
length of the vector u plus v scaled by a factor of t. If ¢ — 0, the length tends to
||u||?. What happens for other values of t? We compute it:

[|u —i—tv||2 = Hu||2 + 2tR(u, v) +t2||v|\2, teR.

This is a real valued function of ¢. It’s a quadratic function of ¢ in fact. The
derivative is

2t|[v||* + 2R (u, v).
It’s an upwards shaped quadratic function, so its unique minimum is when
_ R(u,v)
el

If we then check out what happens at this value of ¢,

R(u,0) el e R0
-+ t0]? = [[ull? = 229 D0 vy 4 g, 02 I 2 - B0
o Tol[? ol
We know that
0 < [|u+ tv]|?
so we get
% 2
0< flul? — BT o < 2ol — Ru, o)
olP

This gives us
Rlu, v)? < ful?||o]|*.
Well, this is annoying because of that silly . I wonder how we could make it turn
into |(u,v)|? Also, we don’t want to screw up the ||u||?||v||* part. Well, we know
how the scalar product interacts with complex numbers, for A € C,
(Au,v) = M u,v).

So, if for example ‘
(u,v) = re'? r = |(u,v)| and 6 € R.
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We can modify u, without changing ||ul|,

lle™ul| = |full-

Moreover
(™, v) = e7(u,v) = e~ re? = |(u,v)].

So, if we repeat everything above replacing u with e=*u we get
Rie™Pu,0)? < le™ul?|[v]|* = [|ul (o],

and by the above calculation

(e u,v) = |(u,0)] €R = R(e™u,0) = |(u,v)|*.

So, we have
2
[{, )7 < ful Plo] .

Taking the square root of both sides completes the proof of the Cauchy-Schwarz

inequality.

We also have a triangle inequality.
Proposition 4. For any u and v in a Hilbert space H,
[+ o] < [[ul] + o]l
Proof: We just use the previous two results:

[T+ o [* = [Jull* + 2R (u, v) + [Jo]|* < [Jull* + 2[Julll|vl] + [Jo]* = ([ull + [Jv]})*.

0c

Taking the square root we obtain the triangle inequality.

We have the Pythagorean theorem.
Proposition 5. If u and v are orthogonal, then
[lu+ol[* = [ul|* + [Jo] .

Moreover, if {u,}\_, are orthogonal, then

N N
1D wnll? =D Munl®
n=1 n=1

Proof: The first statement follows from
[+ v[]* = [|ull® + 2R(u, v) + [Jo]|* = [Ju][* +||v]?,

if uw and v are orthogonal, because in that case their scalar product is zero. More-
over, for any collection of orthogonal vectors {uy, ..., u,} we proceed by induction.
Assume that

n—1
llur + oo P =D [l .
k=1

Then, if u,, is orthogonal to all of uq,...,u,_1 we also have

(Un,ur + oo FUp—1) = (Up,u1) + ..o+ (Up,Up—1) =0+ ...+ 0.
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Hence u,, is also orthogonal to the sum,
n—1
2:1%.
k=1
By the Pythagorean theorem,

n—1 n—1
4D unll® = [l ? 411D urll.
k=1 k=1

By the induction assumption

n—1 n
= {JunlI* + D sl * =D [fusl .
k=1 k=1

0c

1.2. Continuity of the scalar product.

Proposition 6. Using only the assumptions that the scalar product satisfies:

(u,v) = (v, u)
(au,v) = alu,v)
(u 4 v, w) = (u,w) + (v,w)
(u,u) >0, (u,u) =0 <= u=0,
then the scalar product is a continuous function from H x H — C.

Proof: It suffices to estimate
[{u, v) = (W, ')
I would like to somehow get
u—u and v —v'.
So, well, just throw them in the first and last
(u—u',v) = (u,v) — (u,v).
That shows that
(u—u',v) + (W', v) = (u,v).
So, we see that
(u,v) — (W', 0"y = (u — v/ v) + (W, v) — (W, 0")
We can smash the last two terms together because —1 € R so
—(u )y =W, =) = (W,v) — @) = W v =),
Hence,
[{u, v) = (W', ") | = [{u — o/, 0) + (', v = )]
By the triangle inequality
[{u—u',v) + (W0 =) < (u =/, v)] + [, v = )]
By the Cauchy-Schwarz inequality

[{u =/, )| + (', v = )] < fJu =[] [ol] + [J/[[Jo = o]



6 JULIE ROWLETT

We therefore see that for any fixed pair (u,v) € H x H, given € > 0, we can define

. g £
0= mm{2<||v| 1) 2] +1>’1}'

Then we estimate

lu—v'|l <6 = [J/|| < ull + 0 < [|ul| + 1,

e|lv]
[Ju —o[|[Jo]] < 5
2(|[vll+1) 2
and
“2(fful| +1) T 27

so we obtain
[{u, v) = (u',0")] <e.

0c

Remark 1. This fact is useful because it allows us to bring limits inside the scalar
product. You will see that we do this many times! In particular, if one has two
sequences,
{un}n>1, {vn}tn>1 in a Hilbert space, H,

and

lim u, =u€ H, limwv,=v€H,

n—oo n—oo
then the continuity of the scalar product implies that

nli_)n;()(u”,v,L) = (u,v).

This fact allows us to prove an infinite dimensional Pythagorean theorem!

Theorem 7 (Infinite dimensional Pythagorus). Assume that {uy}r>1 are in a
Hilbert space, and that
D

k>1
converges to an element u in that Hilbert space. Further, assume that the uy are
pairwise orthogonal. Then we have

llul > = [uxl*.

k>1

Su=u

k>1

Proof: The meaning of

is that
n
nleréo Z U = U.
k=1

This is equivalent to

lim ||ug — u|| = 0.

n—oo
The definition of scalar product says that

[lull* = (u, u).
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Let us denote
n
U, = Zuk
k=1

Since it is a finite sum of elements of the Hilbert space, this is an element of the
Hilbert space, because Hilbert spaces are vector spaces. The continuity of the scalar
product shows that

lim (U,,U,) = (U,U).

n—oo

For each n, we also have
<Un, Un> = Z ||uk‘|2’
k=1

by the usual (finite) Pythagorean Theorem. Hence, we have

n

lim > [fuxl|® = ||U].
n—oo

k=1

This shows that the sum on the left converges and is equal to ||U]||?.

0c

1.3. Bessel’s inequality and the three equivalent conditions to be an
ONB. We prove a very useful inequality.

Theorem 8 (Bessel’s Inequality for general Hilbert spaces). Let {¢p}tnen be an
orthonormal set in a Hilbert space H. Then if f € H,

g:= E <f7¢n>¢n € H,
neN
and we have the inequality

gll* =D (f. ondl* < 1IFI2.

neN
Proof: We will prove the inequality above first, and then use it to prove that
g € H. By the Pythagorean theorem, for each N € N|
N N
n=1 n=1

Above, we have used the convenient notation

o= <fa¢n>

We call fn the n'* Fourier coefficient of f with respect to the orthonormal set
(ONS) {¢n}. We compute that the square of the distance between f and its partial
Fourier series

N N N
0<(f =D fadul® = IFI* = 2R(f, Y fudbn) + 1D fudoul®.
n=1 1 1

Let’s look at the middle bit:
N

N _ N _ n )

1
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Hence,
N N N
0 <IAP =23 Iful® + D1l = AP = D 1ful?
1 n=1 1
SO re-arranging
N
D1l < NIAIP
1
Letting N — 0o, we obtain the inequality
2
DKLl < IfIP
neN
To prove that in fact
gecH,
we will show that

N
{Fn}n>1, Fn:= Z Frtn
n=1

is a Cauchy sequence in H. Since Hilbert spaces are complete, it follows that this
Cauchy sequence converges to a limit ' € H. So, let ¢ > 0 be given. Then, by

Bessel’s inequality, since
o0
Dol < oo,
1

oo

Dol <€
N
This is because the tail of any convergent series can be made as small as we like.

So, now if we have N7 > Ny > N, we estimate

N1 N1
1FN = PP =11 ) fadall? = D 1fal?

No+1 Na+1

<Y P P <e
No+1 N
Consequently we have that for all Ny > Ny > N,

there exists N € N such that

HFNI _FN2|| <Eé.

This is the definition of being a Cauchy sequence. Consequently, we obtain that

N—o0

N
lim and)n =g€H.
n=1

By our infinite Pythagorean theorem, since ¢,, are orthonormal, we also have that
fnon € H are orhthogonal. We therefore have

gll? =D 1 fadall® = D 1alPllonll* = D 1fal® < I

n>1 n>1 n>1

0c
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1.4. The 3 equivalent conditions to be an ONB in a Hilbert space. Perhaps
what makes the following theorem so nice is the pleasant setting of a Hilbert space,
or translated directly from German, a Hilbert room. Hilbert rooms are cozy. The
reason is because there is a notion of orthogonality, so it is very easy to find one’s
way around, much like the grid-like streets in the USA.

Theorem 9. Let {¢y, }nen be orthonormal in a Hilbert space, H. The following
are equivalent:

(1) feHand (f,¢p)=0VneN = f=0.
(2) feH = f=> (fon)bn.

neN
2
3) NI =D F.on)l
neN
The last of these is known as Parseval’s equation. If any of these three equivalent
conditions hold, then we say that {¢n} is an orthonormal basis of H.

Proof: We shall proceed in order prove (1) = (2), then (2) = (3), and
finally (3) = (1). Stay calm and carry on.

First we assume statement (1) holds, and then we shall show that (2) must hold
as well. Bessel’s Inequality Theorem says that

9= (f,én)dn € H.

neN
So, we would like to prove that in fact g = f, somehow using the fact that statement
(1) holds true. Idea: let’s try to show that f — g = 0. This will imply that f = g.
To use (1) we should compute then

Let’s do this.

We insert the definition of g as the series,

<ga ¢n> = <Z <fa ¢m>¢m7 ¢n> = Z <fa ¢m><¢m7 ¢n> = <.f7 ¢n>
m2>1 m>1
Above, we have used in the second equality the linearity of the inner product and the
continuity of the inner product. In the third equality, we have used that (¢, ¢n)
is 0 if m # n, and is 1 if m = n. Hence, only the term with m = n survives in the
sum. Thus,

(f=9,00) = (f, ) —(9,0n) = {f,n) — (f, ) =0, VneN.

By (1), this shows that f —g=0 = f=g.

Next, we shall assume that (2) holds, and we shall use this to demonstrate (3).
By (2), . .

F= " fatns  fni=(f bn)-
neN

To obtain (3), we can simply apply our infinite dimensional Pythagorean theorem,
which says that

AP = Y0 1 fadnl® = [fal?llénl® =D 1l

neN neN neN
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Finally, we assume (3) holds and use it to show that (1) must also hold. This
is pleasantly straightforward. We assume that for some f in our Hilbert space,
(f, ¢n) = 0 for all n. Using (3), we compute

AP =D Kfn)fP =D 0=0.

neN neN
The only element in a Hilbert space with norm equal to zero is the 0 element. Thus

F=0.
0¢

ifolland
1.5. Exercises for the week: demonstreras. Those exercises from ”IT—Wh—lCh
shall be demonstrated are:
(1) (3.3.9) Suppose {¢,} is an orthonormal basis for £2(a,b). Show that for
any f,g € L*(a,b)

(f,9)= Z<f7 bn) (9, Dn)-

(2) (3.3.10.c) Evaluate the following series by applying Parseval’s equation to
certain Fourier expansions:
S e
2 2
= (n2+1)
(3) (3.3.10.b) Evaluate the following series by applying Parseval’s equation to
certain Fourier expansions:

Z 1

= (2n —1)8

(4) (3.4.3) Let D be the unit disk {z% + y? < 1} and let f,(z,y) = (z + iy)".
Show that {f,}n>0 is an orthogonal set in £2(D), and compute || f,|| for
all n.

(5) (3.5.4) Find all A so that there exists a solution f(z) defined on [0, ¢] to the
equation

f"+Af=0, f'(0)=0, f) =0.
(6) (EO 23) Find all solutions f on [0, a] and corresponding A to the equation:

ff+Af=0, f(0)=f(0), fla)=-2f"(a)
(7) (4.2.1) Suppose a rod is mathematicized as the interval [0, ], and the end at
x = 0 is held at temperature zero while the end at x = ¢ is insulated. Find
a series expansion for the temperature u(x,t) given the initial temperature
f(x) and no sinks or sources.

[folland
1.6. Exercises for the week: rikna sjalv. Those exercises from [I] which one
should solve are:
(1) (3.3.1) Show that if {f,},>1 are elements of a Hilbert space, H, and we
have for some f € H that

lim fn, = f,

n— oo

then for all g € H we have
lim <fnvg> = <f»g>'

n—oo
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(2) (3.3.2) Show that for all f, g in a Hilbert space one has

LA = Tglll < 1F = gll-
(3) (3.3.10.d) Use Parseval’s equation to compute

sin?(na)
D
n>1
(4) (3.4.1) Show that {e?i(m=+m)1 - is an orthogonal set in £2(R) where R
is any square whose sides have length one and are parallel to the coordinate
axes.
(5) (3.4.6) Find an example of a sequence {f,,} in £2(0, c0) such that f,,(x) — 0
uniformly for all z > 0 but f,, 4 0 in the £2 norm.
(6) (3.5.7) Find all solutions f on [0, 1] and all corresponding A to the equation:

f"HAf =0, f(0)=0, f(1)=-f(1).
(7) (4.2.3) Let f(x) be the initial temperature at the point x in a rod of length
¢, mathematicized as the interval [0,¢]. Assume that heat is supplied at
a constant rate at the right end, in particular u, (¢,t) = A for a constant
value A, and that the left end is held at the constant temperature 0, so
that u(0,¢) = 0. Find a series expansion for the temperature u(z,t) such
that the initial temperature is given by f(x).

REFERENCES

[1] Gerald B. Folland, Fourier Analysis and Its Applications, Pure and Applied Undergraduate
Texts Volume 4, (1992).
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ABSTRACT. Caveat Emptor! These are just informal lecture notes. Errors are
inevitable! Read at your own risk! Also, this is by no means a substitute
for the textbook, which is warmly recommended: Fourier Analysis and Its
Applications, by Gerald B. Folland. He was the first math teacher I had at
university, and he is awesome. A brilliant writer. So, why am I even doing
this? Good question...

1. THE BEST APPROXIMATION THEOREM

The Fourier series of f an element of a Hilbert space, H, with respect to an

orthonormal set {¢,} is
> futn,

where

A~ 1 =
fn = {f,on), and the set {¢,,} is orthonormal, meaning (¢, ¢m) = { nem
0 n#m.

The Fourier series is actually equal to f if and only if the orthonormal set is in fact
an orthonormal basis. In any case, even though the Fourier series might not be
equal to f, it is the best approximation to f in the following sense.

Theorem 1 (Best Approximation). Let {¢n }nen be an orthonormal set in a Hilbert
space, H. If f € H, and
> et € H,

neN
then

1F =D fodn)bull S UF =D cndnll, Hentnew € 22,

neN neN
and equality holds < ¢, = (f, ¢,) is true Vn € N.

Proof: We make a few definitions: let

g::Zﬁ(bnv ?T\L:<f7¢)n>7

Y= Z Cn®n-

and

Idea: write

Wf=ell>=1lf—g+g—ollP =If —gll> +lg — @l + 2R(f — 9,9 — ©).
Idea: show that

(f—9,9—¢)=0.
1
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Just write it out (stay calm and carry on):

(fr9) = (fr9) —(9,9) + (g, 9)

= Zﬁ(fv ¢n> - ZEOC» ¢n> - Zﬁ<¢n72fn\l¢m> + Zﬁ<¢nazcm¢m>
=S RP =Y = Dl + Y faen =0,

where above we have used the fact that ¢, are an orthonormal set. Then, we have
If =@l =11f = gl +llg — ¢l > [If - glI%,
with equality iff
llg — ¢ll* =0.

Let us now write out what this norm is, using the definitions of g and ¢. By their
definitions,

g0 = (fn—cn)on.

By the Pythagorean theorem, due to the fact that the ¢, are an orthonormal set,
and hence multiplying them by the scalars, f, — ¢,, they remain orthogonal, we

have
— 2
||g_50”2: § fn—cn

This is a sum of non-negative terms. Hence, the sum is only zero if all of the terms
in the sum are zero. The terms in the sum are all zero iff

fn—cn

=(0Vn < cn:ﬁVnEN.

0c

Corollary 2. Assume that {¢,} is an OS in a Hilbert space H. Then the best
approximation to f € H of the form

N
Z Cn®n
n=1

is given by taking
= L0}
||l

Exercise 1. Prove this corollary using the best approximation theorem.

1.1. Application of the best approximation theorem. The goal is to find the
numbers {¢;}5_ so that
3

0 ..
/ |f—che”x|2dw
T =0

is minimized. Here,

f(x):{o —rT<z<0

1 0<z<m
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Since the functions €% are orthogonal on £2(—7, 7) we can apply the best approx-
imation theorem! It says that the best approximation is to set The best approxi-
mation theorem’s corollary says that

fi (f &) i
;= —= = ,  ¢j(x) =e".
o lleE R Yl
We therefore compute
L[ —ijx 3 j=0
= dr = v
Cj o | . (37)6 X {(:12);51 i=1,2,3

2. SPECTRAL THEOREM MOTIVATION

Partial differential operators act on functions which are elements of certain
Hilbert spaces, known as Sobolev spaces. For example, the operator

A= -9?

acts on the Hilbert space H2. Don’t worry about what it is precisely, because all
that matters is that it is a Hilbert space. The operator A takes elements of the
Hilbert space H? and sends them to the Hilbert space £2. It is a linear operator
because
O3 (f(x) + g(2)) = f"(x) + g"(x) = 9(f(2)) + 97 (9(2))-

Thinking of functions as vectors, then A is like a linear map that takes in vectors
and spits out vectors. Just like linear maps on finite dimensional vector spaces,
which can be represented by a matrix, a linear operator on a Hilbert space can be
represented by a matrix. If it is a sufficiently “nice” operator, then there will exist
an orthonormal basis of eigenfunctions with corresponding eigenvalues. Here it is
useful to recall

Theorem 3 (Spectral Theorem for C™). Assume that A is a Hermitian matriz.
Then there exists an orthonormal basis of C™ which consists of eigenvectors of A.
Moreover, each of the eigenvalues is real.

Proof: Remember what Hermitian means. It means that for any u,v € C", we
have
(Au,v) = (u, Av).
By the Fundamental Theorem of Algebra, the characteristic polynomial
p(z) :=det(A — z1)

factors over C. The roots of p are {\;}}_,. These are by definition the eigenvalues
of A. First, we consider the case when A has zero as an eigenvalue. If this is the
case, then we define

Ky :=Ker(A) = {u e C": Au=0}.

We note that all nonzero u € Ky are eigenvectors of A for the eigenvalue 0. Since
Ky is a k-dimensional subspace of C", it has an ONB {vq,...,vx}. If k = n, we
are done. So, assume that k& < n. Then we consider

K ={uecC": (uv) =0V c Ky}
Note that if u € Ky then
(Au,v) = (u, Av) =0 Yo € Kj.
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Hence A : K- — Kg-. Moreover, if
ueKOL, Au=0 — ueKoﬁKOL — u=0.

Hence A is bijective from K- to itself. Since A has eigenvalues {)\j}?:l, and 0
appears with multiplicity k, Ax11 # 0. It has some non-zero eigenvector. Let’s call
it u. Since it is an eigenvector it is not zero, so we define

Vhar = —
Tl
Proceeding inductively, we define K7 to be the span of the vectors {vy,...,vgt1}-
We look at A restricted to Ki-. We note that A maps K; to itself because if
k+1 k+1 k+1
v = chvj = Av = chAvj = ch)\jvj € K.
1 1 1

Similarly, if w € K fy
(Aw,v) = (w, Av) = OVv € K;.

So, A maps Kll into itself. Since the kernel of A is in Kj, A is a surjective
and injective map from Ki- into itself. We note that A restricted to Ki- satisfies
the same hypotheses as A, in the sense that it is still Hermitian, and it has a
characteristic polynomial of degree equal to the dimension of Ki- So, there is an
eigenvalue \i o, for A as a linear map from Kji to itself. It has an eigenvector,
which we may assume has unit length, contained in Ki-. Call it vj 5. Continue
inductively until we reach in this way {vi,...,v,} to span C".

Why are the eigenvalues all real? This follows from the fact that if A is an
eigenvalue with eigenvector u then

(Au, u) = AJul[* = (u, Au) = MJul|*.

Since u is an eigenvector it is not zero, so this forces A = A.

0c

2.1. An example. Let us do an example. On [—, 7], the functions which satisfy

Af=Xf, fl=m)=f(x)
are
flx) = fn(z) =™,
The corresponding
A\n = n2.

So, the eigenvalues of A with this particular boundary condition are n?, and the
corresponding eigenfunctions are e***. We have proven that these are orthogonal.
We note that for all f and g in £2 which satisfy f(—7) = f(r), g(—7) = g(7) and

which are also (at least weakly) twice differentiable, we would also get f/'(—m) =
f/(w) and similarly for g, so that

aro - [ L i@ = @@ + [ Fe)g@d

—T

= —f'(2)g(x)
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Due to the boundary conditions, all that survives is

| @@ = (. Ag).

—T
So we see that
(Af,9) = ([, Ag).

This is just like the spectral theorem for Hermitian matrices! There is a simi-
lar spectral theorem here, a “grown-up linear algebra” theorem, called The Adult
Spectral Theorem. This grown-up version of the spectral theorem says that, like
a Hermitian matrix, the operator A also has an £? orthonormal basis of eigen-
functions. Hence, by this Spectral Theorem, we will be able to conclude that the
orthonormal set,

{ eina: }

V 2 nez ’

is an ONB. To state the Adult Spectral Theorem, we need to introduce Regular
Sturm-Liouville Problems (SLPs).

2.2. Regular SLPs. Let L be a linear, second order ordinary differential operator.
So, we can write

L(f) = r(x)f"(x) + q() f'(x) + p() f (z).
Above, r, q, and p are specified REAL VALUED functions. As a simple example,
take r(z) = —1, and ¢(x) = p(z) = 0. Then we have
L(f)=Af = —f"(z).
We are working with functions defined on an interval [a, b] which is a finite interval.
So, the Hilbert space in which everything is happening is £2 on that interval. Like

with matrices, we can think about the adjoint of the operator L. The adjoint by
definition satisfies

(Lf.g)={(f,L"g),
where we are using L* to denote the adjoint operator. Whatever it is. On the
left side, we know what everything is, so we write it out by definition of the scalar
product

b L b
(Lf.g) = / L(f)g(@)de = / (@) f"(z) + q@) f'(z) + p() f(2)) g@)d.
Integrating by parts, we get

b b b
= (rg)fL — / (rg) ' + (a9) /1" — / (49)'f + / pf3

b
— 09"+ (a1, ~ [ 19) s+ (a9)' - pfg).

We integrate by parts once more on the (rg)’f’ term to get

b
= (rg)f — (1) f + (@) DI+ / (r9)"f — (49 + 3.

So, if the boundary conditions are chosen to make the stuff evaluated from a to b
(these are called the boundary terms in integration by parts) vanish, then we could
define

L*g = (rg)" — (q9)" + py,
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since then ,
(L1.9) = [ 09"~ (aa)' + frg = (£.L'9).

Here we use that r, ¢ and p are real valued functions, so ¥ =r, § = ¢, and p = p.
For the spectral theorem to work, we will want to have

L=1L"
When this holds, we say that L is formally self-adjoint. So, we need
Lf=L"f < rf"+af +pf=(rf)" = (af) +pf.
We write the things out:
rf"+af'tpf = (rf'+r'f) —af' —d f+pf = rf"+af =rfr2'f " f-af' =d f
= qf =2 +r"f—qf —df = 2q-2")f' + (" —¢)f=0.
To ensure this holds for all f, we set the coefficient functions equal to zero:
202" =0 = qg=7', ¢ =1".
Well, that just means that ¢ = r’. So, we need L to be of the form
Lf=rf"+7'f +pf=(rf) +pf
The boundary terms should also vanish, so we want:
(rg)f' = (ra) £ + (@)l = (ra)f' = (rg)'f + (F9) I, = 0,
— raf —r'gf —rg f+1'5flo =0 <= rgf —rg fl, =0
= 1(gf' ~ 3, =0.
So, it suffices to assume that we are working with functions f and g that satisfy
(af =g Pl =0.
Writing this out we get:
g)f'(b) = g'(0) f(b) — (g(a) f'(a) — g'(a) f(a)) =0 <=
g(b)f'(b) — g'(b)f(b) = g(a)f'(a) — g'(a) f(a).

This is how we get to the definition of a regular SLP on an interval [a, b]. It is
specified by

(1) a formally self-adjoint operator
L(f) = (rf) +»f,
where r and p are real valued, r, r’, and p are continuous, and r > 0 on
[a, b].
(2) self-adjoint boundary conditions:
Bi(f) = aif(a) +aif'(a) + Bif(b) + Bif' () =0, i=1,2.
The self adjoint condition further requires that the coefficients oy, o, ;, B;
are such that for all f and g which satisfy these conditions

r(gf' =g fla=0.

(3) a positive, continuous function w on [a, b].
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The SLP is to find all solutions to the BVP

The eigenvalues are all numbers A for which there exists a corresponding non-zero
eigenfunction f so that together they satisfy the above equation, and f satisfies the
boundary condition.

We then have a miraculous fact.

Theorem 4 (Adult Spectral Theorem). For every reqular Sturm-Liouville problem
as above, there is an orthonormal basis of L2 consisting of eigenfunctions {¢n, bnen
with eigenvalues {\p }nen. We have

lim A, = co.
n—oo

Here, L?, is the weighted Hilbert space consisting of (the almost everywhere-equivalence
classes of measurable) functions on the interval [a,b] which satisfy

b
[ 15@Pu@s < .

and the scalar product is

mmw=/f@mammm.

We are not equipped to prove this fact. You can rest assured however that it is
done through the techniques of functional analysis and bears similarity to the proof
of the spectral theorem for finite dimensional vector spaces. As a corollary to this
theorem we obtain

Theorem 5. The functions

{einx }HEZ

are an orthogonal basis for the Hilbert space L*(—m, ).

Proof: These functions satisfy a regular SLP. This SLP is to find all constants

A and functions f such that
"+ Af =0,
and f is 27 periodic. The operator L is just the operator
L(f) = f".
The function r = 1, p = 0, and the weight is just 1. The boundary conditions are
thus:
fl=m) = f(m) =0, f(-m)—f(m)=0.

We can check that this is ‘self-adjoint’ by plugging it into the required condition.

Assume that some totally arbitrary f and g satisfy this condition, so that g(—m) —
g(m) = 0 also. Then

@ =g HIZ, =g(m)f (7) = §'(7) () = g(=m) f'(=7) + g (=7) f(=7) = 0.
By our ODE theory, we can already say that all solutions (up to constant factors)
to this problem are
fo(z) =¢em® N, =n’n%
Now, by the Adult Spectral Theorem, we know that these are an orthogonal basis
(they can be normalized if we so desire).
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. . . lfolland
2.3. Exercises for the week: Hints. Those exercises from [[I] which one should
solve are:

(1)

(3.3.1) Show that if {f,},>1 are elements of a Hilbert space, H, and we
have for some f € H that

lim fn:f7

n—oo

then for all g € H we have
lim <fn,g> = <f7g>'

n—oo

Hint: Apply the Cauchy-Schwarz inequality to (f, — f, g)-
(3.3.2) Show that for all f, g in a Hilbert space one has

AT =gl < 11F = gll-

Hint: First show that for any real numbers a and b,
la — b* = a® — 2ab + b2
Next, apply this fact with a = || f|| and b = ||g|| to show that
I = Mgl = 11117 = 2[fllllgl] + gl

Compare this to

1S = gl = [I£1I* = 2R(f, g) + [lg]*-
(3.3.10.d) Use Parseval’s equation to compute

Z 51nn€1na) '

n>1

Hint: The Fourier series of

x —a<z<a
o— m™T—X
f(l') = am a<f<m
agf: —T<zr<—a

where implicitly we are assuming 0 < a < 7 is

9 .
Z sm(;za) sin(na)
T—a n
n>1
(3.4.1) Show that {e?m!(me+nv)1  / is an orthogonal set in £2(R) where R
is any square whose sides have length one and are parallel to the coordinate
axes. Hint: Compute the integral
a+1 b+1
e%i(m“:"’"y)e_Q”i(kQJHy)dxdy, m,n, k,l € Z.
z=a Jy=b
(3.4.6) Find an example of a sequence {f,} in £2(0, 00) such that f,,(z) — 0
uniformly for all z > 0 but f, % 0 in the £2 norm. Hint: Oh this is a
fun sort of challenge problem... Here is a little bit of idea. The function

\/ngﬁ is not in £2(0,00). How about using this function as an idea, define

functions f,,(z) which are say defined in some way for z € [0, n] and make
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them zero for all z > n. Get them to decrease uniformly to zero for all z,
but get their £2 norms to be increasing... Play around with it!
(6) (3.5.7) Find all solutions f on [0,1] and all corresponding A to the equation:

ffHAf =0, f(0)=0, f(1)=-f(1).
Hint: As we have computed before, consider three cases, A =0, A > 0, and
A < 0. Use the boundary conditions to solve for all the possible f.

(7) (4.2.3) Let f(z) be the initial temperature at the point z in a rod of length
¢, mathematicized as the interval [0,¢]. Assume that heat is supplied at
a constant rate at the right end, in particular u,(¢,t) = A for a constant
value A, and that the left end is held at the constant temperature 0, so that
u(0,t) = 0. Find a series expansion for the temperature u(x,t) such that
the initial temperature is given by f(x). Hint: Divide and conquer. First
find a so-called steady state solution, that is find a function g(z) which does
not depend on t which satisfies

(at - amz)g =0, 9(0) =0, g/(e) = A
Now, since g does not depend on ¢, when you apply the heat operator you
just get
—¢"(z) =0, ¢(0)=0, g'(¢)=A
Find g which solves this. Now, look for a solution u which satisfies
up — Ugy =0, u(0,t) =uy,(¢,t) =0, wulx,0)=f(x)—g(x).

You can use the methods from last week, separation of variables, superpo-
sition (since everything including the BCs are homogeneous), and Fourier
series (Hilbert spaces!) to solve for u. The full solution will then be

u(w,t) + g(x).
REFERENCES

[1] Gerald B. Folland, Fourier Analysis and Its Applications, Pure and Applied Undergraduate
Texts Volume 4, (1992).
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ABSTRACT. Caveat Emptor! These are just informal lecture notes. Errors are
inevitable! Read at your own risk! Also, this is by no means a substitute
for the textbook, which is warmly recommended: Fourier Analysis and Its
Applications, by Gerald B. Folland. He was the first math teacher I had at
university, and he is awesome. A brilliant writer. So, why am I even doing
this? Good question...

1. SLPs

Recall the definition of a regular SLP:
(1) a formally self-adjoint differential operator
L(f) = (rf") +»pf,
where r and p are real valued, r, r’, and p are continuous, and r > 0 on
[a, b].
(2) self-adjoint boundary conditions:
Bi(f) = aif(a) + i f'(a) + Bif(b) + Bif () =0, i=1,2.
The self adjoint condition further requires that the coeflicients o, o/}, 8;, Bi
are such that for all f and g which satisfy these conditions

r@f =g fle=0.
(3) a positive, continuous function w on [a, b].
The SLP is to find all solutions to the BVP
L(f)+ wf=0, Bi(f)=0, i=12.

The eigenvalues are all numbers A for which there exists a corresponding non-zero
eigenfunction f so that together they satisfy the above equation, and f satisfies
the boundary condition. The magical theorem about SLPs says that for such a
regular SLP, there exists solutions {¢y, }»>1 with corresponding eigenvalues A,, such
that these {¢,},>1 are an orthogonal basis for the weighted £* space, £2 (a,b).
Moreover, these eigenvalues are all real. Let’s see just what makes this theorem so
magical...

1.1. SLP example for a PDE. Here is how the SLP theory can be useful in
practice. We are given the problem
U — Uge =0,  uz(0,t) = au(0,t), wu.(l,t) =—au(l,t), u(z,0)=f(z).
Above, we assume that
a>0, fer?
These boundary conditions are based on Newton’s law of cooling: the temperature

gradient across the ends is proportional to the temperature difference between the
1
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ends and the surrounding medium. It is a homogeneous PDE, so we have good
chances of being able to solve it using separation of variables. Thus, we write
T/ X//
w(z,t) = X(x)T(t) = T't)X(z) - X"(2)T(t) =0 = =%
This means both sides are equal to a constant. Call it A. We start with the z side,
because we have more information about that due to the BCs. Are they self-adjoint
BCs? Let’s check! In the definition of SLP, we are looking for X to satisfy

X//
7:)\ — X'"=)0X <<= X"-)\X=0.
OBS! The relationship between the constant we have named A from the PDE has

the opposite sign as the corresponding term in an SLP. So, the SLP would look like
X"+AX =0 A=-\

The r and w are both 1 in the definition of SLP, and the p is 0. The a = 0 and
b= 1. So, we need to check that if f and g satisfy

£1(0) = af(0), g'(1) =—ag(l)
then
(af — 7' Plo="0.
We plug it in
g f' (1) —g' D) f(1) — g(0)f'(0) + 5'(0) £(0)
= —g(Daf(l) + ag(l)f(1) — g(0)af(0) + ag(0)f(0) = 0.
Yes, the BC is a self-adjoint BC. So, the SLP theorem says there exists an £2 OB
of eigenfunctions. What are they? We check the cases.

X" =\X.
What if A =07 Then
X(z) =ax+b.
To get
X'(0)=aX(0) = a=ab = b= %
Next,

X'(1) = —aX(l) = a=—a(al+ %) — —alal +1).

Presumably a # 0 because if a = 0 the whole solution is just 0. So, we can divide
by it and we get
= 1l=—(al+1) = aol=-2.
Since [ > 0 and « > 0, this is impossible. So, no non-zero solutions for A = 0.
Next we try A > 0. Then the solution looks like

X(z) = aeV ™ 4 pe~ VA
or equivalently, we can use sinh and cosh, to write
X (z) = acosh(VAz) 4 bsinh(VAz).
We try out the BCs. They require
X'(0) = aX(0) <= aVAsinh(0) + bv/Acosh(0) = & (a cosh(0) + bsinh(0))

— WA=aa = b=

ea
o5
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‘We check out the other BC:

X'(I) = —aX(l) <= aVAsinh(VAl)+aacosh(VA) = —a (a cosh(VAI) + % sinh(x&l)) .

<~ aVAsinh(VAl) + Wsmh(ﬁl) = —2aa cosh(vV/Al)

If a = 0 the whole solution is zero, so we presume that is not the case and divide
by a. Then this requires

sinh(v/Al) B —2a
cosh(VA)  VA+a2/VA

The left side is positive, but the right side is negative. 4
Thus, we finally try A < 0. Then the solution looks like

X (z) = acos(y/|Alx) + bsin(/|A|x).

To get
aa

Nk

X'(0) =aX(0) = by/[N=aa = b=

Next we need
X'(I) =—-aX(l)

—av/| A sin(y/|All)+ [Al cos(\/|A]]) = —a (acos VIAID + sm (VA )
1/ | 1/

Presumably a # 0 because if that is the case then the whole solution is 0. SO7 we
may divide by a, and we need

20 cos v/|A| = sin(y/|A]l) <\/T|— ;W) .

This is equivalent to

= tan(y/|All)

aEs ﬁ
2
= e = /D,

Well, that’s pretty weird, but accordlng to the SLP theory, the sequence

a sin(v/| A\, |x
Tl (VI |)>

of eigenvalues and corresponding eigenfunctions is an orthogonal basis of £2. Here
since we are solving a PDE, it is most convenient to leave the coefficients simply as
an and solve for them according to the initial conditions of the PDE.

The partner functions

T, (t) satisfy T/ (t) = MTn(t) = T, (t) = e?

{Mntn>1 and { X, (2)} 1, Xan(z) =ayp (cos(\/ |Anlz) +

Here it is good to note that the A, < 0 and tend to —oo as n — oo which follows
from the Adult Spectral Theorem, because in the SLP terminology,

A, =)\, 200 = N\, = —00.
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So, for heat, that is realistic. We build the solution using superposition because
the PDE is linear and homogeneous, so

u(a,t) = Tn(t)Xn().

n>1

Since we wish this to be equal to the initial data at ¢ = 0, we demand
u(zr,0) = Z an, (COS(\/ [Anlz) + \/|O;\7| sin(\/|)\nx)> = f(z).

n>1
By the SLP theory, the functions above form an OB, so we can expand our initial
data function in terms of this OB. To do this we compute

_ (f(x), cos(v/[Anl) + \/f;—nlsin(\/wlxﬁ
|| cos(v/|Anl2) + \/l‘i—nlsm(\/l/\nlx)IIQ

where

(f(x), cos(v/[Anfz)+

l
sin(y/|\n|x)) = /0 f(z)(cos(v/|Anl|x) + sin(y/|An|z))dz,

«
VIAn|

1

@ @

|| cos(v/|An|z)+ —— sin(y/| \n|z)||* = / | cos(v/|An]z)+ sin(y/|\n|2z)|2da.
\/ |)\n| 0 \/ |An|

1.2. SLP example. SLPs may come from solving a PDE, but to avoid overcompli-

cating things, sometimes you will just need to solve an SLP by itself. For example:

(xf) + X f=0, f1)=f(b)=0b>1.

In this example the function r(z) = z, and the function p(x) = 0, whilst the weight
function w(z) = 2~!. Let us consider three cases for .
Case A = 0: If A =0, then the equation becomes

[An]

of 4+ f =0,
which we can re-arrange to
f/l 1
T

The left side is the derivative of log(f’). So, integrating both sides (saving the
constant for later):

log(f') = —log(x).
Exponentiating both sides we get

f = % = f(x) = Alog(z) + B,
for some constants A and B. The boundary conditions demand that
f(1)=0 = B=0.
The other boundary condition demands that
f(b)=0 = A =0, since b > 1 so log(b) > 0.

We are left with the zero function. That is never an eigenfunction. So A = 0 is not
an eigenvalue for this SLP.

Case A > 0: If A > 0, we observe that the equation we have is something called
an Euler equation. (Or we look up the ODE section of Beta and search for this
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type of ODE, and see that Beta tells us this is an Euler equaiton). Consequently,
we look for solutions of the form

f(z) =2a".
The differential equation we wish to solve is:
cf '+ f +x7lf =0 = 22f +af + A \f =0,
so substituting f(x) = ¥, this becomes
22(W)(v — 1)z "% 4 ava” ™t + Xa¥ = 0.
This simplifies to:
x”(uz—y—l—u—l—/\) =0 = 12 =-\
Since A > 0, this means
v =+iVA

So, a basis of solutions is VAl and 2=*V*. Note that

,Iiiﬁ _ e:l:i\/Xlog(a:).
By Euler’s formula, an equivalent basis of solutions is

cos(vVAlog(z)), sin(vAlog(z)).
Hence in this case our solution is of the form:
f(x) = Acos(VAlog(z)) + Bsin(v/Alog(z)).

The boundary conditions demand that

f)=0 = A=0.
The second boundary condition demands that

Bsin(vAlog(b)) = 0.
Since we do not seek the zero function, we presume that B # 0 and thus require

sin(VAlog(h)) =0 = VAlog(b) = nm, neN.

We therefore have countably many eigenfunctions and eigenvalues, which we may
index by the natural numbers, writing

n?m? nmlog(z)

= gy o) =sin (76 ).
Nice.

The last case to consider is case A < 0: We proceed similarly as above and
obtain that a basis of solutions is

2=V
Write our solution as
f(@) = AzVI 4+ Bp=VIM
The boundary conditions demand that:
f1)=0 = A+B=0 = B=-A.

The next boundary condition demands that:

FO) =AWV A VN =0 = A=00r 2V =p VN — VI =1 — /]| = 04.
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Thus the only way for the boundary conditions to be satisfied is if the eigenfunction
is the zero function, but this is not an eigenfunction! Hence no negative \ solutions.
The magical SLP theorem tells us that these rather peculiar functions

{fn (‘r)}n21
are an orthogonal basis for £2 /I(l, b). This means that for any g € £3 /x(l, b), we
can expand it as a Fourier series with respect to this basis. The coefficients will be

b - b
W, <ng”“>1/%=/1 9(x) fu(x)z™ da, \|fn||§/m:/1 | fo ()22 d.

If the function we wish to expand is specified, we could compute these integrals.

1.3. Another SLP example. Consider the problem
(@Y +Nf=0, f(1)=f(b)=0, b>1.
Here we have 7(r) = 2% and w(x) = 1. The equation is:
2 f + 22" + \f =0.

We shall consider the three cases for A.
Case A = 0: In this case the equation simplifies to

"
2
22 2uf =0 = —J}/ =—_ = (log(f'))’:—g — log(f') = —2logz = f/ =e 28

So, this gives us a solution of the form
1
f(z)=—-A—+B.
x
Let us verify the boundary conditions. We require f(1) = 0 so this means
—-A+B=0 = B=A.
We also require f(b) = 0 so this means

1 —A A

So since b > 1 the only solution here is the zero function which is not an eigenfunc-
tion.

Case A > 0: We consider the fact that this is an Euler equation, so we look for
solutions of the form f(z) = x¥. Then the equation looks like:

W) (v —1)2" 2 +22(w)z"  + X" =0 <= 2" (VP —v+20+ ) =0
so we need v to satisfy:
V4+rv+A=0.

This is a quadratic equation, so we solve it:

1 /1

So, actually the cases A > 0 and A < 0 really should split up into whether A = i
or is larger or smaller. If A = %, then we are only getting one solution this way,
712, To get a second solution we multiply by log .

Exercise 1. Plug the function =/ log x into the SLP for the value \ = i. Verify
that it satisfy the equation.
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Now, let’s see if such a function will satisfy the boundary conditions. We need

Az~Y? 4 Be=?log(x) L= 0 = A=0.

We also need
Bb~210g(b) =0, b>1 = B=0.
So we only get the zero solution in this case.
When A < %, solutions are of the form

1 1
Az"+ 4 Ba"- = 44/- =\
x’t +Dbx", vy 2 1

Exercise 2. Check the boundary conditions. Verify that they are satisfied if and
only if A= B =0.

Finally we consider A\ > %. Then we have

1 1 A B )
= _—Z 43 _ _ i/ A—1/4 774/)\71/4.
vy 5 Tt A 1 = f(x) —\/Ex + 753;

Using Euler’s formula, this is equivalently expressed as

% cos(y/ A —1/4logx) + %sin(\/)\ —1/4logz).

Due to the boundary condition at x = 1 we must have a = 0. So to obtain the
other boundary condition, we need

sin(v/A—1/4logh) =0 = /A —1/4logb=nm, neN.

Hence -

1 nemw 179 .
-+ —, z) =z 1/?sin
Note that in general we are not bothering to normalize our eigenfunctions because
it is rather tedious and not fundamental to our learning experience in this subject.

1
N AL — nm ogm).

logb

) . ifolland
1.4. Exercises for the week: Answers. Those exercises from [I] which one
should solve are:

(1) (3.3.1) Show that if {f,},>1 are elements of a Hilbert space, H, and we
have for some f € H that

lim f, = f,

n—oo

then for all g € H we have
lim <fnvg> = <f7g>'

n—o0

Answer: we would like to prove
Jim (fn, 9) = (/,9)-
This is equivalent to proving

n—oo

So, next we follow the hint and estimate

[(frs 9) = (9 = U(f = 1)) < I = FlllIgII-
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The meaning of

n—oo

in a Hilbert space is that
lim || f, — f|| = 0.
n—oo
Hence, by some theorem about the product of limits, as long as they exist
(obs! lim,— o ||g]] = |lg]], it’s just not changing at all), we have
lim || £ = fllllgll = llgl| lim [ fn — fI| = 0.
n o0 n—oo
(2) (3.3.2) Show that for all f, g in a Hilbert space one has
LA = Tlglll < 11 = gll-

Answer: We follow the hint. For any real numbers a and b,
la — b* = a® — 2ab + b2
Next, we apply this fact with a = ||f|| and b = ||g|| to obtain that
A1 = Mlgll1* = £ = 211f 1119l + gl

We compare this to

1f = gll* = 11 = 2R(f, 9) + llall?,

since

A9l = R F gy = IFI1° = 2R(f, 9) + Hgll? = 1£112 = 211 £ gl + [lgl]-
Thus we obtain

I1f = gll> = 11£1] = [lgllI*.

Taking the square root of both sides completes the proof.
(3) (3.3.10.d) Use Parseval’s equation to compute

in%(na
PR

n>1

Answer:
a?(m —a)?
6
(4) (3.4.1) Show that {e?i(m=+m)1 - is an orthogonal set in £2(R) where R
is any square whose sides have length one and are parallel to the coordinate

axes. Answer:

a+1 b+1 ) ) a+1 ) b+1 )
/ / e27r7,(m93+ny) 6727rz(kac+Zy) dIdy — / 6271'2(777,7k):vd'r / 62772(nfl)ydy.
rz=a Jy=b y=>b

r=a

For m # k,

a+1

a+1 2mi(m—k)x
/ e27r7i(m7k:)zdl, —_ € ( :
- 2mi(m — k)

=a a

The function above is 1 periodic, so this is zero. Same holds for n # £.
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(3.4.6) Find an example of a sequence { f,, } in £2(0, 0o) such that f,,(x) — 0
uniformly for all z > 0 but f,, 4 0 in the £2 norm. Answer: let

0 r>n

Then
0.

< I ) <
0= i, fa2) —,};H;or

So the convergence to zero is uniform on [0,00). On the other hand

(oo} n 1 n
1= [ i@l = [ e = m@+ v,

=In(n++/n) —In(v/n) =In <n J\r/ﬁﬁ> =In(vn+1).

This simultaneously shows that f,, € £2(0,00) for all n, as well as that the
£? norm of f,, tends to infinity.
(3.5.7) Find all solutions f on [0, 1] and all corresponding X to the equation:
ffHAf =0, f(0)=0, f(1)=-f(1).

Answer: the eigenvalues are )\, = 1/2 where v, are the positive solutions
of tan(v) = —v, and the eigenfunctions are sin(v,x).
(4.2.3) Let f(x) be the initial temperature at the point = in a rod of length
¢, mathematicized as the interval [0,¢]. Assume that heat is supplied at
a constant rate at the right end, in particular u,(¢,t) = A for a constant
value A, and that the left end is held at the constant temperature 0, so
that u(0,¢) = 0. Find a series expansion for the temperature u(z,t) such
that the initial temperature is given by f(x). Answer:

=Az+Y (b + ) sAL ) e (=12 TR/ () gin (n — 1/2) 7z /0).

2
n>1 1) g

REFERENCES

[1] Gerald B. Folland, Fourier Analysis and Its Applications, Pure and Applied Undergraduate
Texts Volume 4, (1992).
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ABSTRACT. Caveat Emptor! These are just informal lecture notes. Errors are
inevitable! Read at your own risk! Also, this is by no means a substitute
for the textbook, which is warmly recommended: Fourier Analysis and Its
Applications, by Gerald B. Folland. He was the first math teacher I had at
university, and he is awesome. A brilliant writer. So, why am I even doing
this? Good question...

1. SLPs
Recall the definition of a regular SLP:

(1) a formally self-adjoint differential operator

L(f) = (rf") +pf,
where 7 and p are real valued, r, v/, and p are continuous, and r > 0 on
(2) i’lf(i]z;djoint boundary conditions:
Bi(f) = aif(a) + aif'(a) + Bif(b) + Bif' () =0, i=1,2
The self adjoint condition further requires that the coeflicients oy, o}, 8;, Bi
are such that for all f and g which satisfy these conditions

r(@f' — gl =o.
(3) a positive, continuous function w on [a, b].
The SLP is to find all solutions to the BVP
L(f)+ Mwf=0, Bi(f)=0, i=1,2.

The eigenvalues are all numbers A for which there exists a corresponding non-zero
eigenfunction f so that together they satisfy the above equation, and f satisfies the
boundary condition.

1.1. SLP example. Consider the problem
(@2fY +Af=0, f(1)=f(b)=0, b>1.
Here we have 7(x) = 2% and w(x) = 1. The equation is:
2uf' + 2% f" + \f = 0.

We shall consider the three cases for .
Case A\ = 0: In this case the equation simplifies to
1
2
22 f 2 f =0 = T = (log(f") = - = log(f') = —2logz = [/ =e 2l8% =g

1

—2



2 JULIE ROWLETT

So, this gives us a solution of the form
1
fl#)=-A-—+B.
x
Let us verify the boundary conditions. We require f(1) = 0 so this means
—-A+B=0 = B=A.
We also require f(b) = 0 so this means
—A A

7A%+B:0:T+A = 3:A = b=1lor A=0.

So since b > 1 the only solution here is the zero function which is not an eigenfunc-
tion.

Case A > 0: We consider the fact that this is an Euler equation, so we look for
solutions of the form f(x) = x¥. Then the equation looks like:

() (v — 12" 2 +2z(w)z"  + A" =0 <= 2V (V¥ —v+ 20+ X)) =0
so we need v to satisfy:
v+ =0

This is a quadratic equation, so we solve it:

1 1
SN Y
Y=y 1

So, actually the cases A > 0 and A < 0 really should split up into whether A = %
or is larger or smaller. If A = %, then we are only getting one solution this way,
=12, To get a second solution we multiply by log .

Exercise 1. Plug the function z=/?log x into the SLP for the value \ = i. Verify
that it satisfy the equation.

Now, let’s see if such a function will satisfy the boundary conditions. We need

Az~Y? 4 Be=?log(x) L= 0 = A=0.
We also need
Bb~21og(b) =0, b>1 = B=0.

So we only get the zero solution in this case.
When A < i, solutions are of the form

1 1
Az¥+ + Bx"- =——+4/= -\
r’t + b, vy 3 1

Exercise 2. Check the boundary conditions. Verify that they are satisfied if and
only if A= B =0.

Finally we consider A > %. Then we have

1 1 A B )
= _—Z 43 _ _ i/ A—1/4 7“/)\71/4.
vy 5 i/ A 1 = f(x) —\/Ex + 753;

Using Euler’s formula, this is equivalently expressed as

% cos(y/A —1/4logx) + jgsin(\/)\ —1/4log x).
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Due to the boundary condition at x = 1 we must have a = 0. So to obtain the
other boundary condition, we need

sin(v/A—1/4logh) =0 = /A —1/4logb=nnw, neN

1 n?m? nmlogx
A=\ =-+ —— w(z) =27 2%sin [ ——2 ).
i (log b)2’ fu(z) =@ S log b

Note that in general we are not bothering to normalize our eigenfunctions because
it is rather tedious and not fundamental to our learning experience in this subject.

Hence

2. THE THEORY ITEM ON SLPs
There is one theory item about SLPs which one does need to be able to prove.

Theorem 1 (Cute facts about SLPs). Let f and g be eigenfunctions for a regular
SLP in an interval [a,b] with weight function w(x) > 0. Let X\ be the eigenvalue for
f and p the eigenvalue for g. Then:

(1) X€R och u € R;
b
/ f(@)g(z)w(z)dz = 0.

(2) If X # p, then:
Proof: By definition we have Lf 4+ Awf = 0. Moreover, L is self-adjoint, which
similar to matrices guarantees that

(Lf, [y =(f.Lf).
By being an eigenfunction,
Lf=-\wf.
So combining these facts:
= <faLf> = <f7_)‘wf> = _X<fawf>

Since w is real valued,

Wﬂﬁ—/w() th—/\f ) P
(f, wf) = ./ fa &v—y/ () P

Since w > 0 and f is an eigenfunction,

b
/ |f (2))?w(z)dz > 0.
So, the equation

b
wf, f =—A/Lf|2 —Rﬁwﬁ=—5/|ﬂmﬁumw

implies
A=A
For the second part, we use basically the same argument based on self-adjointness:

(Lf,g) = ([, Lg).
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By assumption

b
(Lf,g)=—-Nwf,g)= ,A/ w(z)f(x)g(x)de.

Similarly,

b
(f;Lg) = (f, —pwg) = —f(f,wg) = —p(f,wg) = —u/ f(@)g(z)w(z)dz,

since ¢ € R and w(x) is real. So we have

b b
) / (@) f (2)g@)de = —p / f(@)g@w(e)de.

If the integral is non-zero, then it forces A = pu which is false. Thus the integral

must be zero.

3. SoLVING PDES WITH INHOMOGENEITIES: TURNING A Q) PROBLEM INTO A
Q0 PROBLEM

Let’s consider the problem

u(—m,t) = u(m,t) =0
ut(x,0) =0, x€ [—m, 7]
Ut (2, 1) — Ugp(x,t) =5 x € [-m7], t>0.
We nickname this problem Q. For the first time, we have an inhomogeneous PDE.

Idea: Deal with a time independent inhomogeneity in the PDE
by finding a steady state solution.
The idea is that we look for a function f(z) which depends only on z which

satisfies the boundary conditions and also satisfies the inhomogeneous PDE. Since
f only depends on z, the PDE for f is

—f"(z) =5 <= f"(z) = -5.

This means that
, 52
fllz)=-bx+b = fla)=——+bzx+ec

2
Now, we want f to satisfy the boundary conditions. So, we want
572 572
_%_brn-{-c:o: —%—’—bﬂ'—f—c

If we subtract these equations, then we see that we need to have b = 0. If we add
these equations then we see that we need

2
5% 4 2c=0 = 025%.

Thus, we have found a solution to

—f"(x) =5, f(&m) =0,
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which is ) )
5z 51
f@) ==+

If we then look for a solution to

u(z,0) = {a:+7r, —mses0 =: v(z)
T—x, 0<zx<m
u(—m,t) = u(mt) =0
u(x,0) =0, z¢€[-mm]
U (2, ) — Ugg(2,8) =0 z € [-m,7], t>0,
and we add it to f, we will get

u(z,0) + f(z) = v(z) + f(z) # v(z).
The initial condition gets messed up because of f. So, we need to compensate for
this. For that reason, we look for a solution to a new problem:

u(z,0) = —f(x) + v(x)
u(—m,t) =u(m,t) =0
u(x,0) =0, z¢€[—-m ]
U (T, ) — Ugg(2,8) =0 x € [-m,7], t>0.
We nickname this new problem QO because we like it better than ©. Then, our
full solution will be
Uz, t) = u(x,t) + f(x).
This solution U will then solve . Here it is important to note that when we add
u and f, the boundary condition still holds. So, please think about this, because
in certain variations on the theme, it could possibly not be true.

Now we can use the techniques we have learned thus far. Separate variables,
writing u(x,t) = X (z)T'(t). We get the equation
! "
T't)X(z) = X"(2)T(t) =0 < T % = A
Since we have super nice BCs for X, we start with the X. We want to solve
X" (x) =AX(z), X(-m)=X(r)=0.
First case: A = 0. Then
X(z) =ax +b.
The BCs say
X(—nm)=—an+b=0 = ar =0b.
Next we need
X(m)=ar+b=0 = b= —an.
Combining these,
amr = —ar = a=0 = b=0.
So, no solution here because the zero solution doesn’t count! Moving right along,

let us try
A > 0.

Then, our solution looks like real exponentials or equivalently sinh and cosh.
HINT: If you interval looks like [0,1], it’s probably easiest to work with sinh
and cosh because sinh(0) = 0 and cosh’ = sinh. So this will often make things
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simpler. On the other hand, if you have an interval like [a,b] with a and be not
zero, it may be easier to work with the exponentials. So, that’s why I'm choosing
to do that here. Hence

X(z) = aeV M 4 e~V
The BCs require
X(—7m) = ae VAT 4 peVAT = .
Let’s multiply by eﬁ”, to get
a+ b2 T =0 = a=—be>V ",
We check the other BCs
X(m) = aeV ™ 4+ be= VAT =
substituting the value of a,

—pe2VATVAT | pe=VAT — .

If b = 0 the whole solution is 0, so we assume this is not the case and divide by b.

Multiplying by eV we get
AT L) = Y ] = 4V =0 = )\ =0,

which is a contradiction. So, no solutions lurking over here.
Thus, we consider A < 0. Then our solution looks like

X () = acos(\/|A|z) + bsin(y/|A|z).
We need
X (—7) = acos(—/|A|7) + bsin(—m/|A]) = 0 = acos(v/|A|7) — bsin(y/|A|r),
where we use the evenness of cosine and oddness of sine. We also need

X (7) = acos(y/|\m) 4 bsin(y/|\|7) = 0.

Adding these equations we see that we need

2k +1
acos(v/AIT) =0 = a=0or |\ = %, keZ.
Subtracting these equations we see that we need
2k
beos(v/ A1) =0 = b=0or |\ = 5 kel

I know it looks weird but I wrote it this way to make it looks similar to the one
with the cosine. Now, the number \/|)\| can only have one value. It cannot be two
different things at the same time. So, we have two types of solutions

X, (x) = c.os (%) n ?s odd
sin (%) n is even.

Here we have

n
|/\7L| = 57
The partner functions,

T, (t) = ay cos(V/ | An]z) + Br sin(y/ | An]2).



FOURIER ANALYSIS & METHODS 2020.02.10 7

We shall determine the coefficients using the IC. First, we write

u(a,t) = Tn(t)Xn().

n>1
Next, we use the easier of the two ICs, which is
ug(z,0) = 0.

So, we also compute

up(z,t) = > Th(t) Xn(x).

n>1

When we plug in 0, we need to have

uy(2,0) = > T (0)Xp(z) = 0.

n>1
So, to get this, we need
T!(0) = 0Vn.
By definition of the T,
T5,(0) = Buv/IAal-
So, to make this zero, since \/m # 0, we need
B, = 0Vn.

Hence, our solution looks like

u(a,t) = an cos(v/[Ant) Xn ().
n>1
The other IC says
u(z,0) = —f(x) +v(z).
Since cos(0) = 1, we see that we need
—f(@) +o(@) =) anXa(@).
n>1

This means that we need

(—f+v, X)) [T (—f(@) +o(z)) X (2)da

an = = e
|1 Xnl[? 71X () 2da
It suffices to just leave «,, like this. As we observed before, our full solution is now
502  5m?
Uz, t) = u(z,t) + f(z) = —% + % + ) aycos(v/ | An|t) Xn (),

n>1
with X,, defined as above.

. [folland
3.1. Exercises from [I] for the week.
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3.1.1. To be demonstrated.
(1) (4.2:5) Solve:
Uy = kg, + e ! sin(z),
with
u(z,0) = u(0,t) = u(m,t) = 0.
(2) (EO 23) Determine the eigenvalues and eigenfunctions of the SLP:
f"+Af=0, 0<z<a,

f(0) = f'(0) =0, f(a)+2f'(a) =0.
(3) (EO 24) Determine the eigenvalues and eigenfunctions of the SLP:

d du
4x 4z 1
—e (6 x)—)\u, 0<x< y

w(0) =0, «'(1)=0.
(4) (EO 1) A function is 2 periodic with f(z) = (z + 1)? for |z| < 1. Expand
f(z) in a Fourier series. Search for a 2 periodic solution to the equation
2" =y —y = f(a).
(5) (4.2.6) Solve:
Uy = ktgy + Re™, R,c>0,
u(z,0) =0 =u(0,t) = u(l,1).
Physically this is heat flow in a rod which has a chemical reaction in it such
that the reaction produced inside the rod dies out over time.

(6) (4.3.5) Find the general solution of
Ut — CZUIZ — (IQU,
u(0,t) = u(l,t) =0,
with arbitrary initial conditions. Physically, this is a model for a string
vibrating in an elastic medium where the term —a?u represents the force
of reaction of the medium on the string.

3.1.2. To solve oneself.
(1) (EO 25) Solve the problem:
Uge +Uyy =Y, 0<2 <2, 0<y<l1
u(z,0) =0, wu(z,1)=0

u(0,9) =y —y°, u(2,y)=0.

(2) (EO 27) Solve the problem
Ugzr T Uyy +20u=0, O0<z<l, O<y<lI,
u(0,y) =u(l,y) =0

u(z,0) =0, u(x,1)=2?—

(3) (4.4:1) Solve the equation
Uy + Uyy = 0
inside the square 0 < z,y < [, subject to the boundary conditions:

u(z,0) = u(0,y) = ul,y) =0, wu(z,l)==z(-=x).
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(4) (EO 3) Expand the function cos(z) in a sine series on the interval (0, 7/2).
Use the result to compute
2

2. 1

n>1
(5) (4.2.2) Solve:
u = kg, u(z,0) = f(x),
u(0,t) =C #0, wu,(l,t) =0.
(6) (4.3.1) Show that the function

1Y nme(t—s)
bn(t) := — in ————= d
o) = o [ T, (s
solves the differential equation:
n?m2c?

b/v;(t) + Tbn (t) = /Bn(t)a

as well as the initial conditions b,,(0) = b/,(0) = 0.
(7) (4.4.7) Solve the Dirichlet problem:
Ugy +Uyy =0in S ={(r,0):0<rg <r <1, 0<6<p},
u(re,0) =u(1,0) =0, wu(r,0)=g(r), u(r,8)=h(r).
REFERENCES

[1] Gerald B. Folland, Fourier Analysis and Its Applications, Pure and Applied Undergraduate
Texts Volume 4, (1992).
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ABSTRACT. Caveat Emptor! These are just informal lecture notes. Errors are
inevitable! Read at your own risk! Also, this is by no means a substitute
for the textbook, which is warmly recommended: Fourier Analysis and Its
Applications, by Gerald B. Folland. He was the first math teacher I had at
university, and he is awesome. A brilliant writer. So, why am I even doing
this? Good question...

1. INHOMOGENEOUS OR NON-SELF ADJOINT BOUNDARY CONDITIONS
We wish to solve the homogeneous wave equation inside a rectangle:
Ou = 0 inside a rectangle, u(x,y,0) = f(z,y), wu(z,y,0) =0,

u(x,y,t) = g(x,y) for (z,y) on the boundary of the rectangle.

We name this problem ©. Here we have an inhomogeneous boundary condition.
So, to solve the problem, we break it into two smaller problems which we tackle
one at a time: divide and conquer.

Idea: deal with time independent boundary conditions by finding
a steady state solution.

So, we begin by looking for
®(z,y)
to satisfy
[P = 0 inside the rectangle,
® = g on the boundary of the rectangle.

Since the physical problem doesn’t care where in space the rectangle is sitting, let
us put it so that its vertices are at (0,0), (0,B), (4,0), (A, B). Let us call this
problem QQ.

Once we have found ®, we will look for a solution w to solve

Uw = 0 inside the rectangle,

w(z,y,t) = 0 on the boundary of the rectangle,
w(z,y,0) = fz,y) — ®(z,y), wi(z,y,0)=0.
Then, our solution to O will be
u(z,y,t) = w(z,y,t) + O(z,y).
So, we look for ® to solve Q0.

Idea: deal with each inhomogeneous boundary component one at
a time.
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It is the same principle: divide and conquer. So, first, let us make nice zero
boundary conditions on the sides, and just deal with the complicated boundary
conditions on the top and bottom. Therefore we look for a function ¢(x,y) which
satisfies

U¢ =0,
?(0,y) = ¢(A,y) =0,
¢(z,0) = g(z,0), ¢(z,B) =g(z,B).
Idea: since the PDE is homogeneous and half of the BCs are good
and homogeneous, use separation of variables.
We therefore write the PDE:
Y// XI/
XY -YV'X=0 = ——="F=\
Y X
The BCs for X are X(0) = X(A) = 0. We have solved this problem. The solutions
are, up to constant factors

2,2
. /nTT nm
Xafw) =sin (7)==
The equation for the partner function is then:
Y/ Y 77,2’/T2
77’;:/\n = Y, = yE Y.

A basis of solutions is given by real exponentials, or equivalently hyperbolic sines
and cosines. Since our region contains 0, we have been given a hint that using the
hyperbolic sines and cosines may be more simple. So, we follow that hint, with

Yn(y)fancosh( 1 >+b smh( Ay).

Next we use superposition to create a super solution, which is legit because the

PDE is homogeneous:
T,y) = Z Xn(2)Yo(y)
n>1
To obtain the boundary conditions, we need
¢(z,0) = g(x,0) Z anX
n>1

Hence, the coefficients

<g(x,0),Xn>_fo 2,0) X, () dx
|1 Xn]2 e \Xn )|2dgc '

Ay =

For the other BC, we need

¢(z,B) = g(x,B) = > Xu(x (an cosh (””AB) + b, sinh (”ZB» .

n>1

Therefore we need

ntB . ntB <9($’B)aXn>
h( 22 h( 22 = W 2) An)
( ( A >“’”Sln ( A )) EAE

_ foA g(z, B)Xn(ﬂv)dx.
fOA |Xn(x)|2d.’b
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Solving for b,, we get
1 (9(z, B), Xn) (mB>)
b = — ( — ay cosh [ —— .
smh(%) || X2 A

Next, we proceed similarly by searching for a function to fix up the BCs on
the left and the right. Having dealt with the inhomogeneous BCs at the top and
bottom, we set the BC there equal to zero. In that way, when we sum, we shall not
mess up the function ¢. So, we look for a solution to:

OY(z,y) =0, ¥(2,0)=v(z,B)=0, ¢(0,y)=9(0,y), »(Ay) =g(4y).
By symmetry, the solution will be given by

S X ()Y (@),

n>1

with

) —sn (22),

B
and

—_~— €T

Y, (z) = a, cosh (%) + b~n sinh (%) .
The coefficients come from the boundary conditions:

—(900.9). %) _ fy 909 Xa(w)dy
|| X2 I 1 X (y)2dy

- 1 Ay). X)) A
b, = — — ((g( ’,\Zf)’ ) _ ay, cosh (mr )) .
sinh ("5*) || X0 [2 B

So, we have found

The other one

¥(a,y) = 3 Xo(9)Volo).

n>1

The full solution to this part of the problem is
P(z,y) = d(z,y) + Y(z,y).

Exercise 1. Verify that this function satisfies both the PDE O0® = 0 as well as all
of the boundary conditions.

To complete the problem, we have only to solve the homogeneous wave equa-
tion with the lovely Dirichlet boundary condition and the initial condition with ®
subtracted. So, we are solving:

Ou=0, w(x,y,0)=0, wu(z,y,0)=f(x,y)—@(x,y), u =0 on the boundary.
Idea: since we have homogeneous PDE and BC, use separation of
variables and superposition.

We use separation of variables for ¢, z, and y. Write

u=TXY.

The PDE is

T X Y
T'XY - X"TY - Y'TX =0 +— — = =

T X+Y A
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Since we have nice homogeneous (Dirichlet) boundary conditions, we begin with
the functions that depend on the position in the rectangle, that is X and Y.
Their equation is:

OBS! The left and right sides depend on different independent variables. Hence, by
the same reasoning that gave us A\, we get that
X// Y//

X ATy e

Let us solve for X ﬁrstE| So, we are looking to solve:
X"=uX, X(0)=X(A)=0.

We have solved this before. The solutions are up to constant factors:

nmwx Tl27T2

X (z) = sin (7) b = =5

This gives the equation for Y,
Yl/

5 = A Y(0)=Y(B)=0.

Let us briefly call
V=M\— ln.
Then, this is just the same equation but with different names for things:
Y"=vY, Y(0)=Y(B)=0.

Up to constant factors, the solutions are

2 2
Since ) -
mem n4m

Vi = A= fin == A= Anm =V + fin = =~z =~

Recalling the equation for the partner function, 7', we have

T () = anm c08(y/ | An,m[t) + b SID(4/ [ A [E).

w(@ g, t) = > Tnm(t)Xn(2)Ym(y).

n,m>1

Hence we write

The initial condition
u(z,9,0) =0 = by = 0Vn, m.
The other condition is that
w(@,y,0) = f(a,y) = D(@,9) = D anmXn(@)Vin(y).
n,m>1

Hence we require

(f =@, XY Jo.axpoms(f(@y) = 2(2,9) X0 (@)Y (y)dzdy

An,m = =
HXnYm||2 f[O,A]X[O,B] |Xn('r)Ym(y)‘2dxdy

Un this case, we could solve for either X or Y first, it actually does not matter which you
choose.
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The full solution is then
u(z,y,t) — (z,y).
Remark 1. The eigenvalues of the two-dimensional SLP we solved above,
m2n?  n2q?
Anm = =T T

are interesting to compare to the analogous one-dimensional case. In the analogous
one dimension case, where we have

n?m?
Hn = —?7
you can see that these are all square integer multiples of
2
=

This is the mathematical reason that vibrating strings sound lovely. On the other
hand, as long as the rectangle is not a square, that is A # B, it is no longer true
that the A,y are all multiples of

2 2

A171 = 7@ — ﬁ
For this reason, vibrating rectangles can sound rather awful. You can listen to
something along these lines (okay it’s for tori not rectangles, but mathematically
basically the same) here: http: //www. toroidalsnark. net/som. html| Further
exploration of the mathematics of music could make for an interesting bachelor’s
or master’s thesis....

2. HEAT EQUATION EXAMPLE ON AN INTERVAL WITH AN INHOMOGENEOUS
BOUNDARY CONDITION

We wish to solve the problem:

U — Uz =0, O0<z<4, t>0,

u(x,0) = v(x),
ug(4,t) =0,
u(0,t) = 20.

Let us call this problem Q. The boundary conditions are not zero. This will mean
that the associated SLP does not have self-adjoint BCs, which is a big problem.
We can use a similar “steady state” trick to deal with this. If the BC u(0,t) = 20
were instead u(0,¢) = 0, then the BCs would be self adjoint BCs. So we want to
make it so. Since the PDE is homogeneous, the

Idea: Deal with non-self adjoint BCs which are independent of
time by finding a steady state solution.

We want a function f(z) which satisfies the equation
—f”(:E) _ 07

and which gives us the bad BC
£(0) = 20.
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We have a nice homogeneous BC on the other side, so we don’t want to mess that
up, so we want

f'(4)=0.
Then, the function
f(x) =ax+b.
We use the BCs to compute
f(0)=20 = b=20.
f(4)=0 = a=0.
Similar to before, if we add it to the solution of

U — Uz =0, 0<z<4, t>0,

u(z,0) = v(x),
uz(4,t) =0,
u(0,t) = 0.

it’s going to screw up the IC. So, instead we look for the solution of

U —Uge =0, O0<zx <4, t>0,

u(z,0) = v(z) - f(),
uy(4,t) =0,
u(0,t) = 0.

This is now a PDE we know how to solve, so we call this problem Q. We use SV
to write v = XT (just a means to an end)ﬂ Next, we get the equation

T/ X//

—=—=\

T X
We solve the SLP

X"=)X, X(0)=0=X'(4).

The reason we know this is an SLP satisfying the hypotheses of the theorem is
because we verify that the BC is self-adjoint.

Exercise 2. Verify that the only solutions for the cases A > 0 are solutions which
are identically zero.

We only get A < 0. Then, the solution is of the form

@y, cos(\/ | An|z) + by sin(y/ | An ).
The BC at 0 tells us that
a, = 0.
The BC at 4 tells us that

2 1 2 1
cos(v/ald) = 0 —> /[hn]d = ”; 7 = ] = ”; x

2La fin justifie les moyens by M.C. Solaar is recommended listening.
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We then also get
N = (2n + 1)%72
" 64
We shall deal with the coefficients at the very end. So, we set

X, () = sin(y/[Anlz).
The partner function
T, At
T =Xy = Tn(t) = ane™ = age
We put it all together writing
u(a,t) =3 To(t)Xn().

n>1

—(2n+1)?7%t/64

To make the IC, we need

Since

we need

So we want the coefficients to be the Fourier coefficients of v — f, thus
4 _
o= £ X)) o (@) = f(@) Xn(2)da
n — - 4 .
|| X ]2 i [ X () [2da
Our full solution is

U(z,t) = u(@,t) + f(z) =20+ Y _ Tn(t) Xp(2).

n>1

2.1. Exercises to solve oneself: hints.
(1) (EO 25) Solve the problem:

Upe +Uyy =Y, 0<2 <2, 0<y<l1
u(z,0) =0, wu(z,1)=0

u®0.9) =y -y, u(2y) =0.
Hint: divide and conquer. First, find a function which is independent of x
to solve the inhomogeneous PDE. That is you want f(y) to solve:

") =y, f(0)=0=f(1).
Next solve the problem
Vgg + Vyy = 0,
v(z,0) =0 =wv(z,1),

v(0,y) =y —y° — fy), v(2y)=—f(y)
Show that the solution to the original problem is given by

u(z,y) = v(z,y) + f(y).
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(2) (EO 27) Solve the problem
Uggy +Uyy +20u=0, O0<z <1, O0<y<l,

u(07 y) = ’U,(l,y) =0
u(z,0) =0, u(w,1)=2— .
Hint: divide and conquer. The PDE is homogeneous. So write u = XY.
Plug it into the PDE. Solve for X function first because it has nice Dirichlet
boundary conditions. Then solve for the partner Y function. Use the

condition u(x,1) = 22 — x to determine the unknown coefficients.
(3) (4.4:1) Solve the equation

Uy + Uyy =0
inside the square 0 < z,y <[, subject to the boundary conditions:
u(z,0) =u(0,y) = u(l,y) =0, wu(z,l)=2z(-2x).

Hint: follow the same procedure as the preceding exercise.
(4) (EO 3) Expand the function cos(z) in a sine series on the interval (0, 7/2).
Use the result to compute
S G
2_1)2°
= (4n 1)
Hint: the coefficients in a sine series will be given by

4 /2
Bn = f/ cos(z) sin(2nz)dz.
™ Jo

One way to make this integral easier is to expand stuff into complex expo-
nentials from which you can obtain that

cos(ax) sin(bx) = % (sin((a + b)z) — sin((a — b)x)) .

To compute the big sum at the end, use Parseval’s equation.
(5) (4.2.2) Solve:
Ut = Kgz, u(x,O) = f(CC),
w(0,t) =C #0, uy(l,t) =0.
Hint: First deal with that icky inhomogeneous boundary condition C # 0

by finding a steady state solution as in lecture. This is ¢(z) which has
¢"(x) =0, ¢(0) = C, ¢'(I) = 0. Then, look for a solution to solve

Uy = kua;;u U’(xvo) = f(.’l?) - (b(.’l)),
u(0,t) =0, wug(l,t) =0.
For this problem you can now use separation of variables, SLP theory,
Hilbert space theory, and finally compute your coefficients using the initial

data. It’s all coming together!
(6) (4.3.1) Show that the function

1 t o nme(t — s
by (t) := pl) sin %ﬂn(s)ds
solves the differential equation:
n?n2c?

b;;(t) + Tbn(t) = /Bn(t)a
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as well as the initial conditions b,(0) = /,(0) = 0. Hint: Use the funda-
mental theorem of calculus to compute ] (). Check the initial conditions
by just substituting 0 for t. Next, compute the derivative of b}, to get b/
and check the equation.

(7) (4.4.7) Solve the Dirichlet problem:

Upg +Uyy =0in S ={(r,0):0<rg<r <1, 0<6<p},

u(re,0) =u(1,0) =0, wu(r,0)=g(r), u(r,8)=h(r).
Hint: Turn the equation into polar coordinates. An annulus looks like
a rectangle in polar coordinates. Next separate variables and write u =
R(r)O(0). Solve for the R function first because it has the beautiful bound-
ary conditions. This is going to become an Euler equation like we solved
for in lecture. So, check your lecture notes to see how we did that (Day
9). Once you have your R functions, they will be like R, (r), with corre-
sponding A, use this to find the partner ©,, functions. Finally use g and
h to determine the unknown coefficients. This part is a bit like finding the
coefficients when solving the Dirichlet problem in a rectangle.

REFERENCES

[1] Gerald B. Folland, Fourier Analysis and Its Applications, Pure and Applied Undergraduate
Texts Volume 4, (1992).



FOURIER ANALYSIS & METHODS 2020.02.14
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ABSTRACT. Caveat Emptor! These are just informal lecture notes. Errors are
inevitable! Read at your own risk! Also, this is by no means a substitute
for the textbook, which is warmly recommended: Fourier Analysis and Its
Applications, by Gerald B. Folland. He was the first math teacher I had at
university, and he is awesome. A brilliant writer. So, why am I even doing
this? Good question...

1. INHOMOGENEOUS PDE WITH TIME DEPENDENT INHOMOGENEITY

Solve:
Up —Upe =tx, 0<x <4, t>0,

u(,0) = v(z),
ug(4,t) =0,
u(0,t) = 0.

Non! Sacre bleu! Tabernacﬂ This is an inhomogeneous PDE and the inhomo-
geneity (tx) depends on time! A steady-state solution cannot save us. What do we
do?

Idea: Use a Fourier Series with non-constant coefficients to deal
with time-dependent inhomogeneity.

There’s a lovely way to deal with this type of inhomogeneity. We first solve the
homogeneous problem.

Exercise 1. Use separation of variables to solve the homogeneous problem:

Wy — Wy =0, 0<ax<4, t>0,

w(z,0) = v(zx)
wy(4,t) =0
w(0,t) = 0.
Having done this, we obtain
2 1 2.2
A=~ BT X @) = sin(yThle).

T, (t) = apet.

LThis is how they curse in French Canada.
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p = (v, X5) _ f04 U(x)mdas
n ||)(7L||2 f04 |Xn(x)|2d1.

)

and

w(z,t) =Y Tn(t)Xn(x).

n>1
Now, we look for a solution to this problem:

Ot — Quz =tx, 0<z <4, >0,

¢(x,0) =0,
o (4,t) =0,
#(0,1) = 0.

Idea: look for a solution of the form
Z en(t) Xn ().
n>1

So, we keep our X, from the homogeneous problem, and we look for different ¢, (t)
which will now be functions of t. We want the function to satisfy

Ut — Ugy = 1T,
so we put the series in the left side into this PDE:
Z () Xn(x) — cn(t) X)) (z) = ta.
n>1
We use the fact the X!/ = X\, X,,, so we want to solve
D Xn(@) (¢4 () = en(t)An) = ta.
n>1
Here is where we do something clever:
Idea: write out tz as a Fourier series in terms of X,.
The t just goes along for the ride, and

te = tz anXn (),

where

4
. (2, Xn) [y v Xn(2)dx
X X 2de
As usual, we do not need to compute these integrals.
So, we want:

Z Xn(x) (d,(t) — cn(t)Ap) =tz = Z tX,(z)an,.

n>1 n>1

We equate the coefficients of X,,:
(), (t) — Ancn(t)) = tay,.

This is an ODE for ¢, (t). We also want the IC, ¢,(0) = 0. The solution to the
homogeneous ODE;,

f'=Af =0 = f(t) = e times some constant factor.
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A particular solution to the inhomogeneous ODE is a linear function of the form:

—a A a
Ant+Bn — An*>\n(Ant+Bn):ant - An: n’ anin:*%
An An A2
So general solutions are of the form:
a a
cn(t) = Cpet — 2t — 2 for some constant C),.
An A2
To obtain the initial condition that ¢, (0) = 0, we see that we need
Gy
Thus, we have found
ap .t On 425
cp(t) = e — —t— —.

Therefore the solution we seek is

u(z,t) =Y en(t)Xn(2),

n>1
and the full solution to the original problem is
U(z,t) = w(z,t) + u(x, t).
2. SOLVING PROBLEMS WHERE THE SPACE VARIABLE IS IN AN UNBOUNDED

REGION

We will now develop a set of techniques which can be used for solving partial
differential equations when the space variable is in an unbounded region. It is
straightforward to generalize the definitions of £' and £2 to the real line.

Definition 1 (The real one). The set

LY(R) = the set of equivalence classes, of functions which satisfy:

f is measurable, and / |f(z)|dx < oo.
R

The function g belongs to the same equivalence class as f if g = f almost everywhere
on R with respect to the Lebesgue measure on R.

Definition 2 (The real one). The set
L*(R)

the set of equivalence classes of functions which satisfy:

f is measurable, and / |f (2)]?dx < oc.
R

The function g belongs to the same equivalence class as f if g = f almost everywhere
on R with respect to the Lebesgue measure on R.

Definition 3 (The workable definition of £*(R)). It will suffice for the purposes
of this humble course to treat L1(R) as the set of functions on R which satisfy

[ r@lde < .

The LY(R) norm is then defined to be

Imm:Ammm
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The set of such functions, denoted by L(R), is a complete normed vector space but
not a Hilbert space. A complete normed vector space is also known as a Banach
space.

Definition 4 (The workable definition of £2(R)). It will suffice for the purposes
of this humble course to treat L2(R) as the set of functions on R which satisfy

[ @) < oc.

This set of functions, denoted by L2(R), is a Hilbert space with the scalar product:

9= [ 1@

Hence, by definition, the norm on L?(R) is

1 fllc2my = /le(:z:)|2dx.

A lot of things which are true for £2 on a finite interval are no longer true on
L%(R). For example, the functions

e sin(x), cos(z)

are all neither in £1(R) nor in £2(R). Furthermore, there is no relationship between
L1(R) and £2(R). There are functions which are in £1(R) but not in £2(R):

0 <0
flx)=<vr 0<z<1
0 r>1

is in £1(R) but it is not in L2(R).
Exercise 2. Verify that this function is in L'(R) but not in L2(R). Compute its
L1(R) norm.

On the other hand, the function

f(sc)z{? v=l

= x>1

is in £2(R) but not in L}(R).

Exercise 3. Verify that this function is in L*(R) but not in L*(R). Compute its
L2(R) norm.

The function
pltd

is in both £1(R) and in £?(R).
Exercise 4. Verify that this function is in both L*(R) and L*(R). Compute its L*
and £? norms. Come up with your own examples of functions which are

(1) In LY(R) but not in L2(R).

(2) In L%(R) but not in L*(R).

(3) In both L*(R) and L*(R).
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So, all we can say is that

L'(R) ¢ L2(R), LA(R) ¢ L(R), L'(R)NL(R)#0.
So, we’re in a whole new territory here. To begin we shall define the convolution.
This will be super important for solving the heat equation on the real line.

Definition 5. The convolution of f and g is a function f*g:R — C defined by
frgx / f@—y)g(y)dy,

whenever the integral on the right exist.

Proposition 6. Assume that f and g are both in L?(R). Then

(1) |f = g(@)| < [Ifllllgl| for all x € R
(2) f+(ag+bh)=af*g+bfxh forallabeC
(3) fxrg=gxf
(4) [*(gxh)=(fxg)*h
Proof: This is useful to do because it helps to familiarize oneself with the
convolution. We first estimate

1 *g(z)| = /}R f(z — y)gw)dy| < /R 1F(@ - 9)llg(w)ldy.

The point z € R is fixed and arbitrary, so we define a function

o(y) = flx —y).

Then
|f*g(z)| < / lo(W)llg(y)ldy < lI#]ll]gll-
R

‘We compute

617 = [ 1o = )Pay = - [ )P = / "\ F@Rde = |1 £1

Above, we used the substitution t = x — y so dt = —dy, and the integral got
reversed. The — goes away when we re-reverse the integral. So, in the end we see
that

[f*g(@)] < [If1lllg]l

as desired. The second property follows simply by the linearity of the integral itself.
For the third property, we will use substitution again:

frgle /fx—

We want to get g(x — z) so we define
y=cr—z = r—y=2, dz=—dy.

Hence,

o

frg@=- [ T f@gle - 2)dz = | sto=21Gz = g ).

oo —00

We do something rather similar in the fourth property:

I (g*h)( / flz— / — 2)h(z)dzdy.
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For the other term we have
(f xg)*h(x) = /R(f «g)(x —y)h(y)dy = /R/Rf(x —y = 2)9(2)h(y)dzdy.
So, we define
t=y—2z = z—y=x—t—2z, dt=dy.
Then
f*(g=*h)(x //fx—t—z g(t)h(z)dzdt.

Finally, we call z = y and ¢t = z (sorry if this gives you a headache!) because they
are just names, and then we get

fx(g*h)(z //fx— — 2)g(y)h(z)dzdy.

If you're worried about the order of integration, don’t be. Since everything is in
L2, these integrals converge absolutely, so those Italian magicians, Fubini & Tonelli
allow us to do the switch-a-roo with the integrals as much as we like.

One of the useful features of convolution is that we can use it to smooth out
non-smooth functions. This is known as mollification, which comes from the verb,
to mollify, which means to make smoothﬂ

Proposition 7 (Mollification). If f € CL(R) N L2(R), f' € L2(R), and g € L?(R),
then f x g € CL(R). Moreover (f * g)' = f' * g.

Proof: Everything converges beautifully so just stick that differentiation right
under the integral defining

frgla) = /R f(& - y)g(y)dy.
Hence
(f*g)(z) = / F(@ — y)g)dy = f * g(a).
R

If you are not satisfied with this explanation, a rigorous proof can be obtained using
the Dominated Convergence Theorem, but that is a theorem which we cannot prove
in the context of this humble course.

2.0.1. An example. Let’s compute a convolution. Let f(z) = ﬁ and
1 |z| <3
x) = .
9(@) {o 2| > 3

The function g is not differentiable at the points +3. The function f is perfectly
smooth on R. Let’s convolve them!

1 3 1
f*gx /fxf dy/Rlﬂx_y)ﬂ(y)dy/31+<x_y)2dy-

2One can mollify garlic, tahini, chickpeas, soy sauce, olive oil, oregano, black pepper, lemon
juice, in suitable proportions, together with a bit of hot sauce like Cholula, Tabasco, or Sriracha,
to make hummus.



FOURIER ANALYSIS & METHODS 2020.02.14 7

If we dig deep into our calculus memory, we vaguely recall that
1

(arctan(t))’ = P

So, this integral becomes:
—arctan(z — y)\‘s_3 = —arctan(z — 3) + arctan(z + 3).

This is indeed a smooth function of x.

3. THE FOURIER TRANSFORM

One of the reasons that the convolution is so nice is because it plays well with
the Fourier transform. So let us define this Fourier transform.

Proposition 8. Assume that f € LY(R). Then

f€) = [ fa)e s
R
is a well-defined complex number for any £ € R.

Proof: Simply estimate

/ e " f(z)dx
R

< /]R |f(z)]dz < oo.

0c

3.1. Example of computing a Fourier transform. Let us get a feel for this
by computing a Fourier transform. Consider the function f(z) = e~ where
a > 0. Then it is certainly in £*(R) so we ought to be able to compute its Fourier
transform. This is by definition

0 )
Jie3) :/e_”ge_amdx:/ e_imge‘“”dx—k/ e T .
R —00 0

We compute these integrals by finding a primitive for the integrand:
0

z(a—i§) z(—a—ig) |
- e e
f§) = ‘ —
a—1i§ |_ —a —1i€ |,
1 1 a+i€+a—i€ 2a
= — + — = = :
a—1i&  a+i€ a? + &2 a? + &2

3.2. Answers for this week’s exercises to be done oneself.

(1) (Eo 25, 27, 3) Please see the end of the E6 document! It has answers!
(2) (4.4:1)

u,y) = %j n%:l (2n—1)3 sinlh((Qn “ ) S0 <(2n 3 Dm) sinh (W) '

(3) (4.2.2) Here we define first:

2 ((@n—Dmx
by, = 7/0 f(x)sin <2l> dz.
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Then the answer to this one is:

u(z, ) =C+ > (bn - 7r(2icl)> exp (—(”_16?2”2’”) sin ((n— ;) 77") .

n>1

(4) (4.3.1) And the answer is... Geez Folland where is the answer? Oh, right
this one is to “verify” etc. Well, the way I find this easiest to do is to
re-write using the angle addition formula for the sine:

¢

bu(t) = % ; sin(nmct/1) cos(fmrcs/l)ﬂn(s)ds+% /Ot cos(nmct/l) sin(—nmes /1) B (s)ds.

Then we can take out the s-independent terms to the front of the integral,
so that

by (t) :sin(mrct/l)%/o cos(—mrcs/l)ﬁn(s)ds—i—cos(mrct/l)%/0 sin(—nmes /1) B (s)ds.

Now we can compute the derivatives and verify the formulas using the
product rule together with the fundamental theorem of calculus. Please
just ask if you have questions about how this works. Also, if you solved in
a different way but ended up correct, that’s just peachy too!

(5) (4.4.7) Wow, this answer is long. Let

P ey

0gTo

and 1
. nmlogr
h(r) = Zdn sin < oz ro )
then
I
U(’I“, 9) = Z(anenﬂé)/ logro + bne—nTrQ/ log 7”0) sin (77;g0§()7‘> 7
n>1

where

an + bn = ¢y, anenﬂﬁ/logro + bne—nﬂ'ﬁ/ log o — dn

Happy Weekend! ©
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ABSTRACT. Caveat Emptor! These are just informal lecture notes. Errors are
inevitable! Read at your own risk! Also, this is by no means a substitute
for the textbook, which is warmly recommended: Fourier Analysis and Its
Applications, by Gerald B. Folland. He was the first math teacher I had at
university, and he is awesome. A brilliant writer. So, why am I even doing
this? Good question...

1. THE ILLUSTRIOUS FOURIER TRANSFORM

The following is a useful and fundamental collection of facts about the Fourier
transform. It may be useful to introduce the notations

F()E) = f€) = f(e).

Sometimes we feel like a wide hat, sometimes a narrow hat, and sometimes we need
that big F. It is useful to be fluent with all three equivalent notations.

Theorem 1 (Properties of the Fourier transform). Assume that everything below
is well defined. Then, the Fourier transform,

FUHE) = f(©) / f(@)e " da

satisfies
(1) F(f(z—a)(§) =ef(&)
(2) F(f )(5) =i£f(&)
(3) Flxf(x))() =iF(f)(E)
(4) F(f *g)(&) = f(£)3(§)

Proof: We just compute (we are being a bit naughty, not bothering with issues
of convergence, but all such issues are indeed rigorously verifiable, so not to worry).
First

Flfa=a)(©) = [ fla—a)eda,
Change variables. Let ¢ = x — a, then dt = dx, and x =t 4 a so
F(fw—a)(€) = /R fR)e T 8at = et f(¢).
The next one will come from integrating by parts:

/ )6 de = fz)e i€~ / it f(x)e " dr = ie ().
R R

1
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The boundary terms vanish because of reasons (again it is £! and £2 theory stuff).
Similarly we compute

/R e ()t =~ / f(x) el = i / Fla)e™ S da = iF(£)'(€).

Finally,
£) :/f*g(a: ngdx*//f T—y e~ dyda.
R

We do a little sneaky trick

= / / fla—y)g(y)e e e dyda
RJR

=//f(x—y)e’i(f”’”gg(y)e’iygdydx-
RJR

Letz:x—y Thendz=—dyso

= f(¢
ifé

Theorem 2 (Extension of Fourier transform to £2). There is a well defined unique
extension of the Fourier transform to L?(R). The Fourier transform of an element
of L2(R) is again an element of L2(R). Moreover, for any f € L2(R) we have the
FIT (Fourier Inversion Theorem):

(1.1) f@) = 5= [ Foesi.

. 't
The theory item FIT is a Julklapp. All you need to know is the equation @1_
The next theorem is also a theory item, with a short proof. The key is to start on
the right side and use the FIT.

Theorem 3 (Plancharel). For any f € L2(R), f € L2(R). Moreover,
(£,9) =2m(f.9),

It shall be quite useful to know how to “undo” the Fourier transform.

and thus R
1f1Z2 = 2lIfI[%,
for all f and g in L?(R).

Proof: Start with the right side and use the FIT on f, to write

m(f,g) = 2x / / e f(&)g(x)deds = / / W f(&)g(x)deda.

Move the complex conjugate to engulf the e,

//f g(x)e—wEdeda.

Swap the order of integration and integrate x first:

//f g(r)e e dude = /f £5(€)d¢ = (£,9).
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We may from time to time use the following cute fact as well.

Lemma 4 (Riemann & Lebesgue). Assume f € L*(R). Then,
lim f(&) = 0.

E—+too
We shall indeed need to actually prove the next one, because it’s going to be
quite important for solving the heat equation on the real line.

1.1. The big bad convolution approximation theorem. This theory item is
Theorem 7.3, regarding approximation of a function by convoluting it with a so-
called “approximate identity.” This theorem and its proof are both rather long.
The proof relies very heavily on knowing the definition of limits and how to work
with those definitions, so if you're not comfortable with € and ¢ style arguments, it
would be advisable to brush up on these.

Theorem 5. Let g € L*(R) such that

/Rg(x)dx =1.

a= /O g(x)dz, (= /OOO g(z)dz.

— 00

Define

Assume that f is piecewise continuous on R and its left and right sided limits exist
for all points of R. Assume that either f is bounded on R or that g vanishes outside
of a bounded interval. Let, for e >0,

i) 9/

€
Then

li_rg%f *ge(r) = af(z+) + Bf(x—) Ve ek
Proof. Idea 1: Do manipulations to get a “left side” statement and a “right side”

statement.
‘We would like to show that

mn/f@—@%@ﬂy=@ﬂ%ﬂ+ﬁﬂ%ﬁ
R

e—0

which is equivalent to showing that

hm/f@—@%@ﬂw%ﬁ@ﬂ—ﬁﬂ%ﬁ=0
R

e—0
We now insert the definitions of o and 3, so we want to show that
0 0o
ti [ - y)ady~ [ gty - [ gy =0,
e—=0 Jr oo 0

We can prove this if we show that

e—0 | _

9 lim ﬂx—@%@ﬂy—[ﬁf@+wwwy=0
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and also
o0

et [ - y)ato)s - [ " e)gly)dy = 0.
0 0

e—0

In the textbook, Folland proves that x holds. So, for the sake of diversity, we
prove that © holds. The argument is the same for both, so proving one of them is
sufficient.

Hence, we would like to show that by choosing e sufficiently small, we can make

0 0
/_ F(x — y)ge () dy — / f(a+)g(y)dy

as small as we like. To make this precise, let us assume that “as small as we like”
is quantified by a very small § > 0. Then we show that for sufficiently small £ we
obtain

/_OOO f@—y)g:(y)dy — /_OOO f(x—i—)g(y)dy‘ <4

Idea 2: Smash the two integrals together:

0
/ (F(x — 9)g: () — F(a-H)g(y)) dy.

— 00

Well, this is a bit inconvenient, because in the first part we have g., but in the
second part it’s just g.
Idea 3: Sneak g. into the second term. We make a small observation,

[ swis= [ %= [ s

Above, we have made the substitution z = ey, so y = z/e, and dz/e = dy. The
limits of integration don’t change. By this calculation,

0 0
/_ f(a+)g(y)dy = /_ Fa)g-()dy.

(Above the integration variable was called z, but what’s in a name? The name of
the integration variable doesn’t matter!). Moreover, note that f(x+) is a constant,
so it’s just sitting there doing nothing. Hence, we have computed that

0

0
/ (f(x —y)g=(y) — flz+)g(y)) dy = / 9:(y) (f(x —y) — f(z+)) dy.

— 00 —0o0
Remember that y < 0 where we're integrating. Therefore, x —y > x.
Idea 4: Use the definition of right hand limit:

im f(z —y) = f(z+) = lim f(z —y) - f(z+) = 0.
y10 y10
By the definition of limit there exists yo < 0 such that for all y € (yo,0)
(@ —y) = fla+)] < 6.

We are using § for now, to indicate that 5 is going to be something in terms of
0, engineered in such a way that at the end of our argument we get that for e
sufficiently small,

\ | 0t a—u - iwr)a <o
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To figure out this g, we use our estimate on the part of the integral from yq to 0,

0 0
[ v~ f(:v+))gs(y)dy‘ < [ 1@ —y) - Fa)llge)ldy

0] Yo

0
<3 |ga<y>|dys5/R|gg<y>|dy:5||g||.

Yo
Above, we have used the same substitution trick to see that

/R 96 ()ldy = / l9(2)1dz = [lg]l

where ||g|| is the L'(R) norm of g. By assumption, g € L'(R), so this L' norm is
finite. Moreover, because we know that

/ 9(y)dy =1,
R
we know that
loll = [ loto)idy > ‘ / g(y)dy] -1
R R

So, let

~ )

0= —-.

2||gl|

Note that we're not dividing by zero, by the above observation that ||g|| > 1. So,
this is a perfectly decent number. Then, we have the estimate (repeating the above
estimate)

0 0
[ ta=u- f(w+))gs(y)dy‘ < [ 1@ —y) - Fa)llge)ldy

0] Yo
0

~ ~ ~ 1)
<5 [ lo-wldy <5 [ lactwldy = loll = 5
Yo R 2
Idea 5: To deal with the other part of the integral, from —oo to gy, consider
the two cases given in the statement of the theorem separately. It is important to
remember that

Yo < 0.

So, we wish to estimate

'[y;(f(x —Y) — f($+))ge(y)dy‘ .

First, let us assume that f is bounded, which means that there exists M > 0 such
that |f(x)] < M holds for all x € R. Hence

[f(@ —y) = flaH) < |flz —y)l + [f(a+)] < 2M.

So, we have the estimate

‘/y;(f(x —y) - f(er))gs(y)dy‘ < /

— 00

Yo

=) ~F+la.ldy < 221 [ " 0 ()ldy.

We shall do a substitution now, letting z = y/e. Then, as we have computed before,

" oty = [ Oo/ 19(2)1dz.
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Here the limits of integration do change, because yg < 0. Specifically yo # 0, which
is why the top limit changes. We're integrating between —oo and yo/e. We know
that yo < 0. So, when we divide it by a really small, but still positive number, like
g, then yo/e = —o0 as € — 0. Moreover, we know that

0
/ l9(y)ldy < oo.

— 00

What this really means is that

0 0
lim /R Ig(y)ldy=/_oo l9(y)|dy < oo.

R——o0
Hence,
0 0
lm l9(y)ldy — / 19(y)|dy = 0.
——00 — 0 R
Of course, we know what happens when we subtract the integral, which shows that
R
Hlim l9(y)|dy = 0.
——o0 J_
Since
lim yg/e = —o0,
e—0
this shows that
yo/e
lim l9(y)|dy = 0.

e—=0 ) _ o

Hence, by definition of limit there exists €g > 0 such that for all € € (0, £¢),

yo/e 5
/OO lg(y)|dy < m

Then, combining this with our estimates, above, which we repeat here,

] / " (F@—y) — fa+)ge(w)dy| < / " 1 F ) Fa)llg-(v)ldy < 20 / " 0wy

— 00

5 5
oM— 2 O
< Moryy T2

Therefore, we have the estimate that for all € € (0, gq),

‘ / OOO 0:0) (f(& — y) - F(24)) dy]

Yo

0 0
S/ \ga(y)IIf(x—y)—f(er)IdyS/ \f(x—y)—f($+)|Iga(y)Idy+/ |f(x—y)—f (z+)lg=(v)|dy

—0oQ — 00 Yo

6 0
<§+§—5.

Finally, we consider the other case in the theorem, which is that g vanishes
outside a bounded interval. We retain the first part of our estimate, that is

’ 5
[ 15— 9) - g wldy < 3.

Next, we again observe that
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By assumption, we know that there exists some R > 0 such that
g(z) = 0Vz € R with |z| > R.

Hence, we may choose ¢ sufficient small so that

P <R

€
Specifically, let

1
€0 = > 0.
’ —Ryo

Then for all € € (0,e9) we compute that

W <R

€

Hence for all y € (—00,yp/e) we have g(y) = 0. Thus, we compute as before using
the substitution z = y/e,

Yo/€

[ a0 = sl = [ 15— e2) = fa gt = o

because g(z) = 0Vz € (—o00,yp/e). Thus, we have the total estimate that for all
S (Oa 50)7

\ / OOO 0:(0) (F(z —v) — Fla+)) dy]

0 Yo 0
S/ \ga(y)llf(x—y)—f(wﬂldyﬁ/ \f(x—y)—f(er)lIga(y)ldy+/ |f(x—y)—f (z+)l9=(v)|dy

—o0 Yo

0
— <.
<O+2_6
]

1.2. Exercises for the week to be demonstrated. On Monday in the large
group we shall have:

(1) (7.2.13.b) Use Plancharel’s theorem to compute:

/ 12 g — T
R (2 +a?)(t2+02)  a+b
(2) (E6 12) Let

f(t) :/0 Vwe®” cos(wt)dw.

/ (1) 2.
R

(3) (7.4.1.a,b) Compute the Fourier sine and cosine transforms of e=¥*. These
are defined, respectively, to be

FAE) = / " f@)sin(en)de,  Fulf)(E) = / " f(a) coséx)da.

On Wednesday or Friday depending on your group we shall have:

Compute

(1) (Eb 6.a, b) Compute the Fourier transforms of:
t 1
+a2)? (+a2)?
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(2) (E6 7) A function has Fourier transform

Compute
/R tf(0)dt,  f(0).

(3) (7.3.2) Use the Fourier transform to derive the solution of the inhomoge-
neous heat equation u; = kg, +G(z,t) with initial condition u(z,0) = f(z)
(assume f € L3(R):

uet) = £ K@)+ [ [ Gl K@= g)dsay
1

Here

Ki(z) = e Akt

Varkt

1.3. Exercises for the week to be done oneself.
(1) (Eo 9) Compute (with help of Fourier transform)

/Rx(s;l(_t)l)dx.

(2) (E6 67) Compute the Fourier transform of the characteristic function for
the interval (a, b) both directly and by using the known case for the interval
(—a,a).

(3) (7.2.8) Given a > 0 let f(z) = e %22 1 for x > 0, f(z) = 0 for z < 0.
Show that f(§) =T'(a)(1 +4€)~* where I' is the Gamma function.

(4) (7.2.12) For a > 0 let

a sin(ax)

fo) =y %)=
Use the Fourier transform to show that: fo*fy, = fats and ga*gp = gmin(a,b)-
(5) (E6 6.d,e) Compute the Fourier transform of:

t

e Msin(bt), (a,b>0), Foo——.

(6) (Eo 15) Find a solution to the equation

u(t) + /t e"tu(r)dr = 2,

— 00

(7) (E6 11) For the function

compute

/R F(t) cos(t)dt, /R 1£() |2t

REFERENCES

[1] Gerald B. Folland, Fourier Analysis and Its Applications, Pure and Applied Undergraduate
Texts Volume 4, (1992).
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ABSTRACT. Caveat Emptor! These are just informal lecture notes. Errors are
inevitable! Read at your own risk! Also, this is by no means a substitute
for the textbook, which is warmly recommended: Fourier Analysis and Its
Applications, by Gerald B. Folland. He was the first math teacher I had at
university, and he is awesome. A brilliant writer. So, why am I even doing
this? Good question...

1. APPLICATIONS OF THE FOURIER TRANSFORM

We will use the Fourier transform to solve both the homogeneous heat equation as
well as the inhomogeneous heat equation. To do this, we briefly recall an important
calculation. We would like to compute

2
/ e ¥ dx.
R

There is a beautiful trick for doing this calculation. Here is where the idea origi-
nates. If this integral were
/ ze " dx
R

we would know how to compute it. So we would like to be integrating against xdx
not just de. When do we have something like xdz? We have something of this form
when we are working in polar coordinates in R?, because there we have rdrdf. So,
we could compute the integral

[o ] -7
/ e rdrdd = 271'/ e rdr = 271'(3—
R2 0 -2

On the other hand

2
/ efrzrdrdﬁz/ e’w2’y2dxdy:/efmgdx/efyzdy: (/ €I2dx> :
R2 R2 R R R

Thus

oo

= T.
0

/ e~ dr = /7.
R

1.1. Homogeneous heat equation. We wish to solve:

up(x,t) — Uy (2,8) =0, xz€R, t>0
u(z,0) = v(x),

where our initial data v is assumed to be bounded, continuous, and also in £2(R).

Idea: Fourier transform the PDE with respect to the x variable,
because x € R, whereas t > 0, but the Fourier transform integrates
over all of R, thus x is the wise choice.

1
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We obtain
ﬁt(§7 t) - amz(§7 t) =0.
Now, we use the theorem which gave us the properties of the Fourier transform. It
says that if we take the Fourier transform of a derivative, f’ (&) =& f (£). Using
this twice,
ﬂ;cx(§7 t) = _5212(57 t)'
Now, those of you who are picky about switching limits may not like this, but it is
in fact rigorously valid:
atﬂ(fa t) + 52'&(57 t) = 0.
Hence
8tﬂ<£7 t) = _52’&(6’ t)'
This is a first order homogeneous ODE for u in the ¢ variable. We can solve it!!!
We do that and get
a6, 1) = e el©).
The constant can depend on £ but not on ¢. To figure out what the constant should
be, we use the IC:
a(§,0) = 0(§) = (&) = (8).
Thus, we have found
(e 1) = e 19(8).

Now, we use another property of the Fourier transform which says

Fx9(€) = F(©)3()-
So, if we can find a function whose Fourier transform is e_EQt, then we can express
u as a convolution of that function and v. So, we are looking to find
g(x,t) such that g(x,t) = e €,
We use the FIT: ) ' ]
g(z,t) = %/Re”fe_g tae.

We can use some complex analysis to compute this integral. To do this, we shall
complete the square in the exponent:

. 2 2
2 e I
—&%t it = <§\/E 2\/£> 0

Therefore we are computing

fom{ei-25) )

Using a contour integral, we can in fact ignore the imaginary part. To see this,
first note that we are integrating with respect to &, so we can for the moment just

consider: )
o ix
onl o))

We draw a box. The box has vertices in the complex plane at the points =R and
+R+ 21\%. The integrand above is holomorphic for all £ inside this box. Therefore
the integral around the boundary of the box is zero. When £ = £R, the integrand

is very small, thus the integrals on the vertical sides of the box tend to zero. Hence
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the integrals along the two horizontal sides of the box are also adding up to zero,
which shows that

/_Z exp (— (ﬁt — ;\2)2> d¢ = /:: exp(—EX2)de.

So, we compute (using a change of variables to y = £/t so t=12dy = dg)

—&%t :L —y° :ﬁ
/Re d€ \/i/Re dy i

/Rexp (— (5\/%— 21?%)2 — i) d¢ = \\/[jeﬁ.

Recalling the factor of 1/(27) we have

1 yr 2 1 .

zZ —
at = e 4t ,

g(@,t) = i © N

Hence,

FNE]

Hence the solution is

u(z,t) = g xv(x) /R2\}7Tt

Exercise 1. Verify that for all x € R and t > 0 our solution satisfies the homoge-
neous heat equation.

e~ @0/ (4D (1)) dy.

Question 1. Why is our solution equal to v when t = 07

If we naively set t = 0, we obtain an expression that does not make sense. So,
how do we know that this expression indeed gives us our initial data at t = 07 We
use the big bad convolution approximation theorem! Consider the function

2
e~ T /4

p(r) = N

1 2
xdx:—/e_z dz =1,
/Rw() 7= I

using the change of variables = Z. This function satisfies the hypotheses of the
theorem (the so-called g function). We have assumed that v is bounded. Therefore
the convolution approximation theorem says that

This function satisfies

limp, xv(z) =v(z) VreR.
el0

Let’s re-name € to /%, so that

lim *v(z) = v(x).
lim o x v(a) = (o)

Let’s write out the
_(z—y)?
e (VD)2

pyreote) = | N Vs

The theorem says
_(@=y)? 5
e VD)2 e—(@—y)7/(4)
lim (y)dy =lim | ————

— v(y)dy = limu(z,t) = v(x) VzeR.
WL 2wy W | v (y)dy tw( ) =v(z)
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‘We therefore understand

u(z,0) :== ltii%l u(z,t) = v(z)Ve € R.

With some abstract uniqueness theory, beyond the scope of this humble course, we
could also prove that our solution u(z,t) is the unique solution to the heat equation
which has initial data equal to v(z) and which is in £2 for all ¢ > 0.

1.2. Inhomogeneous heat equation. If you have an inhomogeneous IVP for the
heat equation, here are two ways to deal with that:

(1) If the inhomogeneity is time independent, look for a steady state solution to
solve the inhomogeneous equation. Then, solve the homogeneous equation,
but change your initial data. If f is your steady state solution and v was
your initial data (before f came along), solve the IVP for the homogeneous
heat equation with IC v — f rather than just v.

(2) If the inhomogeneity is time dependent, you can try to solve by Fourier
transforming the whole PDE.

Since we know how to do the first type of example, let us consider the second
type of example. We want to solve an inhomogeneous heat equation on R:

U — Uz = G(z,t), u(z,0) =wv(z) is continuous, bounded, and in £2.
Let’s try the Fourier transform method:

This is a first order ODE. If you are a CHEMIST, then you did the special extra
part of the course and actually learned how to solve this ODE in ¢. Pretty cool.
To see how this works, treat £ like a constant, and write

F'(6) + € £(t) = G b).
The muthod says to first compute
ef €t — &7t
Next compute
/652té(§,t)dt.
Then, the solution is

[ LG (€, t)dt + C(€)

e€?t

= 67527:/6528@(5, s)ds + C’(E)e*g{zt.

We would like the initial condition to be satisfied, so when ¢ = 0 we should obtain
that this is equal to the Fourier transform of the initial data,

o(8).-

We are free to choose any primitive function of 6*525@‘(5 ,8). It is very convenient
to choose the one which vanishes when ¢ = 0, namely

¢
/ 6_52SG(§7s)ds.
0
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Then to obtain the initial condition, we just let C(£§) = ©(£). Thus, our Fourier
transformed solution is

t
6_52t/ 6_52sé(§7s)ds +@(f)€_§2t.
0

We need to figure out from whence this Fourier transform came (equivalently,
invert the Fourier transform). This is a linear process, so we can deal with each
piece separately and then add them. Well, the second part we did last time. We
saw that the Fourier transform of

_ (== y)"‘

2f / vy

is
2
o(&)e L
Similarly, let’s look at the first part. It is

t t
e [ aie s = [ e C6(E o
0

0
By the same calculations, the Fourier transform of

zm/

Yet again playing switch-a-roo with hmltﬂ

5 Gy, s)dy = eI, 9)

0

f( /0 . m / &5 Gy, )dyds> (€)= / LG, 5)ds.

Therefore, our full solution is

_(@=n?
~ i S>G (y, s)dyds +

/Ozm/ [ =

This solution satisfies our initial data because

lim / — iy 5> G(y,s)dyds = 0,
tl0 Jo 24/7 t - S y ) Y

and just as in the homogeneous heat equation, we have by the convolution approx-

imation theorem that

lim / ! e uly)dy = vl@) Vo e R
=v(z x .
t10 2T v=

1.3. Computing tricky integrals (sometimes you can compute integrals
that computers cannot!) The following is a very useful observation:

0) = /R F2)dz

So, if you have the integral of a function, this is equal to the value of its Fourier
transform at £ = 0. So, if you can look up the Fourier transform of the function,
like in Beta or Folland, then to compute the integral, no need for fancy contour
integrals, simply pop & = 0 into the Fourier transform.

I Trust me!
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Here is an example:

1
compute: / ———dx.
R + 9
We see this is # 10 in Folland’s TABLE 2. On the right side, we get the Fourier
transform (with a = 3) is given by

™ _
T -3l

So, this integral is the Fourier transform with & = 0, hence the value of the integral

1S
s

g.
That was pretty easy right? For something more complicated, you could have say

/R f(2)g(x)da,

with some icky functions f and g (see extra 6vning # 9). Now, you can use that
the Fourier transform of a product is

(2m) (/% 9)(6)-
Hence, what you have above is
[ f@gt@de = [ O p)g(a)ds = (207 (F )0,
R R

So, if the Fourier transforms of these functions are somewhat better than the func-
tions f and g, then the stuff on the right could be nicely computable and give you
the integral on the left. Try # 9 to see how this works. (If you get stuck, Team
Fourier is here to help! Just ask us!)

As another example, there is extra exercise number 10. It says you know the

Fourier transform of f(t) is Iivl%ﬂ We are then asked to compute

[
R
By the Plancharel theorem,

1 —
[irerpa=o- [ (Fepea
R 2 Jr
Now we use the theorem on the properties of the Fourier transform which says
F 1) =F©F©:
Now we use that same theorem to say that

(&) = ief(©).
So, the stuff on the right is

R S
5 [ F©if )P

We are given what the Fourier transform is, so we put it in there:

1 £
%/ TP ™
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Now this isn’t so terrible. It’s an even function so this is

1 oo 2
- @
It just so happens that the derivative of
1 o —9¢?
@+ @

1 'S -1 IO |
E/R(g3+1)4d5_97 GRS

SO

1.4. Exercises for the week to be done oneself: hints.
(1) (E69) Compute (with help of Fourier transform)

s
[
rz(z2+1)
Hint: There are disguised zeros and ones hiding all over the place in
mathematics. The above is equal to

sin(z) oy ;. sinz 1
/Rix(:erJrl)e de =F Y il (0).

So, we now look at Table 2 in Folland, especially item number 8. It says
that the Fourier transform of a product is a convolution of the Fourier
transforms. So, we apply this to say

F (Sll”cleﬂ) )= F (S“;f”)  F (x21+1> (0).

Now we use items 10 and 13 from the same table, together with the def-
inition of the convolution, to substitute for the Fourier transforms on the
right side:

1
— [ mx1(0— y)wef‘yldy.
27T R

Recalling what y; means:

1
:I/ ey,
2/

I leave it to you do compute the integral!

(2) (Eo 67) Compute the Fourier transform of the characteristic function for
the interval (a, b) both directly and by using the known case for the interval
(—a,a).

Hint: Well, doing it directly we are computing

b b—a £E=0
—w;fd _ ] ) )
/a e X {é (e*blg . e*‘“‘f) g# 0

To do it the other way, it’s convenient to introduce some notations:

a+b b—a
m = A= .
2 2
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Then our interval is [m — ¢, m + ¢]. So we are computing

m-£ )
/ e =y,
m—~

To make this more familiar let’s do a change of variables so that the integral
goes from —/£ to £, so we let t = x — m, then dt = dx, so we are computing

, ¢
/ e—i(tAm)E gy — e*imﬁ/ e Mdt = e _gg(8).
¢ —£

So now for the Fourier transform of the characteristic function of the inter-
val, that is the function x|_g ¢, we can use the item 12 in Table 2 of Folland.
With a little algebraic manipulations, one can show that these both roads
lead to the same answer.
(7.2.8) Given a > 0 let f(z) = e ®2% ! for x > 0, f(z) = 0 for z < 0.
Show that f(£) = I'(a)(1 + i€)~* where I is the Gamma function.

Hint: one is computing

/OO e ey gy = /C>Q e~ e(+i8) pa=lygy.
0 0
On the other hand,
I(a) = / t*te~tdt.
0

Try doing a substitution to relate these integrals...
(7.2.12) For a > 0 let
a sin(ax)

fa(z) = - Ga() =

(22 + a?)’ T

Use the Fourier transform to show that: fo*fy, = fat1s and ga*gp = gmin(a,b)-

Hint: The idea is basically repeated use of the items in Folland’s Table
2, and using the FIT. First, compute the Fourier transform of f, * f; which
is fa(€)f5(€), so you can write this stuff down. You will get something like
e~ 1%l Next, use the FIT to return to f, * f,. Note that one way to write
the FIT is

1
f@) = 5-F(~e).

Do something similar for the second one...

(E6 6.d,e) Compute the Fourier transform of:

t

t24+2t+5

Hint: I might deal with the first one by splitting up the sine into its com-

plex exponentials, using definition of Fourier transform, and just directly

integrating. As for the second one, note that t2 + 2t +5 = (t + 1)? + 4.

Do a substitution in the definition of the Fourier transform, let x = ¢ + 1.

Then use item 10 on Folland’s Table 2.
(E6 15) Find a solution to the equation

e~ sin(bt), (a,b>0),

t
u(t) + / e"tu(r)dr = e 21,
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Hint: This is a tricky one! First turn the integral into a convolution. How
to do that? Try using ©(7)e~!7l. Write out the convolution of that function
together with u(7). Next, Fourier transform both sides of the equation. So
you will get

a(§) + (B(r)e~ I (§)a(g) = e2I1(&).
Compute the Fourier transforms of everything except u. Solve the equation
for @(£). Then use the FIT. When you use the FIT, if you do it using
contour integrals and the residue, you will need to think about the cases
x > 0 and x < 0 separately. For x > 0 the up-rainbow will work. For z < 0

the down-rainbow will work.
(7) (E6 11) For the function

f(t):/OQ \/a eiwtdw’

14w
compute

[ rweosoar, [ 15w
R R
Hint: This is tricky also. Let me define a new function for us:

V2

¢(w) = XJ0,2] (w)m

Then R

f(t) = o(—1).
Oh no she didn’t. Yeah. So, for the first one, note that this integral is,
expanding the cosine as a sum of complex exponentials

[ s®costtyde = 5 (F)+ F-).

Play around with the FIT and the fact that f(¢) = (;AS(ft) to figure out the
right side. Next, note that

2qr — [ 13(—)12dt = 27 24,
Ammaf4w<ma 2Awmwt

The integral of |¢|? is hopefully not that terrible...

REFERENCES

[1] Gerald B. Folland, Fourier Analysis and Its Applications, Pure and Applied Undergraduate
Texts Volume 4, (1992).
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ABSTRACT. Caveat Emptor! These are just informal lecture notes. Errors are
inevitable! Read at your own risk! Also, this is by no means a substitute
for the textbook, which is warmly recommended: Fourier Analysis and Its
Applications, by Gerald B. Folland. He was the first math teacher I had at
university, and he is awesome. A brilliant writer. So, why am I even doing
this? Good question...

1. THE SAMPLING THEOREM

This theorem is all about the interaction between Fourier series and Fourier
coefficients and how to work with both simultaneously. It is one of the theory
items, so its proof is important.

Theorem 1. Let f € L?(R). We take the definition of the Fourier transform of f
to be

[ e sy,

and we then assume that there is L > 0 so that f(¢) = 0 V€ € R with |¢| > L.

Then: .
F(t) = Zf <%> sin(nm — tL).

nmw —tL
nez

Proof:

Idea: Since the Fourier transform f has compact support, we can
expand it as a Fourier series.

‘We therefore have

R ° ) 1 L .
f(fl?) _ Cnenmra:/[z’ Cp = — efznﬂ'z/Lf(x)dx.
> )

Idea: Use the FIT to express f in terms of its Fourier transform.

We therefore have

£t = -

o 1 L
= et f(x)dr = —/ et f(z)dz.
5 [ i@ie = 5= [ e fa)
On the left we have used the fact that f is supported in the interval [—L, L], thus
the integrand is zero outside of this interval, so we can throw that part of the
integral away.

Idea: Substitute the Fourier expansion of f into the integral.
1
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So, we have
1 L ) o] ) /L
t) = 1xt INTT dr.
1®) 27r/,L6 Ziooc’””e v

From here until the end of the proof, we will essentially just be computing. The
coefficients

1 L . 1 . A 27 —nm
_ —inmx/L — iz(—nw/L) = — _—
¢n =57 7Le fz)dz 5T Re f(z)dz 2Lf < T > .

In the second equality we have used the fact that f(z) = 0 for |z| > L, so by
including that part we don’t change the integral. In the third equality we have
used the FIT!!! So, we now substitute this into our formula above for

1 S —nmT\
) = — it o e znTr:v/Ld
1) =5 [ e §Lf<L>e .

This is approaching the form we wish to have in the theorem, but the argument of
the function f has a pesky negative sign. That can be remedied by switching the
order of summation, which does not change the sum, so

ft) = i /L eiﬁtif (%) e—inmz/L g,

—L

We may also interchange the summation with the integraﬂ

00 L
f(t) — % Zf (%) /7L eaz(itfinw/l/)dx'

We then compute

L o L(it—inm /L) —L(it—inm/L) %
m(ztfznﬂ'/L)d _ e _ ¢ = in(Lt — .
[ ¢ U= G —nnD) G —nrD) it —nayDy St =)
Substituting,

055

nm

Of course my dyslexia has ended up with things being backwards, but it is not a
problem because sine is odd so

sin(Lt — nm) = —sin(nw — Lt),

S0
sin(Lt —nm)  —sin(nm — Lt)  sin(nm — Lt
Lt—nmt Lt —nrm - onm— Lt

0c

INone of this makes sense pointwise; we are working over L2. The key property which allows
interchange of limits, integrals, sums, derivatives, etc is absolute convergence. This is the case
here because elements of L2 have S |f|? < co. That is precisely the type of absolute convergence
required.
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2. FOURIER SINE AND COSINE TRANSFORMS AND APPLICATIONS TO PDES ON
HALF-SPACES

Today we shall investigate some transforms related to the Fourier transform.
The first two can be used to solve PDEs on half lines, if the boundary condition is
suitable.

2.1. Motivation: heat equation on a semi-infinite rod with an insulated
end. We have found ourselves in possession of a giant rod which is insulated at
the one end and goes out to infinity at the other. It has an initial temperature
distribution given by a function f(z) which is bounded, continuous and an element
of £2. We therefore wish to solve the problem:

U — Uy =0, uy(0,8) =0, wu(x,0)=f(x), x€]0,00).

To solve such a problem we will use a Fourier cosine transform together with the
Fourier cosine transform inverse theorem.

2.2. Fourier sine and cosine transforms and their inverse formulas.

Definition 2. Let f be in L' or £? on (0,00). The Fourier cosine transform,

Fe()(E) = /000 f(z) cos(éx)dx.

The Fourier sine transform,
Fs(f)(&) == /0 f(z)sin(éx)da.

As with the Fourier transform, the Fourier sine and cosine transforms also have
inversion formula.

Theorem 3. Assume that f € L£2[0,00). Then we have the Fourier cosine inversion
formula

fla) =2 [ Fuh)(€) costatae

We also have the Fourier sine inversion formula
2 [
flo) =2 [ si(ee) R (D)
0

Proof: First, let us extend f evenly to R, denoting this extension by f., so that
fe(=z) = fe(x). We compute the standard Fourier transform:

fe(6) = /]Rfe(x)e_"’”gdw = /Rfe(x)(cos(xf) — isin(z€))dx = 2/000 f(z) cos(x)du.

The term with the sine has dropped out because f.(x)sin(z¢) is an odd function of
2. The term with the cosine gets doubled because f. () cos(z€) is an even function.
So, all together we have computed:

fule) =2 [ @) costat)ae = 27.()(O)
Since the cosine is an even function,

fe(g) = fe(fg)



4 JULIE ROWLETT

So, we also have that F.(f) is an even function. The inversion formula (FIT) says

that
= i izg £ — l (%23
fole) = 5= [ et = - [ e

2T

_! cos(x isin(z _2 Ooe”’5
=+ [ (costag) + isinee) F )@ = 2 [ <€)

This is the cosine-FIT! Above we have used the fact that F.(f) is an even function.
Hence its product with the cosine is also an even function, so that part of the
integral gets a factor of two when we integrate only over the positive real line. The
product of an even function like F.(f) with an odd function, like the sine, is odd,
so that integral vanishes.

On the other hand, we may also define the odd extension, f, which satisfies
fo(—z) = —fo(z) (for x # 0). The value of f at zero is not really important at this
moment|’| We compute the standard Fourier transform of the odd extension:

/ folz)e ¢ dx = / fo(z)(cos(z€)—isin(x€))dr = —2i / f(z) sin(z€)dx

Above, we have used the fact that f, is odd, and therefore so is its product with
the cosine. On the other hand, the product with the sine is an even function, which
explains the factor of 2. Since the sine itself is odd, we have that fo is an odd
function and similarly Fs(f)(§) is also an odd function. We apply the FIT:

fola) = = [ €€ = == [ (cos(at) + isin(z) PP

! i = g - sin(x
-1 [aneorm@i=2 [~z i),

This is the sine-FIT! Above we have used the fact that F,(f) is an odd function,
and therefore so is its product with the cosine. On the other hand the product of
two odd functions is an even function, so that is the reason for the factor of 2.

0c

2.3. Solving the heat equation on a semi-infinite rod with insulated end.
We wish to solve the problem:

Up — Ugy = 0, ur(oat) =0, ’LL(SC, O) = f('r)v T e [Oﬂ OO)

Assume that by some method, we have obtained a solution u(z,t) defined on
[0,00), % [0,00)¢. To see if we may use a Fourier sine or cosine transform method,
let us see what happens when we extend our solution evenly or oddly. The even
extension would satisfy, by the cosine-FIT:

ue(z,t) / Fe(u)(€) cos(x)dE.

The odd extension would satisfy, by the sine-FIT

uplz,t) = 2 / " i) F () (€)de.

™

2This is because we are working in £2 which ignores sets of measure zero, and a single point
is a set of measure zero.
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OBS! The extension matches up with our original function on the positive real line
(that is how an extension works!) We need the derivative with respect to x to vanish
at x = 0. Let’s just differentiate these expressions. Note that the = dependence is
only in the sine or cosine term so we have:

Dotte(2,1) = —2 / Fu(u)(€)Esin(z)de —> D (0, 1) = 0.
T Jo
On the other hand
Ozto(z,t) = 2/Oofcos(acf) s(u)(§)dé = 0,u0(0,1) / EFs(u)(§)dE =177
T Jo

The even extension automatically gives us the desired boundary condition whereas
the odd extension leads to something complicated looking, which we have no reason
to know is zero.

This indicates that we have a decent chance of solving the problem by:

(1) Extending the initial data evenly to the real line.

(2) Solving the problem using the Fourier transform on the real line.

(3) Verifying that the solution satisfies all the conditions: the PDE, the IC,
and the BC.

We do this. Extend f evenly, and write the extension as f.. Then the solution
to the homogeneous heat equation on the real line with initial data f. is

1 _(e—p)? y)
ue(z,t) = m/kfe(y dy.

We split up the integral:
/ £(y)e===v) /<4t>dy+/ L (y)e= @ /Gng,

—/ fe(Z)e_(Z”)Q/(‘“)der/ Foly)e~ @0/ gy
o0 0

Above we made the substitution that z = —y in the first integral. Due to the
evenness of f., nothing happens when we change y = —z. Reversing the limits of
integration we obtain

/ fo(2)e- @0 g, _ / f(2)e (/0 g, / Lo (y)e— @ @0 gy

So, all together we have

1 > (2—1)2 (@42
Ue(z,t) = m/o fy) (6 T et )dy.

Is this an even function? Let us verify:

_(z—y)? _(=+w)? _(—z—y)? _ (—z+y)?
e 4t +e 4t =e 4t +e 4t

AWESOME! Our solution to the heat equation in this way is EVEN. Therefore, it
is the same on the left and right sides. So, we can simply let

(==p? y) (@+y)?
u(x,t) = x,t) +e 4 dy.
(@) =uulet) = 5= [ 100 (& ) s
The way we have built it, it satisfies the IC, BC, and the PDE!
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Exercise 1. Solve:
Up — Ugy =0, u(0,t) =0, wu(z,0)=0¢(zx), z€l0,00).

Above, we assume that ¢ is bounded, continuous, and in L>. Hint: extend ¢ oddly
this time, and use the Fourier sine inverse theorem.

2.4. Discrete and fast Fourier transform. We have seen that computing the
Fourier transform is not the easiest thing in the world. The example with the
Gaussian involving all those tricks: completing the square, complex analysis and
contour integral is a nice and easy case. However, in the real world you may come
across functions and not know how to compute the Fourier transform by hand, nor
be able to find it in BETA. It could be lurking in one of our giant handbooks of
calculations (Abramowitz & Stegun, Gradshteyn & Rhizik, to name a few). Or it
could simply never have been computed analytically. In this case you may compute
something called the discrete Fourier transform.

We start with a function, f(¢), and think of analyzing f(t) as time analysis,
whereas analyzing f (&) as frequency analysis. We shall consider a finite dimensional
Hilbert space:

N _ N-1 o =
CY =4 (Sn)no: Sn€C, ((sn) (tn)) = g Sntn o -
n=0

Now let
e27rikn/N

VN

er(n) =

Proposition 4. Let
ex = (en(n)n g -
Then
{ehizo
are an ONB of CN.

Proof: We simply compute. It is so cute and discrete!

1 N-1 1 N-1
<6k,€j> — ~ Z e2mikn/N o—2mijn/N _ ~ Z e2mi(k—j)n/N_
n=0 n=0

If j = k the terms are all 1, and so the total is NV which divided by N gives 1.
Otherwise, we may without loss of generality assume that k& > j (swap names if not
the case). Then we are staring at a geometric series! We know how to sum it

1— eQ‘n’i(k—j)N/N

N-1
2mi(k—j)n/N __ _
Z;) ¢ T _ g2mile—n/N 0.

Here it is super important that k—j is a number between 1 and N —1. We know this
because 0 < j < k < N — 1. Hence when we subtract j from k, we get something
between 1 and N — 1. So we are not dividing by zero!
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Now we shall fix T small and N large and look at f(¢) just on the interval
[0,(N —1)T]. Let
f(tn) = f(nT), t,=nT.

Basically, we're going to identify f with an element of CV, namely

(f(tn))nZo -
2k
NT'
The discrete Fourier transform of f at wy is defined to be

Definition 5. Let

Wk ‘=

727r7,kn/N

Fuwg) = {(f Zf -

This can also be written as
7zwkt

3 Sl
Example 1. One of the fun facts about the discrete Fourier transform is that we
can Fourier transform functions which are neither in £2 nor in L'. For example,
let’s compute the discrete Fourier transform of
1
flx) ==, T:E, N =5.
So, we identify f with the vector

(0,0.1,0.2,0.3,0.4).

Then,
4 —27ikn/5

F(wyg) := Z neloi\/g

n=0
So, we identify the Fourier transform of f with the vector

—4rmin/5 —67win/5 _4 neSwin/S)

o 1 pe—2min/s A e 1 ne
(;10\/5’; 10v5 "4 10V5 Z 10v/5 g 10v/5

0

Proposition 6. We have the inversion formula
N—-1
= Z F(wk)en(k) = <(F(wk))aén>'
=0

Proof: We simply compute. By definition

N-1
(F(wi),en) = Y Flwi)en(k)
k=0

Now, we insert the definition of F(wy) which gives us another sum, so we use a
different index there. Hence we have
N—-1N-1 f —iWgtm e27rzkn/N

k=0 m=0

Z Z f 727rikm/Ne27rik:n/N
N-1

N Z Zf 27r7k (n—m)/N _ 1 Nz_l f(tm) eQﬂ'ik(n—m)/N
m*O

= k=0
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N-1 N-1 —2mikm/N ;—2mikn/N  NZ1

= mzzof(tm) kZ:O i N = J(tm){€em, en)-

m=0
By the proposition we just proved before,
0 n#m
<em>en> = §n,m = {
1 n=m

So, the only term which survives is when m = n, and so we get

f(tn).

0c

Example 2. Now, let’s see if the inversion formula actually works for our exam-
ple... First, we should have

> Syt
F(wk)eo(k) = — =
k=0 k=0n=0 10v5 V5
4 4 ;
1 ~2mikn/s _ 1 1—e?mn
= — & = — - == O = t .
Let’s try another value:
4 4 4 —27rikm/5 27ik/5
me e
> Flwek) =3 >
k=0 k=0 m=0 10v/5 V5
& 4
_ - —27ik(n—1)/5
T 50 Z n Z €
n=1 k=0

Forn =2,3,4, the sum over k gives
1— e—27‘ri(n—l)
1 — e—2mi(n—1)/5
For n =1, the sum over k gives 5. Thus, the only term that survives is the term
with n = 1, for which we obtain
1 1
—(1)(5) = — = f(t1).
—(1)(5) = 15 = /()
So, it is indeed working as it should. This is rather tedious, however.

=0.

Now, we can see this as matrix multiplication. In the discrete Fourier transform,
we sampled f at the finitely many points tg,...,ty—_1. We therefore identify f with
a vector

f(to)

f(t)

Fltno1)

Similarly, the Fourier transform can be identified with the vector:

F(wo)
F(w)

Flwy-1)
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This vector is the product of the matrix
e - éN—l]

[e0 &
whose columns are
0
e
e—27rin/N
1 e—2mi(2)n/N
—2mikn/N

Ep = ——
VN | ...e

6727ri’rL.(.]\.f71)/N

together with the vector
f(to)
f(t1)
Fltn-)
That is
F(wo) f(to)
Fwy) | _ o & ...en-1] f(t1)

F(wyn_1) ftn-1)
This entails a LOT of calculations. We can speed it up by being clever. Many
calculations are repeated in fact. Assume that N = 2% for some giant power X.

Ny

The idea is to split up into even and odd terms. We do this
N _q
727'r7,k: (29)/N + Z f t2]+1) 7271'1]@(2]4’1)/

2
F(wy Z
=0 7=0
We introduce the shghtly cumbersome notation:
6?\[(”) —27rzkn/N

e—27rikj/(N/2) = 6%/2 (])

Then,
el]cv(z?) _ e—27rzk(2j)/N
Now we only need an % X % matrix! You see, writing this way,
J1 J1
) Fltay)ek o)

Fwp) = —= | D fltaj)ek s (d) + k(1
i=0 =0

We can repeat this many times because N is a power of 2. We just keep chopping
in half. If we do this as many times as possible, we will need to do on the order of

N
b} logz(N)

computations. This is in comparison to the original method which had an N x N
matrix and was thus on the order of N? computations. For example, if N = 210
T logy N = 2% % 10, we see that

2955 =27 = 22%5%x2'027%0 =g,

then comparing N? = 22" to
O%5 x
e 1
920 100 = 100 =
o)
5%27% =z ~ 0.488.
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This means the amount of work we are doing by using the FFT is less than 0.5%
of the work done using the standard DFT. In other words, we save over 99.5% by
doing the FFT. That’s why it’s called FAST.

2.5. Answers to the exercises to be done oneself.
(1) (E69) Compute (with help of Fourier transform)

/ sin(z) dr.

r z(x2+1)
(This is in the back of the EO document!)

(2) (E6 67) Compute the Fourier transform of the characteristic function for
the interval (a, b) both directly and by using the known case for the interval
(—a,a). (This is in the back of the EQ document!)

(3) (7.2.8) Given a > 0 let f(z) = e 2% ! for x > 0, f(x) = 0 for x < 0.
Show that f(£) = I'(a)(1 + i€)~* where I is the Gamma function.

Well, there are not really answers to make sense of here. My hint was to
do a substitution of variables:

f = / e wE—T a1y
0

On the other hand

I(a) = / et at.
0

So let’s try making

dt

z(1+if) =t = dz(1+if) =dt =

Our integral becomes

R (14i€&) oo 3 t a—1 dt
f(g):/o et<1+z‘5) 1+if

(1+i&)oo
=(1+ ig)*“/ et tdt.
0

We integrate along the line from 0 to (1 +i€)R = R+ iR{. For £ > 0
that is the first diagonal bit. Next, integrate from R + iR{ to R. The
integrate back along the real axis from R to zero. Our integrand is e=?z%~1.
Inside the triangle it’s holomorphic. So by complex analysis the integral
around the triangle is zero. Since |e™*| = e " if z = x + iy for z,y € R,
along the right side of the triangle the integral is super small, tending
to zero. That says the the integral along this funny diagonal line and
the integral going from R to 0 are tending to be equal. More precisely

limp_ e fOR(HiS) f(z)dz+ f}g f(2)dz = 0. Hence since flipping the integral

changes its sign limpg_ o0 fOR(HiS) f(2)dz = [;° f(2)dz. So

(144€) o0 0o

et ldt = (1+z‘§)—“/ et at.
0

&) = (1 +ig)e /

0
This is (1 + &)~ *I'(a).
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(4) (7.2.12) For a > 0 let
a sin(ax)
falz) = @2 1 a2)’ ga(x) = -

Use the Fourier transform to show that: foxf, = fotb and ga*gp = gmin(a,b)-
So we transform:

Jax Fo(€) = Jul€) o) = emelél el — (bl
Now we use the FIT to say:

1 —(a T
fa*fb(x):gfe (a40)lEl it e,
R

OBS! The integral on the right side this is the Fourier transform of e~ (¢+b)I¢
at the point —x rather than x. So we use our beloved Table 2 (item 11) to
say that the Fourier transform of this function at the point —z is

2(a+b)(z* + (a +b)>) 71,

so substituting

(a+0b)
m(z* + (a +0)?)
We do the same trick to solve the g exercise, yo.

Ja * 96(&) = Ga(§)9b(€) = Xa(E)Xb(€) = Xumin(a,b) (§)-

The last step follows from the the definition of the characteristic function.
So, we use the FIT again to say:

1

Ja * gb<x) = % /]R eix£Xmin(a,b) (£)d5

Same trick: integral on the right is the Fourier transform of Xin(a,p) at the
point —z (rather than x). So we use our favorite Table 2 to say that

fur fola) = 520+ D)@+ (a+ D) = = funs(@)

1 e
9o * gp(z) = ﬂx*Q sin(min(a, b)z) = W

= gmin(a,b)(ﬂf)-
(5) (E6 6.d,e) Compute the Fourier transform of:
t
242t +5
(This is in the back of the EO document!)
(6) (Eo6 15) Find a solution to the equation

e~ sin(bt), (a,b>0),

u(t) + /t e"tu(r)dr = 2,

—00

(This is in the back of the EO document!)
(7) (E6 11) For the function

ft) = i ﬂeiwtdw,

o 1+w
compute

[ rwyeostoyar. [ \repa.
R ) R
(This is in the back of the EO document!)
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ABSTRACT. Caveat Emptor! These are just informal lecture notes. Errors are
inevitable! Read at your own risk! Also, this is by no means a substitute
for the textbook, which is warmly recommended: Fourier Analysis and Its
Applications, by Gerald B. Folland. He was the first math teacher I had at
university, and he is awesome. A brilliant writer. So, why am I even doing
this? Good question...

1. DIRICHLET PROBLEM IN A QUADRANT

Consider the problem
Upe +Uyy =0, 2,y >0, u(@,0) = f(z), w0y)=9(y)
To deal with these inhomogeneities let us instead solve two nicer problems:
(1) Wge +wyy =0, x,y>0, w(z,0)=f(z), w(,y)=0.
(2) Vgz +vyy =0, z,y>0, v(z,00=0, v(0,y)=g(y).
The full solution will then be obtained by setting

u(z,y) = w(z,y) +v(z,y).

Exercise 1. Verify that if w and v solve the problems above, then indeed u solves
the original problem.

We would like to use Fourier methods, but the problems we have above x,y > 0.
The Fourier transform is defined on the whole plane. So, we may wish to use an
even or odd extension.

Idea: To solve a problem like wyy +wy, =0, z,y >0, w(z,0)=
f(@), w(0,y) =0, look at the boundary condition. The solution
should vanish at x = 0. Now think about sine and cosine. Which
of these vanishes at © = 0?7 The sine. That is an odd function. So
this gives us the clue to extend oddly.

We define therefore
flz x>0
folz) := (@) )
—f(=z) =<0
Now, we take the Fourier transform of the PDE in the x variable. We obtain:
—E0(E,y) + Oy (&, y) =0 = (&, y) = A(E)e™ W 4 B(&)el.

The functions A and B can depend on £ but not on y. We would like to use

Fourier methods which requires staying within £2. Hence we do not want the

second solution because y > 0 so it is very much not in £2. Thus, we keep the first
1
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solution. The boundary condition at y = 0 acts like an initial condition, at least
from z’s perspective:
W(€,0) = A(€) = fo(€) = (&) = fo(€)e V.

We look at table 2 of Folland to find a function whose Fourier transform is e~ 4%,
OBS! The transform is occurring in the = variable, from whose perspective y is a
constant. Thus, the item on the table is a slight modification of 10, in particular
the function

g(a:2 +¢*)~! has Fourier transform in the x variable e VIEl

Thus, we have found

—

B y) = fol6)= ($2+y) (&)

The Fourier transform sends convolutlons to products, which tells us that

w(z,y) / folz @=2) / fo(z )+y dz+/ f(z

We do a substltutlon in the first mtegral with ¢t = —

/fo (e e /fo DT

/f :E+t) /f x+t) y2dt'

Re-naming the varlable of 1ntegrat10n z, we get

. /ooo 5 {77((30 - 3)2 +12) 7@+ 3)2 + y2)} *

The other problem is basically identical, we simply Fourier transform in the y
variable. Thus the solution to the second problem is

o) = [0 |~ e 4

We obtain the full solution by adding:

u(z,y) = w(z,y) +v(z,y).
2. THE LAPLACE TRANSFORM

We shall now enter Chapter 8, and learn about another useful transform, known
as the Laplace transform.

Definition 1. Assume that

(2.1) fe)y=0 Vvt<O,
and that there exists a,C > 0 such that
(2.2) |f(t)] < Ce™ Vvt >0.

Then for we define for z € C with R(z) > a the Laplace transform of f at the point
z to be

SI(=) = f(—iz) = / " ftyetr.

_ 2)2 + y2)
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We may also use the notation

f(z) = £f(2).

Let us verify that the Laplace transform is well defined. To do so, we estimate

12£(2)] < / F (e~ |dt < / Cete=*"dt — / ¢t =Rt gy
0 0 0

oo

etla=R(2)) 1
a—-R(z)|, Rk)-a
Above we have used the fact that
real part.

|ecomp1ex number| —e
Due to this beautiful convergence, £f(z) is holomorphic in the half plane R(z) > a.
This is because we may differentiate under the integral sign due to the absolute
convergence of the integral. The assumption that f(¢) = 0 for all negative ¢ is
not actually necessary, we could just make it so. For this purpose we define the

heavyside function, commonly denoted by

1 ot>o0
o t<0°

If we have some f defined on R which satisfies @ but is not (ﬁ , we can apply
the Laplace transform to © f. Another thing which can happen is that we have a
function which is only defined on [0, c0). In that case, we can just extend it to be
identically zero on (—o0,0).

Let’s familiarize ourselves with the Laplace transform by demonstrating some of
its fundamental properties.

Proposition 2 (Properties of £). Assume f and g satisfy @ and @, then
(1) £f(z+iy) — 0 as |y| — oo for all z > a.
(2) £f(z+iy) = 0 as x — oo for all y.
(3) £(O(t — a)f(t —a))(z) = e”"*Lf(2).
(4) S f(1)(2) = £F(z — o).
(5) £(f(at)) =a'Lf(a" 2).
(6) *** %25 continuous and piecewise C1 on [0,00), and f' satisfies @

and , then

o(t) :

L(f")(2) = 2£f(2) — f(0).
(7) £([y f(s)ds)(z) = 27 £f(2).
(8) L(tf(1)(z) = —(Lf)(2).
(9) £(f * 2() £f(z
t

9)(z ).
(10) Ift=1f(t) satisfies %and @, then

S 0)e) = [ " e f(w)dw.

z

The integral is any contour in the w-plane which starts at z along which
Sw stays bounded and Rw — oco.

Proof: There’s a bunch of stars next to #6 because it’s the reason the Laplace
transform is useful for solving PDEs and ODEs. It’s quite similar to how the
Fourier transform takes in derivatives and spits out multiplication. Intuitively, this
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fact about £ should jive with the similar fact about F because well, the Laplace
transform is just the Fourier transform taken at a complex point.
(1) The first statement

£G) = [T = [T e e tan = gt)

0
for the function
g(t) = e (2).
The Riemann-Lebesgue Lemma says that §(y) — 0 when |y| — oco.

(2) The second statement is more satisfying because we just compute and esti-
mate directly. We did this estimate above already, where we got

1£/(2)

|§ﬁ%oowhen§ﬁ(z)::c%oo.
zZ)—a

(3) The third statement is also a direct computation:
o0 o)
LOt—a)f(t—a))(z) = / Ot —a)f(t —a)e *'dt = O(s)f(s)e >+ s,
0 —a
Above we did the substitution s =t — a so ds = dt. Since f and the Heavyside

function are zero for negative s, and the Heavyside function is 1 for positive s, this
is

e /0 f(s)e™*%ds = e *Lf(2).
(4) Similarly, we directly compute
(e f)(z) = /O ete T f(t)dt = /O e~ Tt f(t)dt = £f (2 — ¢).
(5) Again no surprise, we compute
SN = [ e it = [ e i) S < 0t e (/o)
0 0 a

Here we used the substitution s = at so a~'ds = dt.
(6) Now we are finally getting to the important one:

L(f)(z) = /Oo e Ff(t)dt = e—ztf(t)|g° + /Ooo ze * f(t)dt.

0

We have used integration by parts above. By (ﬁ and since R(z) > a, the limit as
t — oo is zero, and so we get

L(f)(2) = = £(0) + 2L£f(2).
Awesome.

(7) Next we define
F(t) = /0 f(s)ds.

Then, we use the preceding fact:
L(F')(z) = 28F(2) — F(0) = 2£F ().
Since F' = f we get
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(8) Next, we compute:

£ 0)) = [ et = [T () s

— diz (_ /Ooo e—ztf(t)dt> = —(Lf)(2).

Yes, we have used the absolute convergence of the integral to swap limits. It’s legit

yo.
(9) Nearing the finish line, we compute

L(f +9)(z) = F(f = g)(—iz) = f(—iz)g(—iz) = £f(2)£€g(2).

(10) Finally, note that by (ﬁ, if t=1f(t) satisfies this, then at the point t = 0
apparently the function f vanishes, so that the function ¢t=! f(t) is well defined. So,
don’t panic about this point!!! We next define the holomorphic function

Fe) = [ Fwydu.

Since f(w) — 0 when R(w) — oo and J(w) stays bounded, the fundamental
theorem of calculus says that

F'(z) = —f(2).
On the other hand,
d [~ t (e tdt = /OO —f(t)e~dt = —f(2).
0

dz 0

Hence,

Pl) = /OO L F (e tdt + o,

0
for some constant c¢. Since

oo
lim F(z)=0= lim t (e Hdt = c¢=0.

Rz—00 R(z)—o00 Jo

2.1. Application to solving ODEs. We see that
L(f)(z) = 2££(2) - £(0).
Let’s do it again:
L(f")(2) = 28(f)(2) = £'(0) = 2 (2£f(2) = £(0)) = f'(0) = 22Lf(2) —2f(0) — £'(0).
In general:

Proposition 3. Assume that everything is defined, then

k
S(f9)(e) = Fef () = 3 4D O
j=1
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Proof: Well clearly we should do a proof by induction! Check the base case
first:

L(f')(z) = 2££(2) - £(0).
Here £ = 1 and the sum has only one term with j = £k = 1. It works. Now we
assume the above formula holds and we show it for k£ 4+ 1. We compute

L(f*)(2) = 2((fM))(2) = 2(f®)(2) — *)(0).
By induction this is

k
2| 2Fef(2) =Y rE0)2 ) = F®(0).
j=1

This is A
2HLf(2) =Y fED () — F9(0).
j=1
Let us change our sum: let j + 1 = . Then our sum is
k+1 k+1
ka—(l—l)(o)zl—l _ Zf(k—&-l—l)(o)zl—l.
=2 =2
Observe that
f(k)(o) _ fk:+171(0)2171.
Hence
k k41
_ Zf(’“*j)(o)zj _ f(’“)(()) _ Zf(kJrlfl)(O)Zlfl'
Jj=1 =1

So, we have computed
k+1

L) (z) = e () = 3 FEHD ()51,
=1

That is the formula for k + 1, which is what we needed to obtain.

0c

For this reason one can use £ to solve linear constant coefficient ODEs which
can be non-homogeneous! Let us see how this works... A linear, constant coefficient
ODE of order n looks like:

> au®(t) = f(2).

k=0
In order for the solution to be unique, there must be specified initial conditions on
u, that is

u(0),4(0),...um1(0).

We are not requiring f(¢) to be the zero function, so the ODE could be inhomoge-
neous. Notoriously difficult to solve right? NOT ANYMORE! We hit both sides of
the ODE with £:

n
> at@®)(z) = f(2).
k=0
Let’s write out the left side using our proposition. First we have

cot(2).
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Then we have

e (zu(z) — u(0)).
By our proposition, we computed that for & > 1,

k
Llepu™)(2) = ¢ [ 2Fu(z) — 'Zu(k_j)(O),zj_1

Therefore the left side of the ODE becomes

n k
cou(z) + Z cr | 2F(z) — Z uF=9)(0)z1
k=1 j=1
n n k . 4
= chzkﬂ(z) - ch uF=9)(0)27 7L,
k=0 k=1 =1

We therefore define two polynomials

k=0
n k

Q(z) = —z:c;cz:u(k_J)(O)zJ_1
k=1 j=1

Our ODE has been LAPLACE-TRANSFORMED into

P(2)u(z) + Q(z) = f(2).

We can solve this for u(z):

Hence to get our solution u(t) we just need to invert the Laplace transform of the
right side, that is our solution will be

o ([0 - Q)
u(t) =2 (P(z) ) .

2.2. Exercises for the week. These exercises will be demonstrated for you.

(1) (Eo 55)

(2) (7.4.4) Solve the heat equation u; = kuy, on the half line z > 0 with
boundary conditions u(z,0) = f(z) and initial condition u(0,t) = 0. Do
the same for the inhomogeneous heat equation u; = kuy, + G(z,t) with
the same initial and boundary conditions.

(3) (7.4.6) Solve Laplace’s equation g, + ty, = 0 in the semi-infinite strip
x>0, 0 < y < 1 with the boundary conditions u,(0,y) = 0, u,(x,0) = 0,
u(x,1) = e~*. Express the answer as a Fourier integral.

(4) (8.4.2) Find the temperature in a semi-infinite rod (the half-line z > 0) if
its initial temperature is zero, and the end x = 0 is held at temperature 1
for 0 < t < 1 and temperature 0 thereafter.

(5) (Eo 14)

(6) (Eo 45)
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2.2.1. Exercises for the week to be done oneself.

(1)

(6)

(7.3.1) Use the Fourier transform to find a solution of the ordinary differ-
ential equation u” —u+2g(z) = 0 where g € L1(R). The solution obtained
in this way is the one that vanishes at £oo.

(7.4.7) Solve Laplace’s equation g, + uy, = 0 in the semi-infinite strip
x> 0,0 <y < 1 with the boundary conditions u(0,y) = 0, u(x,0) = 0,
u(x,1) = e~*. Express the answer as a Fourier integral.

(E6 47)

(8.4.1) Solve:

up = kugy —au, x>0, u(z,0)=0, u(0,t)=f(t).

(8.4.3) Consider heat flow in a semi-infinite rod when heat is supplied to
the end at a constant rate c:

Ut = kg, for >0, u(z,0) =0, uy,(0,t)=—c
With the aid of the computation:

(L e/ (z):e_“ﬁ
vt vz

k t
u(z,t) =cy/ = / s1/2em"(4ks) g g
T Jo

By substituting

show that

X

V4dks

and then integrating by parts, show that

4kt 2 T
u(z,t) =cy/—e * /(4kt) _ g erfe () .
(%) m Vakt
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(E6 12)

[1] Gerald B. Folland, Fourier Analysis and Its Applications, Pure and Applied Undergraduate
Texts Volume 4, (1992).



FOURIER ANALYSIS & METHODS 2020.02.26

JULIE ROWLETT

ABSTRACT. Caveat Emptor! These are just informal lecture notes. Errors are
inevitable! Read at your own risk! Also, this is by no means a substitute
for the textbook, which is warmly recommended: Fourier Analysis and Its
Applications, by Gerald B. Folland. He was the first math teacher I had at
university, and he is awesome. A brilliant writer. So, why am I even doing
this? Good question...

1. APPLICATION OF THE LAPLACE TRANSFORM TO SOLVING PDES
Let us consider the telegraph equation,
Uy = QU + Bug + yu.

This is homogeneous, and generalizes both the heat equation (¢« = v = 0, and
B = 1) as well as the wave equation (f = v = 0, and o = 1). According to those
who know more physics than I, this corresponds to an electromagnetic signal on a
cable.

We wish to solve the problem on a half line with the following boundary and
initial conditions:

uw(0,t) = f(t), wu(x,0)=wu(z,0)=0.

Tip 1. If we have a half-line problem with boundary condition at x = 0 that is a

function of t try using the Laplace transform in the t variable.

We follow the tip and hit the whole PDE with the Laplace transform in the ¢

variable. This gives
ﬁxx(xa Z) = Ot,S(Utt)(IZ?, Z) + 52(ut)(xv Z) + ")/a(l‘, Z)
We use the properties of the Laplace transform and the initial conditions which say
u(z,0) =0, wu(x,0)=0,
SO
Upe (2, 2) = a2?TU(x, 2) + Bzu(z, 2) + vu(z, 2).
This is simply
Uy (,2) = (az® + Bz +7) Uz, 2).

It’s a second order, linear, constant coefficient, homogeneous ODE for the = vari-

able. Let
qg=+Vaz?2+ Bz+.
Our solution to the ODE is of the form
u(z, z) = a(z)e?” 4+ b(z)e™ 9%,

We have that lovely BC at z = 0: u(0,t) = f(¢). Hence,

W(0,2) = f(z) = a(z) +b(z) = f(2).

1
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Note that here we are extending f to (—o0,0) to be identically equal to zero so that
we may Laplace transform it. Assume that %(g) > 0. (If this weren’t the case, just
swap ¢ and —¢). To be able to invert the Laplace transform and get the solution
to our PDE, we will not want @(z, z) — co when 2 — co. Hence, we throw out the
e?” solution and just use

u(z, z) = b(z)e 9%,
Therefore, b(z) = f(z). So, our Laplace-transformed solution is
Uz, z) = f(z)e 9.
By the properties of the Laplace transform, if we can find g(z,¢) such that
g(x,z) = e 9%,

then the solution to this PDE will be
(1.1) u(z,t) = fxg(z,t) = /f —5)0O(t—s)g(x,s)O ds—/f—s (z,s)ds

The reason for those heavyside functions is that f(x) = 0 for x < 0 and g(z,*) =0
for * < 0. To guarantee that this holds, we multiply f(t — s) by O(t — s) and
multiply g(x, s) by ©(s).

Now, recalling the definition of ¢, we are looking for

g(z,t) with g(x,z) = e oV ez 8247

To find such a g, we would like to invert the Laplace transform.

1.1. Inverting the Laplace transform. The Laplace transform is closely related
to the Fourier transform, and it is this fact, together with the FIT, that will guide
our way to the LIT (Laplace Inverse Theorem).

/ f 7ztdt / f —R(2)t—i Z)tdt.

For this reason, let’s define
g(t) = e T f (1),
so we also have

f(t) = " g(1).
Then

/Q/f( ) / f %(z)efz\s Z)tdt,
because f(t) =0 for all ¢ < 0. Let’s apply the FIT to the function, g:

o) = 5= [ s = o [ 2 RG) + ig)eag,

To make this look less imposing, let us write y = £. So, we have
/ FR(2) + iy)e™dy.
~on
Since f(t) = e®®)tg(t), we have

f(t)ze%”% [ J(R(2) +iy)edy = o / F(R(2) + iy)eR@tHivt gy,
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We would like to understand this as a complex integral. If we parametrize the
vertical path for w € C with R(w) = R(z) by w = R(z) + iy, then dw = idy. We
do not have an i. Hence, what we are computing is

£(#) = % /F Flw)e® dw,

where T', is the upward vertical path along the line $(w) = R(z). This is the LIT:
Laplace inversion formula:

1 ry wt
=5 | Fwjertau.

By definition of the Laplace transform, this should hold for z € C with (2) > a
where a comes from the growth estimate on f, that is |f(¢)| < Ce® for all t > 0
for constants a and C'. If we naively look at this equation, we see that the left side
is independent of z. So, the right side ought to be as well. It is.

Theorem 1 (LIT). Assume that f is Laplace-transformable. Denote by f its

Laplace transform. Then for b > a,
1 b+i00 -
1) = F(z)eds.

2mi b—ioco

Conversely, assume that F(z) is analytic in R(z) > a. For b > a, R > 0, and
teR, let

b+iR
Frs(t) = — /b P2)edz.

2 Jyin
Assume that for some a > 1/2 and C > 0 we have
|[F(2)| < C(1+|z2])7%, Vz e C with ®(z) > a,

and assume that for some b > a, fr(t) converges pointwise as R — oo to f(t) for
a Laplace transformable f. Then

ngnoo fR,b(t) = f(t) Vb > a,
and

Proof: Let us draw and define a contour, with our amazing tikz skillz yo.
By assumption the function F' is analytic inside the box, and e*! is an entire
function. Therefore

/ F(2)e*dz = 0.
T'r

So, we wish to show that the limit as R — oo of the top and bottom integrals is
zero. To obtain this, we either wave our hands like Folland or actually estimate:

ctiR . ’ C
F dz < |e — ble® —_
[ PG < o= bt max

Above we used the fact that between b + iR and ¢ £ iR, |e*!| < e together with
the estimate assumed on F. Next, we note that

|z +iR| = /2% + R? > R.
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b+ iR c+iR

b—iR c—1iR

FIGURE 1. The contour over which we integral. Call the contour I'r. As one can
see, we assume that ¢ > b.

Therefore we estimate from above by

lc — ble! — —0as R— oo.

(1+R)

Therefore, if for some b > a,
lim fR,b(t) = f(t),
R—o0

this means that

b+iR c+iR
lim F(2)e*dz — / F(2)e*dz = 0.
R—o0 Jp—iR c—iR

To see this, observe that

/ F(2)e”'dz=0 VR.
I'r

Moreover, the top and bottom integrals go to zero as R — oo. Hence the sum of
the left and right integrals also tends to zero as R — co. So,

b+iR c+iR
lim F(2)e*'dz = lim F(2)e*'dz = B}im frp(t) = f(t) = lim fr.(¢).
— 00

R—o00 b—iR R—o0 c—iR R—oo
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Now, let us parametrize the complex integral. We use y(s) = b+ is so ¥(s) = ids.
Hence

b+iR R 4 R 4
/ F(2)e*'dz = / F(b+is)ettids = iebt/ F(b+is)e*'ds.
b—iR -R -R

Moreover, we have assumed that

. et (R st
Jim faal) = Jim 5 [ PG it =

SO
R .
lim F(b+is)e™tds = 2me " f(t).
R—o0 —R
Let us define here
_JF(b+is) [s|<R
gR,b()—{O ‘S‘>R'
Then
R ) )
| Poietds = [ gnas)eds = g0
—R R
Moreover,
lim gR/J,(Tt) = 27Tefbtf( ).
R—
Similarly
lim gzﬁ) = 27rebtf(—t).
R—o0

On the other hand,

R—o0
By the FIT,
. 1 bs its
Fb+it)=— [ 2me” f(—s)e'?ds.
27T R
It is more natural to do a change of variables, letting 0 = —s, so do = —ds, and
we get

o=—00

e—baf(o_)e—ita(_da) — /OC e—a(b+it)f(0_)do_

— 00

Fb+it) :/

=00

= /00 e Ot £(5Vdo = £f(b + it).

0

Here we use the fact that f satisfies the growth estimate needed to be Laplace
transformable.
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1.2. Computing an inverse Laplace transform to solve the heat equation.
For the case in which our telegraph equation is the heat equation, we have « = v =
0, and 8 = 1. Consequently, the square rooted polynomial in z we had named gq is
of the simple form:

q=z

Our Laplace-transformed solution is:
flz)e.
Since the Laplace transform turns convolutions into multiplication, we would like
to find g(x,t) so that
g(x,z) = e VE,
Then, the solution will be given as in }
We are therefore looking for g(x,t) so that

Gz, 2) = e V3",
If we try to apply the LIT directly, we should compute

b+ioco
/ e"TVEeRl
b—ioco

Do you know how to integrate that? I do not. It is pretty scary looking. For
starters, there is the y/z. This really needs to be understood using the complex
logarithm which is, as the name suggests, complex.

Tip 2. Always be careful with log(z) in C. It is not entire. It is a log. Logs come
from trees which have branches. Complex logs always have branches and branch
cuts. You have been warned.

So, since trying to compute the inverse Laplace transform directly seems impos-
sible, let us try to make a reasonable guess at a function whose Laplace transform
might be what we need to solve the heat equation. To solve the heat equation on
R we used

e~ /() (47rt)_1/2.

So, since the Laplace and Fourier transforms are closely related, and we are solving
the heat equation on [0, c0), which is an unbounded interval, this is a good candi-
date. We shall compute its Laplace transform and see what we get. If we are super
lucky, it will just give us the function we want. If we are less lucky, but still pretty
lucky, the process of computing the Laplace transform together with the properties
of the Laplace transform will show us how to get g(x,t) whose Laplace transform
is g(x, z) = e V7",

Let us therefore define:

* = /00 e~ tre=e’/(4) (47rt)_1/2dt.
0
We are computing the Laplace transform of ©(t)h(z,t) where
h(z,t) = e~ /40 (4mt) =172,

Now, we see that

- /Ooo(m)—l/? exp (-(@)2 - (;ﬁ>2> dt.
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We do the completing the square trick in the exponent:

* = /000(47rt)_1/2 exp (— (\/t»— ;/{)2 - x\/§> dt

e () )

To compute this we need to use a very very clever trick. First, let us clean up our
integral just a little bit to remove that pesky v/t which is getting divided. We let
s =+/t. Then

dt

ds = —=

2Vt
So,

eTVz

* =

/ o (svE—2/(28) gg.
0

V3

Theorem 2 (Cauchy & Schlémilch transform).
| aftas—vioPyis= [ ra)ay.
0 0

Proof: The proof is so cleverE|
We do a substitution in the integral. Let ¢ = a%. Then

b 2
dt = ——=ds — —2dt = ds.
as b
We see that
9 b2 a?s? 9 as? b

a?s? b2 b at?
Next, when s — 0 and s > 0 we see that t — co. On the other hand, when s — oo,

t — 0. We also see that .
t

as = -, ——=—ta.

b S
So, let us call

<O:Zfaﬂﬁw—bﬁVMs:[:W«ﬁb—wY)Ch;)ﬁ

= /oo f((t/b— at)2)t%dt.
0
Note that
(t/b—at)? = (—(at — t/b))? = (at — t/b)>.

Hence we have computed

@:A Fl(at — t/0)%) gyt

1T don’t know if Cauchy and Schlémilch actually had anything to do with this formula. Oscar
Schlémilch was elected a foreign member of the Royal Swedish Academy of Sciences in 1862. He
was a German mathematician who lived from April 13, 1823 until February 7, 1901. Augustin-
Louis Cauchy was a French mathematician who lived August 21, 1789 until May 23, 1857. Did
they ever meet? Why is this named after them?
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Therefore

20 = /000 af((as —b/s)?)ds + /OOO f((at — t/b)z)t%dt

= a/oo f((as — b/s)2)ds+b/oo f((as — b/s)2)g.
0 0

As a consequence,

1= 9 b
@—2/0 f((as—b/s))(a—i—sQ)ds.
Now we let
b b
y=as—- = dy=(a+ = |ds.
s s

We note that when s — 0, y — —oo, and on the flip side, when s — oo, y — oo.
Therefore

0= %/m f(y2)dy:/O fW?)dy,

since f(y?) is an even function.

0c

We will use the Cauchy & Schlémilch transform with
a:\/g’ b: ) f(s):eis'

|8

Then, it says that

/OOO VZexp(—(as — b/s)2)ds = /OOO 7 exp (— (sv - ;8)2) ds

(o)
0

Now we were computing

—x\/zZ oo —x\/Zz OO
e 2 e 2
~(svZ-2/(29)) gg — / Jze~(sVEa/(29) g
e S E—— ze S
NZ3 /o VTz Jo
efa:\/z

N

* =

So, we have computed
—xz\/Z

e
2\/z

This is almost what we wanted, except for the 24/z in the denominator. Here we

use the properties of the Laplace transform. Consider the function:

67x\/5

T

L(O®)h(x,1)) (2) =

o0

dw = —

Vw x

By the properties of the Laplace transform

o)) - | " Fw)duw.

/oo 6—93\/5 671\/77)
- 2

w=z



FOURIER ANALYSIS & METHODS 2020.02.26 9

So,
1 > pmrVw e VE
Lt O@)h(x,t = dw = .
(Wh@ ) = [ Go—dn =
because we computed
i

LOW)N(=,1)) (2) = 5=
We can simply multiply both sides by x to get
Lt Ot h(x,1))(z) = e~V

as desired. Let us summarize this phenomenal calculation as a theorem for future
reference.

Theorem 3. The Laplace transform of

g(x,s) = g@(s)h(sc,s), h(x,s) = \/%e_%’ O(s) = {0 <0

in the variable s is

£(g)(x,2) = e "V
Therefore going back to our problem, the solution
u(z,t) = (f(s) * (s~ '20(s)h(x, s))(t) = / ft—9)g(z,s)ds
R

t
t—s 2

= L?)/lme_ 45 ds.

0 2ﬁ8

This is because f is zero for negative times.

Remark 1. One of the things I love about this class is that you begin to approach
actual research mathematics. I think that must be exciting for you, because calculus
(envariabelanalys) is like 300 years old. Cauchy’s complex analysis is also a few
hundred years old. That’s not very close to actual current year 2019 math! Here is
an example of how the Cauchy-Schlomilch transform is super awesome (and look,
this paper is only 9 years old which is super young by research terms):

https: //arziv. org/ abs/ 1004 . 2445

1.2.1. Hints to: exercises for the week to be done oneself.
(1) (7.3.1) Use the Fourier transform to find a solution of the ordinary differ-
ential equation
u” —u+2g(x) =0, geL'R).

Hint: Hit the whole equation with the Fourier transform in the x variable.
So you are getting

—&%a(€) — a(€) = —29(¢).
Solving for u(£) we get

X 9(§)
=2 .
() =277 25
From here, we see we got a product. The Fourier transform of a convolution
results in a product. So, find a function whose Fourier transform is #
Then, you can express the solution as the convolution of 2¢ with this!



https://arxiv.org/abs/1004.2445
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(7.4.7) We are tasked with solving the following problem:

Upg +Uyy =0, >0,0<y<1l, u(0,y)=0, u(zr,00=0, u(zr,1)=e".

Hint: Extend the boundary data u(z,1) = e™%, since you want to have 0
at x = 0, oddly. Then hit the PDE with the Fourier transform in the x
variable. This will result in an ODE for y:

—E20(&,y) +ayy(E,y) =0 = A&, y) = A(E)e™ W + B(gell.

Discard the solution which grows exponentially. Use the boundary con-
dition at y = 1 to determine the coefficient function. Invert the Fourier
transform. Come to consultation time if you are still stuck!

(E6 47) We wish to find a solution to

Ugz +Uyy =0, z€R, 0<y<a,

with
u(z,0) =0, u(z,a)= f(z).
Hint: Fourier transform the PDE in the x variable. This will result in an
ODE for y. The solution will turn out to involve hyperbolic trig functions.
To obtain the inequality use Plancharel’s theorem. Also, you can be relieved
that it is just fine to leave the solution as a Fourier integral!
(8.4.1) Solve:
ur = ktgy —au, x>0, u(z,0)=0, u(0,t)=f(t).

Hint: Let’s hit the PDE with the Laplace transform in the ¢ variable and
see what happens. It is a little bit different this time:

z2u(x, z) = kLu(x, 2) e — alu(z, 2).
So we re-arrange and have

zZ+a
k

This is similar, and our solution is of the form
A(Z)e—x\/(z—&-a)/k + B(z)ea;\/(z—i-a)/k'

We want this to be bounded for z large, so we strike the second solution.
The initial condition says we want

A(z) = Lf(2).
So our Laplace-transformed solution is:

Ef(z)e—w\/ (z-‘ra)/k'

This is a product. We can express our solution as a convolution if we find
something whose Laplace transform is that exponential term. Let’s write
the exponential a little differently:

e_ﬁ vET——a

(z+a)Lu(x, 2) = kLu(x, 2) ey = Lu(x, z) = Lu(z, 2) s

We see that item 3 on table 3 with ¢ = —a shows that
L f(1)(2) = £f(z — —a).
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e VEVZ

So if we find a function whose Laplace transform is then we will

be done. We see that item 27 on table 3 gives us just that:
21(1573/267172/(“))(2) =2b~L/me IV

(We already have one thing called a running around, so I changed the name
here to b). Consequently

Q(efatt73/267b2/(4t))(z) _ Qb’lﬁe’bm.

Now just figure out what you need b to equal to make this work. Your
solution will be a convolution of f and the correct thing to make the right
side equal to e~ VEVZ 7,

(5) (8.4.3) Consider heat flow in a semi-infinite rod when heat is supplied to
the end at a constant rate c:

Uy = kg, for x >0, wu(x,0) =0, wu,(0,t)=—c.
With the aid of the computation:

(L e/ (Z):g
vt e

k t
u(z,t) = cy/ = / §T1/2e="/(4ks) gg.
T™Jo

Hint: Let’s hit the PDE with the Laplace transform in the ¢ variable.
We get

show that

L(ug)(z, z) = kL(uze)(z, 2).
By the properties of the Laplace transform, and the IC,
Llu)(z, z) = zL(u)(x, 2) — u(z,0) = 2L&(u)(z, 2).
So we have the equation:
ZSu(% z) = Lu(x, 2)zqe-
This is an ODE now for the Laplace transform of our solution. The solution
is of the form:
Lu(x, z) = A(z)e™™V 2k 4 B(z)e*V z/k,

We want this to be bounded for large z so we strike the second solution. The
boundary condition we have is that u,(0,t) = —¢, so when we transform
this, we want

Luy (0,2) = —£(c)(2).

We can Laplace transform the constant function:

oo
c
/ ce ?dt = =,
0 z

On the other hand, taking the derivative of A(z)e™V 2/k* with respect to @
and then setting x = 0 we get:

—/7AR) = —\/;A(z):—z.
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So, we want

A(z) = 23@

Thus our Laplace transformed solution is:

c e_f”\/sz
Lu(r, z) = ZT\CEe_”\/ZT’“ = C\/E% <\/E > .

From here on out we can follow Folland’s hint and use Table 3 which says
that the Laplace transform of

g / f(5)ds)(2) = 2 1(f)(2).

So, we have

toq 2 efa\/g
—a”/(4s) -
£ </0 \/Ee ds) (2) v

Now just deal with the constant factors and choose a correctly...
(E6 12) We define

) :/0 Vwe®” cos(wt)dw.

We are supposed to then somehow compute

/ (02t
R

Hint: This definition of f looks remarkably like a Fourier transform of
something... The right side is an £2 norm, so we have the Parseval (is that
the right name?) formula which says that

2 — T2
/le(t)| dt = %/Ru(m dt.

Then we look to Table 2 of Folland which says that
11(€) = i€ f ().

So we just need to compute
1 21 Frey 2
d€.
5 | el

To solve this, the function f requires further inspection... it is very close to
being a Fourier transform. Let us make it so. Begin by extending evenly
(the presence of cosine hints at this...)

2
The reason for the last step is that the function (without the cosine) is
even. So if we throw in e~ = cos(—wt) +isin(—wt) = cos(wt) — i sin(wt)
the integral with the sine will be zero since sine is odd and the rest of the
integrand is zero. So we recognize

0= F (Vi) o

1 2 1 2w
f) = f/X[,Ll](w)\/|w|ew cos(wt)dw = 5/)([,1,1](111) lwle® ™"t dw.
R R
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By the FIT
1 2 1 ) 1 4 1 .
v w7 tlwtdtzf _ E— .
sxLn(Viele” = 5o [ fean = 5 f-w) = 3w
This is because f is even and so it’s Fourier transform is also even. So, we
see that

2 ~
TX[-1,1] (w)y/|wle”” = f(w).
Hence, we just need to compute

1 2 w?)? e 2 2w?
- | w (X[,Ll](w) |wle ) dw = — |w|we*" dw
2 Je 2],

1
2
:/ w3e?™ dw.
0

Write the integrand as (w2)(w62w2). Integrate by parts. It should end
nicely.
REFERENCES

[1] Gerald B. Folland, Fourier Analysis and Its Applications, Pure and Applied Undergraduate
Texts Volume 4, (1992).
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ABSTRACT. Caveat Emptor! These are just informal lecture notes. Errors are
inevitable! Read at your own risk! Also, this is by no means a substitute
for the textbook, which is warmly recommended: Fourier Analysis and Its
Applications, by Gerald B. Folland. He was the first math teacher I had at
university, and he is awesome. A brilliant writer. So, why am I even doing
this? Good question...

1. GEOMETRIC SETTINGS IN WHICH WE CAN SOLVE PDESs

We are on the home stretch! So far, the geometric settings we can handle are:

(1) finite intervals and rectangles, using Fourier series and SLP techniques;
(2) the entire real line, using Fourier transform;

(3) with nice boundary conditions, a half line using even or odd extensions;
(4) with a time-dependent boundary condition, a half line using Laplace trans-
form,;

(5) combining techniques to deal with half-spaces and quadrants.

2. FUN WITH DRUMS AND BESSEL FUNCTIONS

Why do drums sound the way they do? This is actually a question that even
today we do not completely understand. You'll soon understand why...

We shall solve the initial value problem for a vibrating drum. We begin by
mathematicizing the drumhead as a circular membrane. Since it is a drumhead,
the boundary is attached to the rest of the drum, so the boundary does not vibrate,
it remains fixed. We think of the drumhead as being instantaneously still at the
moment when we hit it. Consequently, the height on the drum at a point z = (z,y)
and time t satisfies:

u(z,y,t) =0 (z,y) on the boundary
Ut —Ugg —Uyy = 0, 22 4y? < L2, us(x,y,0) =0
u(z,y,0) = f(z,y)
To solve this problem, we see that it is pretty decent and homogeneous, and it is
also occurring in a bounded region of the plane. So we see if we can use separation

of variables. For this we first separate the time and space variables. So our equation
is

T"()S(x,y) = Sza(z,y)T — Syy(,y)T = 0.
We divide everything by T'S, move things around, and get
T"  Spx+ Syy

T S
1
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Since each side depends on a different variable, we have the equation

Szz + Syy A,AAA,ZZ

S T
Which side to solve first? We have the nice homogeneous boundary condition for
the space variables, so we should solve for the space variables first. Consequently
we seek a solution to:

Sza + Syy = AS.

Expressing the boundary using x and y it is:

z® +y? = L%
This is not something of the form “variable equals value.” It is more complicated.
The reason is because the natural coordinate system for a disk is not the square
Cartesian coordinates. The natural coordinate system is the polar coordinate sys-
tem.

Exercise 1. Show that the differential operator
Dvw + Oy
in polar coordinates (r,0) becomes
Opr + 1710, + 17 20yg.
Hint: use the chain rule!

In terms of polar coordinates the boundary is at » = L. This is the type of
expression we usually have for a boundary. The function S should vanish at r = L.
Moreover, we are on a disk. So, the function S at 6 and 6+ 2k7 should be the same
for all k € Z. Let us separate variables, writing S = R(r)©(#). Then our equation
becomes

R'O@ +r 'RO+7r720" =\RO, R(L)=0, O+ 2kr)=0(0).

Let’s get the different variables cordoned off to different sides of the equation. So,
we first divide by RO:

R// 1 R/ 9 @//
—+r = +r ==\
R R 6
Multiply everything by 72 to liberate the term with © from any r dependence:
R// R/ (_:)// R// R/ @//
T2§+T§+§:T2A<:>7‘2§+T‘E—T2)\:—€.

Each side depends on a different variable, so they are both constant. Since we have
the lovely periodicity condition for ©, and its equation is more simple, let us look

for its solution first. We have
1

- constant = p, ©(0+ 2kw) = O(0).

So, we are looking for a 27 periodic function which has ©” equal to a constant
times ©. The only functions which have this are sines and cosines! Equivalently,
we may use complex exponentials. So, we may choose to use

{sin(nz), cos(nz)} nen,, Or {emx tnez.

Either of these will do the job. The numbers

= pin = —n°.



FOURIER ANALYSIS & METHODS 2020.02.26 3

So, now let us take the value of u, and use it to find the partner function R,. It
satisfies

R// R/ @/l
2°'n tn 2 —__-n _ _ _ 2 _ 2
r R, + ar A o, n n-.
Re-arranging the equation, we get
(2.1) r?R! +rR, —r’\ —n’R, = 0.

This is quite close to Bessel’s equation.

Definition 1. The differential equation
22 (x) 4+ 2u' (z) + (2° — o®)u(x) =0, acC
is Bessel’s equation. The differential equation
w?u (x) + 2u' (z) — (2° 4+ o®)u(x) = 0,
is the modified Bessel equation.

-almostb
So, let’s try to relate our equation ﬁTh_e main differences are: A factor
attached to 72 term and different signs. Let us consider first the case in which

A < 0. Then —X > 0. So, let us write

Ru(r) = Fu(z), @=rV]A = R,(r) = F(x)V/])l

So we also have
T

rR (r) = —R! (r) =
() = =0

T

VI

7‘2R”(r) = £E2FH(.T).

n n

Fl(@)V/IA] = 2F, ().

Similarly we get

Moreover, since A < 0,
—r2\ =22
So for the function F,, the differential equation W
22F"(z) + oF! (z) + 2°F,(z) — n*F,(z).
This is
2?F!(2) + 2F) (z) + (2* = n*)F,(z) = 0.
This is Bessel’s equation! The solution in this case is given by the function
Fo(z) = Jn(z) = Rn(r) = Jn(r\/W)-
What should \/W be? This comes from the boundary condition. We need

R, (L) =0 = J,(L\/|\) =0 = L+/|\| is a number where J,, vanishes.

Theorem 2. The Bessel function J,, has infinitely many zeros along the real axis.
We may therefore write {2, m}m>1 to indicate the m*" positive zero of the Bessel
function J,.

Consequently, we require
L+\/|\ = zp,m  for some m > 1.

This shows that (recalling A < 0 in this case)
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:almostb
Exercise 2. Consider the case A > 0. Do a similar change of variables to EI i o
show that in this case we obtain the modified Bessel equation:

2?F!(2) + 2F (z) — (2* + n?*)F,(z) = 0.

Check the literature to see that the solutions are the modified Bessel functions, I,
and K. Verify in the literature that the functions K, (x) — oo when © — 0. So,
these do not yield physically viable solutions to the wave equation because there is
no reason for our drum to go off to infinity at the center point. Verify that the
functions I,(x) do not have any positive real zeros, so there is no way to obtain the
boundary condition R,(L) = 0. Hence, these too can be discarded.

So, with the exercise, we are able to conclude that only the case A < 0 yields
physically viable solutions. Equipped with this knowledge, we may return to our
equation for the time dependent function.

T// 2’2
P = Ny = — 2 = Ty (t) = @nm €08(2nmt/L) + by sin(z,mt/L).
Tow ™" L2 ’ ’ ’ | |

The coefficients shall be determined by our initial conditions. Using superposition
to create a super solution we have

u(t,r,0) = Z (@n,m c08(2Zn,mt/L) + by m sin(2n mt/L)) Jn(2m nr/L)(cos(nf)+sin(nf)).
n,m>1
The time derivative should vanish when ¢ = 0, which means that the coefficients
bpm =0 VYn,m.
The other condition is
u(0,7,0) = Z AnymJIn(Zm.nr/L)(cos(nb) + sin(nd)) = f(r,6).
n,m>1

So, we would like to have a sort of Fourier expansion in terms of these Bessel
functions and sines and cosines. We will have a theorem which says that indeed
this is true. Thus
o A In(Emnr/L)(cos(nf) + sin(nd)))
B T (Zmnr /L) (cos(n) + sin(n))]|2

Here since we are doing things on a disk and using polar coordinates, our scalar
products are:

L yon
(fs Jn(zm.nr/L)(cos(nb)+sin(nh))) :/0 /0 f(r,0)Jn(2m,nr/L)(cos(nd) + sin(nb))rdrdd,

and
L 2
[T (2m.n7/ L) (cos(nf)+sin(nd))||* = / / | T (Zm.n7/ L) (cos(n@)+sin(nd))|*rdrdd.
o Jo

2.1. What are Bessel functions? So, what exactly are these Bessel functions?
We shall see that they are a bit like the redneck cousins of the sine and cosine
functions. Let us write Bessel’s equation in this way:

22f faf 4 (2 =) f =0.
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Assume that f has a series expansion (we will later see that this assumption luckily
works out - if it didn’t - we’d just have to keep trying other methods). Then we

write _
f(z) = Zaja:ﬁb.
J=0
Stick it into the ODE:
22 Z a;(j+b)(j+b— 1)£Uj+b_2 +x Z a;(j+ b)acj'*'b_1 + (22 —1v?) Z ajscj+b =0.
720 j>0 §>0
Pull the factors of = inside the sum:
Y aiG+b)G+b— 12+ a;(+ b)Y a2l T 2aa0 T = 0.
Jj=0 j=0 j>0
Begin with j = 0. To make the sum vanish, it will certainly suffice to make all the
individual terms in the sum vanish. So we would like to have
ao (b(b—1) +b—1v?) 2’ = 0.
This will be true if
ap=0o0rb?—12=0 = b=+uv.
Next look at j = 1. We need
ar (L+D0)(L+b—1)+ (1+b) —v?)z"t =0.
Let’s simplify what’s in the parentheses, so we need
a1 ((1 + b)2 — VQ) =0.
So, here are our options:

(1) Let b =v, set a3 = 0, and be free to choose ag OR
(2) Let (1+4b) =v, set ag = 0, and be free to choose a;.

If we think about it, the second option is rather like doing the first one for v — 1
instead of v. So, the two options are basically equivalent, but the first one is a bit
more simple, so that is what we choose to do. We set b = v, a; = 0, and we shall
choose agp # 0 later.

What happens with the higher terms? Once j > 2 the term with ajxj+b+2 gets
involved. Let’s group the terms in the series in a nice way:

S @y (GG +b— 1)+ (G +b) — 17) +agad 2 =0,
j=0
This is _ _
> at*a; (5 +b)? = v?) + a2’ <.
3>0

1

We figured out how to make the terms with the powers 2® and 2**! vanish. For

the higher powers, the coefficient of

$j+b+2 is G,j+2 ((j + 2 + b)2 — V2) + CL]'.
Therefore, we need
aj

a2 ((G+240)° = v%) = —a; = A Ve )

Recalling that we picked b = v, this means
aj
(+2+v)2—v?¥

Qjy2 = —
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so we are not dividing by zero which is a good thing. Equivalently, for j > 2, we

have
Qj—2 - Qj—2 - aj—2

G+v)?2-vr  j2+2v) G +2v)

We therefore see that since we picked a; = 0, all of the odd terms are zero.
On the other hand, for the even terms, we can figure out what these are using
induction. I claim that

G,j:—

_ (—1D*ag
S 22%E(14v)(2+v) ... (k+v)
To begin we check the base case which has k£ = 1:

gk

_ agp o ap o (—1)1a0
2T rw) T 4l+y) 2011+ o)
So the formula is correct. We next assume that it holds for k and verify using what
we computed above that it works for k 4+ 1. We have for j = 2k + 2,
a2k
2k +2)(2k +2+42v)’

We insert the expression for asy by the induction assumption that the formula holds
for k:

A2k42 = *(

o (=1)*¥aqg
T (k4 2)2k + 2+ 2) 2R (1L + )2+ v) . (k+v)
‘We note that

2k +2)2k +2+2v) =4k + D) (k+14+v)=2%k+1)(k+14v).

So
(=1)*aq
agk42 = — .
26t (k+ DEA+v)2+v) ... (k+v)(k+1+v)
Finally we note that

(k+ 1Dk = (k+ 1)
So,
(=1D*ag
A2k+2 = T 5ok 1) | :
2 k+DI0+v)2+v)...(k+v)k+1+v)
This is the formula for k£ + 1, so it is indeed correct. Before we proceed, we recall
one of the many special functions,

I'(s) ::/ tsle7tdt, secC, RN(s)>1.
0

Exercise 3. Use integration by parts to show that
sT'(s) =T(s+1).

Next, show that T'(1) = 1. Use induction to show that T'(n+ 1) =n! forn > 1.
Since T'(1) = 1, this is the reason we define

0!:=1.

Moreover, viewing I' as an extension of the factorial function to real numbers, we
can compute silly expressions like

ml=T(r+1), e =T(e+1), !=TE+1).
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Use the so-called functional equation sI'(s) = T'(s + 1) to show that T' extends to
a meromorphic function whose only poles occur at the points 0 and the negative

integers.
So, motivated by the form of the coefficients, the tradition is to choose
1
g = ————.
07 2T(w+1)

Therefore coefficient
(=1)* _ (=1
2kt El(1+ )2+ v) ... (k+v)D(v+1) 22+ EID(k+v+ 1)

This is because

a2k =

v+1)I'(v+1)=T(v+2).
Next

v+2)T(v+2)=T(v+3).
We continue all the way to

w+kIT(w+k)=Tw+k+1).
We have therefore arrived at the definition of the Bessel function of order v,
2k+v

(=D (3)

I k'F(k +rv+1)

k>0
For the special case v = n € N, the Bessel function is defined for good reason via
J_n(z) = (=1)"Jn(x).
The Weber Bessel function is defined for v € N to be
cos(vm)Jy,(x) — J_p(x)

sin(v)

Y, (z) =

The second linearly independent solution to Bessel’s equation is then defined for
n € N to be
Y, (x) := lim Y, (x),
vr—n

and this is well defined. If you are curious about Bessel functions, there are books
by Olver, Watson, and Lebedev to name a few. What is most important about Y,
is that it blows up when 2 — 0. That’s okay. Since J,(z) =+ 0asz — 0, for n > 1,
this shows that Y,, and J, are certainly linearly independent! Hence they indeed
form a basis of solutions to the Bessel equation.

2.1.1. Solutions to: exercises for the week to be done oneself.
(1) (7.3.1) Use the Fourier transform to find a solution of the ordinary differ-
ential equation
u” —u+2g9(x) =0, geL'(R).
Answer: u(z) = gxe |*l == ffoo eYg(y)dy + e* f:o e Yg(y)dy.
(2) (7.4.7) We are tasked with solving the following problem:
Upg +Uyy =0, >0,0<y<1l, u(0,y)=0, u(z,00=0, u(z,1)=e".

Answer: u(z,y) = 2 fooo §sin(Ez) sinh(8y) zﬁfgg)) jj;lﬁ(g;/)dg
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(3) (Eo6 47) We wish to find a solution to
Ugy +Uyy =0, z€R, 0<y<a,
with
u(z,0) =0, wu(z,a)=f(x).
Answer: The solution is

1 5, sinh(&y)
2 Rf(g)sinh(fa)

To obtain the inequality, one can use Plancharel’s theorem which says that
sinh( fy

[ teae = [t i = L [ 1772 g < L[ frag = [ 15

We used that y < a to obtain that the ratio of hyperbolic sines is < 1, and
in the last step we used Plancharel again.

t —as o— —s2 s
(4) (8.4.1) u(x,t) = \/ﬁfo f(t —s)eass73/2e=7/(4ks) g,
(5) (8.4.3) Consider heat flow in a semi-infinite rod when heat is supplied to
the end at a constant rate c:

Uy = kg for . >0, wu(z,0) =0, wuy(0,t)=—
With the aid of the computation:

(L e/ (z):ﬂ
vt vz

k t
u(z,t) = C\/7/ s1/2e=w"/(4ks) gg.
™ Jo

Answer: We hit the PDE with the Laplace transform in the ¢ variable.
We get

e .

show that

L(ug)(z, 2) = kL(uzz)(z, 2).
By the properties of the Laplace transform, and the IC,
Llu)(z, z) = zL(u)(x, 2) — u(z,0) = 2L8(u)(z, 2).

So we have the equation:
%,Qu(x, z) = Lu(x, 2) g

This is an ODE now for the Laplace transform of our solution. The solution
is of the form:

Lu(x, z) = A(z)e*"’”\/m + B(z)ewm.

We want this to be bounded for large 2z so we strike the second solution. The
boundary condition we have is that u,(0,t) = —c¢, so when we transform
this, we want

Luy (0,2) = —£(c)(2).

We can Laplace transform the constant function:

(oo}
c
/ ce”dt = .
0 z
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On the other hand, taking the derivative of A(z)e~V*/*® with respect to z
and then setting © = 0 we get:

\/iA(z) — —\/7AR) =

vk

3/2°

So, we want
Az) =
Thus our Laplace transformed solution is:
_C\[ —w\/j 1 [ e =Ve/k
S’UJ(QI, Z) = 3/2 \/%; (\/E .

From here on out we can follow Folland’s hint and use Table 3 which says
that the Laplace transform of

g / f(5)ds)(z) = 2 1(1)(2).

So, we have
efa\/g

s(/ot \/17?8@“2/@%5) (2) = VR

To get the correct right side, we choose
x

Vi
To get the constant factor of cv/k as well, we multiply both sides of the
equation by ¢vk. So, we have

t 2
< (ﬁ/ 7= /MS)‘“) () = ev/e- VT,

Hence, the solution to the problem before it was hit with the Laplace trans-
form is

a =

t
1 2
L —x /(4\/Es)d .
cf/o 7\/7?56 s
(E6 12) We define

(t) = /0 N

We are supposed to then somehow compute

/ (1)t
R

Hint: This definition of f looks remarkably like a Fourier transform of
something... The right side is an £2 norm, so we have the Parseval (is that
the right name?) formula which says that

[iropa = o [ [FoPa.

Then we look to Table 2 of Folland which says that
11(€) = i€ f ().



10

JULIE ROWLETT

So we just need to compute
1 .
o [ 1P
T JR

To solve this, the function f requires further inspection... it is very close to
being a Fourier transform. Let us make it so. Begin by extending evenly

(the presence of cosine hints at this...)
1 2 1 2 _iw
= i/X[—1,1](w)\/|w|€w cos(wt)dw = 5/)([_171](11)) lwle® ™"t dw.
R R

The reason for the last step is that the function (without the cosine) is
even. So if we throw in e =" = cos(—wt) +isin(—wt) = cos(wt) — i sin(wt)
the integral with the sine will be zero since sine is odd and the rest of the
integrand is zero. So we recognize

10 = 7 (3xeamviale ) o
By the FIT
1 2 1 - 1 . 1.
genn(VIole” = 5= [ foertin = o f(-u) = o fw).

This is because f is even and so it’s Fourier transform is also even. So, we
see that , R

TX[-1,1] (w)y/wle” = f(w).
Hence, we just need to compute

1 2 w? 2 1 ! 2 2w?
w (X[fl,l] (w)y/|wle ) dw = - |w|we*” dw
2 Je 2),

1
2
:/ w3e?™ dw.
0

Write the integrand as (w2)(w62“’2). Integrate by parts. It should end
nicely.

REFERENCES

[1] Gerald B. Folland, Fourier Analysis and Its Applications, Pure and Applied Undergraduate
Texts Volume 4, (1992).



FOURIER ANALYSIS & METHODS 2020.03.02

JULIE ROWLETT

ABSTRACT. Caveat Emptor! These are just informal lecture notes. Errors are
inevitable! Read at your own risk! Also, this is by no means a substitute
for the textbook, which is warmly recommended: Fourier Analysis and Its
Applications, by Gerald B. Folland. He was the first math teacher I had at
university, and he is awesome. A brilliant writer. So, why am I even doing
this? Good question...

1. 2019.03.04

There are several interesting facts about Bessel functions. Entire books have
been written on these special functions.

1.1. Fun facts about Bessel functions.

Theorem 1 (Recurrence Formulas). For all z and v
(@ " (@) = —27" Jppa(2)
(@ Ty (@) = 2" Ty (2)
xJ)(z) —vd,(z) = —xJ,11(2)
zJ,(z) + v, (x) = xJ,_1(x)
xdy_1(x) + xJy11(x) = 2vJ, (2)
Jy-1(x) = Jyga(x) = 27, (2)
Proof: Can you guess what we do? That’s right - use the definition!!!! First,

2n

— (71)’"‘ 2§1L+u
Y (x) = —_
* (z) T;) nl(n+v+1)

Take the derivative of the sum termwise. This is totally legitimate because this

series converges locally uniformly in C. So, we compute
2n—1 2m+1
Z ( 1) 2”22n+u - Z ( 1)m+12(m 4+ l)ﬁ
= nll(n+v+1) (m+DT(m+2+v)

m>0

Above we re-indexed the sum by defining n = m + 1. Next we do some simplifying

around
p2m+1 2m+14v

m22m+1+u —v (_1)m§2m,+1+u —v
— = — —_— = — Jy .
z:dom'f‘ (m+2+v) * migom!l“(m—FZ—&—y) * (@)

Next we compute similarly the derivative of z"J, is
2n+42v—1
Z (_1)n(2n + 2”) - 22ntv
nll(n+v+1)

1

n>0
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We factor out a 2 to get

LA V) rrrr
= nl(n+v+1)
Note that
(n+v) 1

Fn+v+1)=@n+v)l(n+tv) = Tntv+1l) T(ntv)

So, above we have
2n+42v—1

— nll'(n+v) v

To do the third one it is basically expanding out the first one:
(x7" T, (x)) = —ve ™"V, a7V, = —x 7V Ty
Multiply through by z**! to get
v, +aJ, = —x,1.
We do similarly in the second formula:

vae' N, + a2t =2t J, .

Multiply by z=¥*1

to get

vl, +aJ, =xJ, 1.
Next, to get the fifth formula, subtract the third formula from the fourth. Finally,
to get the sixth formula, add the third formula to the fourth.

We shall prove two lovely facts about the Bessel functions. The following fact is
a theory item!

1.2. The generating function for the Bessel functions. This is a lovely, follow
your nose and use the definitions type of proof.

Theorem 2. For all x and for all z # 0, the Bessel functions, J, satisfy

Z In(2)2" = e3(=3),

n=—oo

Proof. We begin by writing out the familiar Taylor series expansion for the expo-
nential functions

612/2 — Z (%)J
= I

and
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These converge beautifully, absolutely and uniformly for z in compact subsets of
C\ {0}. So, since we presume that z # 0, we can multiply these series and fool
around with them to try to make the Bessel functions pop out... Thus, we write

rz/2 —x/(2z) _ (E)] (L:)k _ x\Itk Zjik
(L1 ere/C9 SRR S R = 3 (-1 (3) S

1
>0 I k>0 k>0

Here is where the one and only clever idea enters into this proof, but it’s rather
straightforward to come up with it. We would like a sum with n = —oo to oc.
So we look around into the above expression on the right, hunting for something
which ranges from —oo to co. The only part which does this is j — k, because each
of j and k range over 0 to co. Thus, we keep k as it is, and we let n = j — k.
Then j + k = n + 2k, and j = n + k. However, now, we have j! = (n + k)!, but
this is problematic if n + k < 0. There were no negative factorials in our original
expression! So, to remedy this, we use the equivalent definition via the Gamma
function,

J'=TG+1), kK=T(k+1).
Moreover, we observe that in ,e 77 and k! are for j and k non-negative. We also

observe that

1
—— =0, meZ, m<O.

I(m)

Hence, we can write

n

e oo o0 x\ n+2k z
e 5 S ()

n=-—oo k=0
This is because for all the terms with n + k 4+ 1 < 0, which would correspond to
(n+k)! with n+k& < 0, those terms ought not to be there, but indeed, the m
causes those terms to vanish!
Now, by definition,

Hence, we have indeed see that

S
ezz/Qe—z/(2z): Z Jn($)2n

n=—oo

O

1.3. Integral representation of the Bessel functions. Let z = ¢* for § € R.
Then the theorem on the generating function for the Bessel functions says

Z Jo(z)z" =e? 725,

neZ
So, we use the fact that

together with this formula to see that

E Jn(x)em? = e =),
nez
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By Euler’s formula,
Z Jn(2)e? = 50 — cog(xsin §) + i sin(z sin 6).
neZ

Therefore, the left side is the Fourier expansion of the function on the right. OMG!!
Hence, the Bessel functions are actually Fourier coefficients of this function! So,

1 [ ; 1 (7
In(z) = o / glrsinbe=int gy — o cos(z sin @ — nf) + isin(x sin § — nh)do.

Note that
sin(z sin(—0) — n(—0)) = sin(—x sinf — n(—0)) = —sin(zsin f — nd).

So the sine part is odd and integrates to zero. We therefore have

—T —T

1 ™

In(z) = %/ cos(xsin @ — nd)do.

This formula can be super useful. For example, we see that the Bessel functions
have yet another property similar to their straight-laced Swedish ancestors, the sine
and cosine. They satisfy |J,,(0)| < 1Vx.

—T

1.4. Applications to solving PDEs in circular type regions. We shall now
see how to generalize our Bessel function techniques to solve problems on pieces of
circular sectors. Consider a circular sector of radius p and opening angle «. In the
eyes of polar coordinates, this is a rectangle, [0, p] x [0, a]. That is, this set in R?
is in polar coordinates

{(T,H)ERQ:Ogrgp, and 0 < 6 < a}.

This is much the same as how we describe a rectangle using rectangular coordinates,
(2,9).

To solve both the heat equation and the wave equation in a circular sector, we
can use the same SLP and Fourier series style techniques we used on rectangles.
The homogeneous heat equation is:

Ou+Au=0, A= -0y — Oyy.
The homogeneous wave equation is:
Ut + Au = 0.

If we have neat and tidy (self-adjoint) boundary conditions, we can use separation
of variables. Writing our function as T'(¢)S(x,y), we obtain the equations:

heat 7'S + TAS = 0 which, dividing by the product T'S becomes

AS T
5 = -7 = constant.
wave T"S + TAS = 0 which, dividing by the product T'S becomes
AS T
< = -7 = constant.

So we see that in both cases we need to solve an equation of the form
AS =)\S, )\is a constant.

After we solve this, we can then continue with solving both the heat equation and
the wave equation.
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p

FIGURE 1. A circular sector of opening angle « and radius p.

1.5. Dirichlet boundary condition on a circular sector. Let’s assume that
we have the Dirichlet boundary condition on the boundary of the circular sector.
So, we are looking for a function S which is zero on the boundary.

The boundary condition in polar coordinates is:

r=p, 08=0, 60=«qa.
So, it makes a lot more sense to use these coordinates. To proceed, we need to

write the operator using polar coordinates also! We have previously computed in
an exercise that in polar coordinates, the operator is:

A=—-0p. — 7’71(91» — 7“72899.

Let us try to solve AS = AS in the circular sector using separation of variables.
So, we have

R(r) and ©(0).
The first one only depends on the r coordinate, whereas the second one only depends
on the 6 coordinate. Now, our PDE is:

—R'(r)0(0) —r*R'(r)0(0) — 20" (0)R(r) = AR(r)©(0).
First, we multiply everything by 72, then we divide it all by OR to get

*T2RH —rR’ o *TQR” —rR ) e
—_——— = = —— = Ar" = —.
R B R "o
Since the two sides depend on different variables, they are both constant. It turns
out that the © side is much easier to deal with, so we look at solving it:
@//
o =M 0(0) =O6(a) =0.

‘We have solved such an equation a few times before. There are no non-zero solutions
for u > 0. For p < 0 solutions are, up to constant factors,

2,2
@m(e) =sin (Tn;re) )y HMm = _m ;T .

e}
As a consequence, we get the equation for R,
—TQR// _ ’I"Rl
R
We multiply this equation by R, obtaining
—r?R" —rR' — A?R = pu, R.

— X2 = fiy,.

This is equivalent to
R’ +rR + (M2 + pm)R = 0.
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We make a small clever change of variables. Let

z=vAr, f(z):=R(r), r=

=k

Then by the chain rule
R'(r) = VAf'(z), R'(r) = Mf"(x).

So, the equation becomes

fl}'z X
() A (@) + VA @)+ @ o) () =0,

A vV
This simplifies, recalling that s, = —m?r?/a?,
(12) 21 (@) + 2f (@) + (2 — m?n2 a?) f(z) = 0.

This is the definition of Bessel’s equation of order **. Consequently, a solution to
this equation is

To satisfy the boundary condition, we would like
me/oz(ﬁp) =0.

So, \Ap should be a point at which this Bessel function vanishes. We have a useful
fact about these zeros.

Theorem 3. The Bessel function Jp,x o has infinitely many positive zeros which
can be indexed as
{Zm .k te>1,

where 2y, 1 is the kth positive zero.

Consequently, we shall have

me/a(zm,kr/p)a /\m,k =
We therefore have the collection of functions

Sm,k(ey'l”) = Sin(mﬂ-e/a)‘]mw/a <Zm,k'7") '
p

Now we may obtain the time part of the solution.
heat Let us look for a solution to the homogeneous heat equation which satisfies
u(r,0,0) = f(r,0).
Then, the partner functions 7" shall be given by:
AS T
S T

By superposition our full solution is therefore

u(r,0,t) = Z Ap e Akt S (1, 0).
m,k

=Mk = Tmi(t) = Ay pe”mnt,
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wave Let us look for a solution to the homogeneous wave equation which satisfies
w(T797O) = g(T’,@), wt(r7970) =0.
AS T

< =7 = A = T k() = Gk €OS(Zm 1t/ p) + b ks SIN (2 KT/ P).

By superposition our full solution is therefore

w(r, 0,t) = Z(awk coS(2m kt/p) + bk SIN(2Zm £t/ P)) S 1 (1, 0).

m,k

To determine the coefficients, we shall use the following theorem.

Theorem 4. The set of functions

Zm kT
sin(mmn@/a)Jpr /o ( mk ) , k>0, m>1
p
are an orthogonal basis for L2 on the sector of radius p and opening angle o.. Above,
Zm,k 15 the Eth positive zero of Imrja-
Consequently, for the heat equation we demand

u(r, 03 0) = Z Am,kSm,k(ra 9) = f('/', 0)7

m,k

which shows us that the coefficients should be

<fa Sm k>
Am,k: =,
|[Sm, e ?
where o
<f75m,k>:/ / f(r,0)Sm i (r,0)rdrdd,
o Jo
and

o rp
||Sm,k|\2=/o /0 Sy 1 (r, 0)|?rdrdo.

For the wave equation we demand

w(r, 0,0) = Zam7k5m7k(r, 0)=g(r,0) = ami =

m,k

<97 Sm,k>
[[:Sa, ]2

The second condition tells us what the other coefficients should be:

we(r,0,0) = Zm /P kS (1, 0) =0 = by i = 0¥, k.

m,k

1.6. Bessel functions for Neumann boundary condition. This theorem is
another type of “adult spectral theorem.”

Theorem 5. Assume that v >0 and p > 0. Assume that ¢ > —v. Let
{2k i1
be the positive zeros of cJ,(x) + xJ.(x), and let

wk(m> = JV(ka/p>'

If ¢ > —v then {1y }r>1 is an orthogonal basis for L2, on the interval (0,b) for the
weight function w(x) = x. If ¢ > —v, then {Yy}r>0 is an orthogonal basis for L2
on the interval (0,b) for the weight function w(x) = x, with Yo(x) = z¥.
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Let us see how to apply this theorem when we are solving the heat (and wave)
equations with the Neumann boundary condition. We follow the same procedure
as for the heat equation. Let us name the sector

3.
ur + Au =0, inside X,
u(r,0,0) = v(r,0) inside &
the outward pointing normal derivative of © = 0 on the boundary of 3.

We do the same procedure as before. We arrive at the equation for the © part:
0" =u0, ©'(0)=0'(a)=0.

You can do the exercise to show that the only solutions are for p < 0, and to satisfy
the boundary conditions, up to constant multiples

m2n?

O, (0) = cos(mm /), pm = — oz m > 0.

Then, we again arrive at the Bessel equation of order mm/a for the function R. So,
we get that

Rm(r) = Jym(\/Xr)7 Vm = mﬂ'/oﬁ.
The boundary condition for R, is that

R, (p) = 0.
So, this means we need

VAT, (VAp) = 0.
In other words, v/A needs to be a solution of the equation
zJ, (px)=0.
If 2, is a solution to
27, (@) =0,
then

Vm

2
2y, (o) =0 = ?J' (zkp/p) = 0.
So, to satisfy the boundary condition, we need

VA= — VAL, (VAg) =0

Really, z; also depends on m, so that is why we write z,, » to mean the k" positive
solution of the equation ’
zJ, (x)=0.
Our function
R (r) = Ju,,, (zm,k7/p).

This also shows that )
Z’m,k

p?
Now, we recall the equation for the partner function, T,

7/n7k(t) = _)‘chTmJC(t)-

)\ch =

So, up to constant factors,
T k(t) = e Amikt,

s
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To apply the theorem, we note that
U = mm/a > 0Vm € N.

Therefore taking ¢ = 0 in the theorem, ¢ > —v,, for all m. The theorem then tells
us that the set
{Rm,k(r)}kzl = {Jum (Zm,k-r/P)}k21

is an orthogonal basis for £2(0, p) with respect to integrating against rdr. We also
know that the ©,,() functions are an orthogonal basis for £2(0, «) with respect to
integrating against df. Consequently, the entire collection

Sk (1,0) = O, (0) Ry 1 (1)

is an orthogonal basis for £2(X). This is because integrating on £2(X) in polar
coordinates is integrating

p ra
/v(’r, 9)rdrd0:/ / v(r, 0)rdrdd.
b o Jo

So, the theorem says that we can expand the initial data in a Fourier series with
respect to the orthogonal basis functions S, . We therefore write the solution

u(r,0,8) = > Uk ok (£) S i (1, 0),
m,k

where
[ v(r,0) Sk (r)rdrdd
Um,k =
Skl 2

— f(: f()e Sln(mﬂ-o/a)‘]m‘n'/a(Zm,kr/p)'l}(T, 9)7"de0
fOT foe Sin(mﬂ—e/a)2<]m7r/a (Zch'r/p)Q'f'deg '

1.7. Exercises to be demonstrated.
(1) Eo6 28
(2) (5.5.2) A circular cylinder of radius p is at the constant temperature A.
At time ¢ = 0 it is tightly wrapped in a sheath of the same material of
thickness §, thus forming a cylinder of radius p + . The sheath is initially
at temperature B, and its outside surface is maintained at temperature B.
If the ends of the new, enlarged cylinder are insulated, find the temperature
inside at subsequent times.
(3) Eb 30
(4) Eo 52
(5) Eo6 53
(6) (5.5.4) A cylindrical uranium rod of radius 1 generates heat within itself at
a constant rate a (think radioactive material). Its ends are insulated and
its circular surface is immersed in a cooling bath at temperature zero. Thus

Up = Upr + 7y + 7 2ugp + a, u(1l,t) =0.

First find the steady state temperature v(r) in the rod. Then find the
temperature in the rod if its initial temperature is zero.
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1.8. Exercises to be done oneself.
(1) (5.2.4) Demonstrate the identity:

/z sdo(s)ds = xJ1(x), /ﬂ” Ji(s)ds =1 = Jo(x).
0 0

(2) (5.5.1) A cylinder of radius b is initially at the constant temperature A.
Find the temperatures in it at subsequent times if its ends are insulated
and its circular surface obeys Newton’s law of cooling, u, +cu = 0, (¢ > 0).

(3) (5.5.5) Solve the problem

Upr + 7 + 7 2ugg +us, =0in D = {(r,0,2): 0<r <b,0< 2< 1}
u(r,0,0) =0, wu(r,6,l)=g(r0), wu(b0,z)=0.
(4) (5.5.6) Find the steady-state temperature in the cylinder 0 <r < 1,0 < z <
1 when the circular surface is insulated, the bottom is kept at temperature
0, and the top is kept at temperature f(r).
(5) E6 29
REFERENCES

[1] Gerald B. Folland, Fourier Analysis and Its Applications, Pure and Applied Undergraduate
Texts Volume 4, (1992).
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ABSTRACT. Caveat Emptor! These are just informal lecture notes. Errors are
inevitable! Read at your own risk! Also, this is by no means a substitute
for the textbook, which is warmly recommended: Fourier Analysis and Its
Applications, by Gerald B. Folland. He was the first math teacher I had at
university, and he is awesome. A brilliant writer. So, why am I even doing
this? Good question...

1. SorLviNG PDES WITH THE HELP OF SLPs

We have seen how the process of solving PDEs like the heat and wave equation
often leads to a set of functions which comprise an orthogonal basis for £2? or
a weighted £2? space. These basis functions generally come from separation of
variables. When we solve the “space” part of the PDE, we very often end up
solving a type of SLP. The easiest examples are:

" =Xf, f(a)=0= f(b), for f defined on the interval, [a, b]
" =Xf, f'(a)=0= f'(b), for f defined on the interval, [a, b]
f"=Xf, fla)=0= f'(b), for f defined on the interval, [a, b]
" =Xf, f(a)=0= f(b), for f defined on the interval, [a, b].

A more challenging example comes from solving the heat and wave equations on a
circular sector. There, when we did separation of variables, we got the nice type
of SLP above for the angular variable (6), and we got a more complicated SLP for
the radial variable. This turned into a Bessel equation. We used the initial data to
determine the coefficients in our series expansion, by writing the initial data as a
Fourier-Bessel type series.

2. THE FRENCH POLYNOMIALS

In other geometric settings, this same process will lead to other special functions.

In the last part of this course, based on chapter 6 in Folland, we will look at the
French polynomials,

(1) Legendre polynomials

(2) Hermite polynomials

(3) Laguerre polynomials
We can imagine that now we may be solving PDEs in more exotic geometric settings,
like French Polynesia. Hence, more exotic functions will play the role of the SLP
part of the problem. Three such types of functions are the aforementioned French
polynomials.

2.1. Legendre polynomials. These French polynomials arise from using spherical
coordinates to solve the wave and heat equations on a three-dimensional sphere.
1
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2.2. Hermite polynomials. These French polynomials arise from using parabolic
coordinates to solve the wave and heat equations in a parabolic shaped region.

2.3. Laguerre polynomials. These French polynomials arise from the quantum
mechanics of the hydrogem atom.

2.4. Orthogonal polynomials general theory. For the purpose of this course,
it is most important that you learn how to use the French polynomials. Depending
on how much time we have, we may go into the details of the origins of the French
polynomials, but these details are rather complicated and will not be examined. So,
we prioritize that which shall be examined. The following proposition is therefore
useful.

Proposition 1. Assume that {p,}nen is a sequence of polynomials such that p, is
of degree n for each n. Assume that pg # 0. Then for each k € N, any polynomial
of degree k is a linear combination of {p; }§:0'

Proof: The proof is by induction. If gy is a polynomial of degree 0, then we
may simply write

q0
do = —DPo-
Po

This is okay because pg is degree zero, so it is a constant, and pg # 0, so the
coefficient qo/po is also a constant. Assume that we have verified the proposition
for all 0,1, ... k. We wish to show that it holds for k + 1. So, let ¢ be a polynomial
of degree k + 1. This means that

q(z) = az**1 + l.ot. l.o.t. means lower order terms

has
a # 0.

Moreover, since pg41 is of degree k + 1 (not of a lower degree), it is of the form
Peg1 = bzt +lot., b#0.

So, let us consider

q(x) - %pk+1(x) = p(z) which is degree k.

By induction, p is a linear combination of py, ..., px. Therefore
a k
q(2) = pPr1 + JZ(:) CiDjs

Ak
for some constants {c; }7_,.

0c

Proposition 2. Let {py}32, be a set of polynomials such that each py, is of degree
k, and py # 0. Moreover, assume that they are L? orthogonal on a finite bounded
interval [a,b]. Then these polynomials comprise an orthogonal basis of L* on the
interval [a, b).
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Proof: Assume that some f € £2 on the interval is orthogonal to all of these
polynomials. Therefore by the preceding proposition, f is orthogonal to all poly-
nomials. To see this, note that if p is a polynomial of degree n, then there exist
numbers cg, ..., c, such that

p=Y cp; = (f,p) = (f.p;) =0.
j=0 7=0

We shall use the fact that continuous functions are dense in £2. Therefore given
€ > 0, there exists a continuous function, g, such that

g
7=l < 5oy

Next, we use the Stone-Weierstrass Theorem which says that all continuous func-

tions on bounded intervals can be approximated by polynomials. Therefore, there
exists a polynomial p such that
€

llg —pll < W

Finally, we compute
WP =N=-g+g-p+p. )= —9./)+{g—p.f)+ [

By the Cauchy-Schwarz inequality,

[I£lle [I£1le

NEDRE T ED R

Since € > 0 is arbitrary, this shows that ||f|| = 0. Hence by the three equiva-
lent conditions to be an orthogonal basis, we have that the polynomials are an
orthogonal basis of £2 on the interval.

2.5. Best approximations. We recall a slight variation of the best approximation
theorem:

1£112 < 11 = gllll £l + llg = pllIl A1 < 5

Theorem 3. Let {¢n}nen be an orthonormal set set in a Hilbert space, H. If
[ €H,

1F =D (fodn)bull S UF =D cndnll, Hentnew € 62,

neN neN

and = holds <= ¢, = (f, ¢n) holds Vn € N. More generally, let {¢,})_, be an
orthogonal, non-zero set in a Hilbert space H. Then,

X (f,0n) N
1 = 3o peimoall <11 = 3 endull, Weahilg € TV
n=0 " n=0

FEquality holds if and only if

(f; én)
[lénll?”

n=0,...,N.

Cp =
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How to prove it? The only difference is the last part, but we can use the proof
of the first part. Define ¥,, = 0 for n > N. Next define

Pn
llnll’

Repeat the argument in the proof of the best approximation theorem using {,, } nen
instead of ¢,,.

||f - chwnHz = ||f7 anwn + anwn - chwnHQ

Uy = n=20,...,N.

neN neN neN neN
= 1= FatonlPHI D Fatbn =D cntbnl PH2R(F= fthns D fathn—D  catbn)-
neN neN neN neN neN neN

The scalar product

f an"/}mz.fnz/]n ch% 72 an wm Z fm_cm)\IJn>-

neN neN neN neN neN meN

By the orthogonality and definition of ¥,,, and the definition of fn,

7an nfcn anz m*cm)<¢n7wm>

neN neN meN
7an n —C an n*n*
neN neN
Therefore
1F =S ctonlP = 11 = 3= Futball 11" Futon — 3 cntinl?
neN neN neN neN
=|If - anwn\|2+z|fnfcn|2<||f anwnn?
n=0

with equality if and only if ¢, = fn for all n. Since

this completes the proof.

0c

2.5.1. Applications: best approximation problems. This shows us that if we have a
finite orthogonal set of non-zero vectors in a Hilbert space, then for any element of
that Hilbert space, the best approximation of f in terms of those vectors is given
by

Here is the setup of questions Wthh can be solved using this theory. Either:
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(1) You are given functions defined on an interval which are £? orthogonal
on that interval (possibly with respect to a weight function which is also
specified). Either you recognize that they orthogonal because you’ve seen
them before (like sines, cosines, from problems you have solved previously)
or you compute that they are £2 orthogonal on the interval. Then, you
are asked to find the numbers cg,ci,...cn so that the £2 norm, or the
weighted £2 norm of f — ZkN:O cr®k is minimized, where the function f is
also specified.

(2) You are asked to find the polyonomial of at most degree N such that the £2
norm (or weighted £2 norm) of f —p where p is a polynomial is minimized.

In the first case, you compute

okl
In the second case you need to build up a set of orthogonal or orthonormal polyno-
mials. Then, you let ¢ be defined to be the polynomial of degree k you have built.
Proceed the same as in the first case, and your answer shall be

N
> crdre
k=0

If you don’t like the thought of building up a set of orthogonal polynomials, if
you are lucky, then it may be possible to suitably modify some of the French
polynomials to be orthogonal on the interval under investigation, with respect to the
(possibly weighted) £2 norm. So, we shall proceed to study the French polynomials.
Depending on how much time we have, we may also be able to get into their “origin
stories.”

Ck

2.6. The Legendre polynomials. The Legendre polynomials, are defined to be
I 2 n
P, (x) = Sl dgm (z*=1)").

OMG like why on earth are they defined in such a bizarre way, right? What
did you expect, they are French polynomials! Of course they are not defined in
some simple way, mais non, they must be all fancy and shrouded in mystery and
intrigue. Actually though, the reason comes from the PDE in which they arise as
solving one part of the separation of variables for the heat and wave equations in
three dimensions using spherical coordinates. First, let us do a small calculation
involving these polynomials:

e S SRS S () IS

k=0 k=0

Therefore, if we differentiate n times, only the terms with & > n/2 survive. Differ-

entiating a term 22 once we get 2k2?*~!. Differentiating n times gives
dr n—1
2k 2k— ;
dwﬁ(z )=1 nH(%*J)
j=0

If we want to be really persnickety, we prove this by induction. For n = 1, we get
that
(22*) = 2kz?h 1,
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Which is correct. If we assume the formula is true for n, then differentiating n + 1
times using the formula for n we get

n—1 n
(2k — n)x%_("H) H(Qk: —j) = g2k—(ntl) H(2k: !
§=0 §=0

See, it is correct. As a result,

Pae) = gy 3 0 (1)a® o Tk - )

" k>n/2 j=0

So, we see that this is indeed a polynomial of degree n.

Next time we will prove the following theorem about the Legendre polynomials.
Theorem 4. The Legendre polynomials are orthogonal in £?(—1,1) and

2
2n+ 1

Here, we shall simply use this theorem to do an example.

1Pl =

Exercise 1. Find the polynomial p(x) of at most degree four which minimizes the
following integral

1
/ Ip(z) — e*|*dx.
1

Based on our theoretical knowledge, the ‘best approximation’ can be created
using the Legendre polynomials. Let

flx) :=¢€".

Then, the ‘best approximation’ in terms of the Legendre polynomials is

4
plz) = Z n P (),
n=0
where P, (z) is the Legendre polynomial of degree n, and

C = <faPn> _ f,ll ezmdx

SR A

The beautiful fact is that we do not need to compute these integrals.

2.7. Hints for the exercises to be done oneself.

(1) (5.5.1) A cylinder of radius b is initially at the constant temperature A.
Find the temperatures in it at subsequent times if its ends are insulated
and its circular surface obeys Newton’s law of cooling, u, + cu = 0, (¢ >
0). Hint: Since the ends are insulated the problem is reduced to a disk.
Moreover, since the initial condition is radially symmetric, the solution
will also continue to be radially symmetric for all later times. Thus, you
just need u(r,t) a function depending on the radius and the time. Write
u(r,t) = R(r)T'(t) and put into the heat equation remembering to use polar
coordinates for the PDE. Solve for R first. Use the boundary condition.
There will be Jys and the Ags will come from an equation that you need
Jo(Akr) to satisfy (BC!). Then solve for the time part, and finally get the
coefficients using the initial condition.
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(5.5.5) Solve the problem

Upr + 7 0 + 17 2ugg + ., =0in D = {(r,0,2): 0<r <b,0< 2< 1}

u(r,0,0) =0, u(r,0,l) = g(r,0), u(b,0,z)=0.

Hint: There is only one inhomogeneous part of the equation, and that is the
boundary condition when z = [. Otherwise, observe that since we are in a
cylinder, the function must be 27 periodic in the theta variable. So, let us
separate variables writing u = R(r)©(0)Z(z). Put this into the PDE. First
solve for the theta dependent function. I am guessing you will get either
e for n € Z or sin(nf) and cos(nf), and these are equivalent to each
other... Next, I would solve for the R function. This has the zero boundary
condition: R(b) = 0. So, I am guessing you will get J,, (2 x7/b) where 2,
is the k" positive zero of the Bessel function J, for n € N. Last but not
least, use these to solve for your Z function. Since the PDE is homogeneous,
smash them all together into a super-solution using superposition. Use the
condition u(r,,1) = g(r,0) to specify what the constants in your solution
need to be.

(5.2.4) Demonstrate the identity:

/096 sdo(8)ds = xJy (z), /096 Ji(s)ds =1 = Jy(x).

Hint: Use the recurrence formulas. Integrating by parts is a reasonable
idea as well.

(5.5.6) Find the steady-state temperature in the cylinder 0 <r < 1,0 < z <
1 when the circular surface is insulated, the bottom is kept at temperature 0,
and the top is kept at temperature f(r). Hint: This is a radially symmetric
problem, so you’ll have the variables 7, z. No thetas. No ¢ because you're
asked to find the ‘steady-state temperature’ so, this is the temperature
that is independent of time. Use separation of variables, writing u(r, z) =
R(r)Z(z). The boundary condition for R will be that R'(1) = 0, because
no heat is lost outside the circular surface. The boundary condition for
Z is weird. So, solve for R first. The operator 0., + Oyy + 0. in these
coordinates is

A =0 + ’I“_lar + T_2899 +0,,.

Since it is steady state, you're solving ARZ = 0. Solve for R first. Then
use it to solve for Z. This will involve expanding f(r) in a series...

E6 29 Hint: Oh geez. Look at that boundary condition. It depends on time.
Well, let’s not panic. This is a new trick. Look at the function (¢+1). You
want that sitting at = 0, but you want to kill it at z = 1. How to achieve
this using ¢ and z?

t+1(1—x).
This takes care of the boundary condition at = 0, the boundary condition

at x = 1, and the initial condition at ¢ = 0. Does it screw up the PDE?
Well,

(O —205)t+ 1)1 —2)=1—=.
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So now you’ve got an inhomogeneous PDE. Use the series technique. First,
find the basis

X, with X,,(0) = X,,(1) =0, X, =X\, Xp.
Find the lambdas. Next write

v(w,t) =Y Tp(t) Xn(2).

n>1

Expand —(1 — z) in an X,, Fourier series, like

—(1=2) =) b Xn(x).
n>1
Stick v into the PDE. Set it equal to the series for —(1 — x). Use the
differential equation satisfied by X,,. Equate the coefficients of X,, on the
left and right. This will give an ODE for T,. Use as initial condition
T,,(0) = 0. Your full solution will be

t+1D)(1A —2z) +v(z,t).

Check that it satisfies everything required. If you’re stuck, go back to the
first exercise demonstrated on Monday’s big group session for inspiration!
Also, it might make you feel better to know that I first tried doing some
Laplace transform business with this, and it became horrible. Realized that
it was so complicated, there must be a better way. Indeed there is.

(6) E6 35 (sorry forgot this one before) Hint: Since you're in a cylinder, use
polar coordinates for x and y, but keep z just as it is. The PDE is therefore

(Opr + 7710, + 172099 + 0..)u = 0.

The function should vanish at z = 0 and z = L. It’s got a strange boundary
condition at r = R. It might be good to change this R into a p in case
you’d like to use separation of variables. Try to solve the problem using
separation of variables. Solve for Z first. Since the boundary data doesn’t
depend on 6 but only depends on z, the solution is independent of 6. So
you're just going to have Z and R. You'll get the coefficients from the
boundary data, which might look weird, but should read

=sin () =i () eos ()
u = sin 7 Sin 7 COS 7 .
REFERENCES

[1] Gerald B. Folland, Fourier Analysis and Its Applications, Pure and Applied Undergraduate
Texts Volume 4, (1992).
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ABSTRACT. Caveat Emptor! These are just informal lecture notes. Errors are
inevitable! Read at your own risk! Also, this is by no means a substitute
for the textbook, which is warmly recommended: Fourier Analysis and Its
Applications, by Gerald B. Folland. He was the first math teacher I had at
university, and he is awesome. A brilliant writer. So, why am I even doing
this? Good question...

1. THE LEGENDRE POLYNOMIALS AND APPLICATIONS

Theorem 1. The Legendre polynomials are orthogonal in £2(—1,1), and

2
2n+1°

Proof: We first prove the orthogonality. Assume that n > m. Then, since they
have this constant stuff out front, we compute

1

o,

— (%1
D (z* = 1)

1Pall* =

ndm

—— (2% — 1)™d.
dmm(x )" dx

2"n12mmi(P,, Py,) = /

Let us integrate by parts once:
1

dn—1 ) dm 1 a1 qm+1
- - 1= 271m o e 271717 271m.
T LR I e = i msl E)
Consider the boundary term:
dnfl 9 " dnfl " "
T (z2—1)" = e (x —1)™"(xz+1)™.

This vanishes at * = +1, because the polynomial vanishes to order n whereas we
only differentiate n — 1 times. So, we have shown that

1 dn—l ) dm—i—l
n

212" m(P,, P,,) = —/ Z_1)m.

a1 T g
We repeat this n — 1 more times. We note that for all j < n,
47
dai
For this reason, all of the boundary terms from integrating by parts vanish. So, we
just get

(x? —1)" vanishes at x = +1.

b mtr b s dm
-1" —1)t'——(2* - 1)"dzx = (—-1)" -1)t'——(z*-1)"d
0 [ @) - e = (1) [ () e - )
Remember that n > m. We computed that dd;l (J:2 —1)™ is a polynomial of degree
m. So, if we differentiate it more than m times we get zero. So, we'’re integrating

zero! Hence it is zero.
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For the second part, we need to compute:

n n

@1 =3 ()t = 3 (7)o

k=0 k=0

Therefore, if we differentiate n times, only the terms with k > n/2 survive. Differ-
entiating a term 22* once we get 2k2?*~!. Differentiating n times gives

n—1
dn . _
d:T”(I%) = o H(% = 7).
Jj=0

If we want to be really persnickety, we prove this by induction. For n = 1, we get
that
(22F) = 2ka?h1

Which is correct. If we assume the formula is true for n, then differentiating n + 1
times using the formula for n we get

n—1 n
(Qk _ n)m2k7(n+l) H(2k _]) — p2k—(n+1) H 2% _]
=0 =0

See, it is correct. As a result,

n n—1

Pu(z) = ﬁ 3 (—1)"—k(Z) 20 T @k = j).

k>n/2 =0

So, we see that this is indeed a polynomial of degree n. With this formula, we can
write

n n—1
1 _i(n _n .
Po) = o 3 () T 2k )
T k>n/2 j=0

Differentiating n times gives us just the term with the highest power of x, so we
have

" (2n)!
— Py
dx™ 2"n'
Consequently,
1 @2n)! [, 22n)! [,
__(_1\n _ n __ (_1\n _ n
(P Pa) = (1) 2 / (@ = e = (1) s [ -1

_ )" ny ok

= (-1 22n n' /0 (k>x dx
n ke x2k+1 n !

= (=1 22"71'22 +1(k)0

2(2n)! ofn\ 1
— _1 n_“\=")" _1 n
(=1) 22n ()2 k;)( ) (k;) 2k + 1
1

202n)! O n
~ 22n(p))? > (1 (k) 2k +1°

k=0
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This looks super complicated. Apparently by some miracle of life
1
r Hr{/2
/(1—$2)nd$: (TL+ ) (/)
0

I'(n+3/2)
Since
we get

T(n+ 1)I(1/2)2(2n)!
220 (n!)?(n +3/2) -
We use the properties of the ' function together with the fact that I'(1/2) = /7

to obtain
V72(2n)!
22rnl(n+1/2)T(n+1/2)°

Let us consider

2(n+1/2)T'(n+1/2) = 2n+ 1)I'(n + 1/2).
Next consider

2(n—1/2)T'(n—1/2) = (2n — H)T'(n — 1/2).
Proceeding this way, the denominator becomes

2"n!(2n +1)(2n — 1) ... 1/7.
However, now looking at the first part
2"n! =2n(2n —2)(2n —4)...2.
So together we get
(2n + 1)/

Hence putting this in the denominator of the expression we had above, we have

Vr2(2n)! 2
2n+ )7 2n+1

0c

Corollary 2. The Legendre polynomials are an orthogonal basis for L> on the
interval [—1,1].

Theorem 3. The even degree Legendre polynomials { Py }nen are an orthogonal
basis for £2(0,1). The odd degree Legendre polynomials { Pap+1}nen are an orthog-
onal basis for £2(0,1).

Proof: Let f be defined on [0,1]. We can extend f to [—1,1] either evenly or
oddly. First, assume we have extended f evenly. Then, since f € £2 on [0, 1],

1 1
/ folw)Pdr =2 / (o) Pde < oo.
g i

Therefore f. is in £2 on the interval [—1,1]. We have proven that the Legendre
polynomials are an orthogonal basis. So, we can expand f. in a Legendre polynomial

series, as
Z fe(n) Py,

n>0
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where

By definition,

(fur P / fula

Since f. is even, the product f.(z)P,(z) is an odd function whenever n is odd.
Hence all of the odd coefficients vanish. Moreover,

1
<fe»P2n> - 2/ f(SC)PQn((E))dl'
0
We also have

1
1Pal? =2 [ |Pon(a) P
0

=S ( ) Py (2 )dx) .

T\ o |Pon(@)Pdee
We can also extend f oddly. This odd extension satisfies

1 0 1 1
2 _ 2 2 — 2 )
[ t@ar = [ n@Pde+ [P =2 [ i@ <o

So, the odd extension is also in £2 on the interval [—1,1]. We can expand f, in a
Legendre polynomial series, as
> JomP,

n>0

Consequently

where

By definition,

(o Po) /fo

Since f, is odd, the product f,(z)P,(x) is an odd function whenever n is even.
Hence all of the even coefficients vanish. Moreover,

(for Ponsr) = 2 / F(2) Pa ()i,

because the product of two odd functions is an even function. We also have

0 1 1
P> = / Py () 2 + / Py () = 2 / Py ()P
0 0

f Z (fo x)Popy(z )dx) Poer.

neN fo |P2n+1 )|2d33

Consequently

0c
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1.1. Applications of Legendre polynomials to best approximations on
bounded integrals.

Exercise 1. Find the polynomial q(x) of at most degree 10 which minimizes the
following integral

| lata) = sinta) .

To do this exercise, we need different polynomials... If Legendre polynomials are
orthogonal on (—1,1), can we somehow use them to create orthogonal polynomials
on (—m,7)? Let’s think about changing variables. How about setting

Then,

" Py (a/n) P (a7} = / Po(t) P (Dt = {ng nrm

-7 —1

Therefore the polynomials

Py (z/m)
are orthogonal on x € (—m,m), and their norms squared on that interval are
27
2n+1
The best approximation is therefore the polynomial
10 J7 _sin(z) Py (z/7)dx
q(x) = Z anPp(x/m), a, :=—" 2Trn .
n=0 2n+1

Exercise 2. Find the polynomial p(x) of degree at most 100 which minimizes the
following integral

10 5
/ %" — pla)Pde.
0

Yikes! Well, let’s not panic just yet. The number 100 is even. Hence, we know
that the even degree Legendre polynomials are an orthogonal basis for £2(0,1).
So, we can use the even degree Legendre polynomials if we can just deal with this
interval not being (0,1) but being (0,10). To figure this out, let’s think about
changing variables... As before, think about changing variables,

t=x/10,

so that
10

n#£m

n=m

Pon(2/10) Poyy (/10)dz: = / Py (£) Pann (1) 104 = {010
0 0

4n—+1

The last calculation we obtained by recalling our calculation

[1|Pn(m)|2dx: (_1)n(2(3352 [1(x2—1)”dx: s = /0 Panla) P = .
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So, the functions P, (x/10) are an orthogonal basis for £2(0,10). Consequently
the Best Approximation Theorem says that the best approximation is given by the
polynomial

50 10 22057 71\
€ Py, (x/10)dx
p(l‘) = Z CnPZn(x/lo)a Cp = fO 10 / .
n=0 4n+1

Exercise 3. Find the polynomial p(x) of degree at most 99 which minimizes the
following integral
10
|1~ po)Pas.
0

Here, we can recycle our previous solution since 99 is odd, so we can use the odd
degree Legendre polynomials in this case to form an orthogonal basis for £2(0, 10).
Our polynomial shall be

folo e Pypy1(z/10)da

49
p(x) = Z cnPont1(x/10), ¢, = 10
n=0 2(2n+1)+1
1.2. Legendre polynomials for best approximations on arbitrary inter-
vals. Let’s consider a best approximation problem on an interval (a,b). First, we
find its midpoint,

a+b
m= .
2
Next, we find its length
0 b—a
2

Then the interval

(a,b) = (m—€,m+1L).
Since we know about the Legendre polynomials, P,, on (—1,1) since z — *5™ =1t
sends (a,b) to (—1,1),

14

In case this is not super obvious, let us compute using the substitution ¢ =

b _ B 1
/apn (x E”’”) Py (m gm) dm:/_léPn(t)Pk(t)dt:Oifn;«ék.

r—m

We have simply used substitution in the integral with ¢ = *™. So, these modified
Legendre polynomials are orthogonal on (a,b). Moreover

b 1
r—m 20
p? dr = (P2(H)dt = ¢)|P,||? = .
/a n( 7 ) x [1 () || P 1

So, we simply expand the function f using this version of the Legendre polynomials.

Let .
_ JI@Py (=) dr
J2Pu((z — m)/0))2de

The best approximation amongst all polynomials of degree at most N is therefore

P(z) = i:ocnpn (”“" —€m> .

P, (x — m> are orthogonal on (a, b).

r—m
¢

n
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2. LES POLYNOMES D’HERMITE

These polynomials shall be a basis for £2(R) with respect to the weight function

e .

Definition 4. The Hermite polynomials are defined to be

2 d" 2
Hafa) = (~1)"e” e
Proposition 5. The Hermite polynomials are polynomials with the degree of H,,
equal to n.

Proof: The proof is by induction. For n = 0, this is certainly true, as Hy = 1.

Next, let us assume that
d’ﬂ

dzn e = pn(f)eiag;
is true for a polynomial, p, which is of degree n. Then,
artt d . - ,
e = (pa@)e™™) = ph(@)e ™ —2pn(0)e ™ = (p)(2) = 2zpn () e
Let

Pn+1 = Pp(@) — 2apn(2).
Then we see that since p,, is of degree n, p,+1 is of degree n + 1. Moreover

dn+1 2 )

i€ o = Pata(z)e”®
So, in fact, the Hermite polynomials satisfy:
Ho=1, H,1 =—(H)(z)—2xH,(x)).

0c

Proposition 6. The Hermite polynomials are orthogonal on R with respect to the
2
weight function e=* . Moreover, with respect to this weight function ||Hp,||*> =

Ml /7.

Proof: Assume n > m > 0. We compute
[ @)@ do = [ (1)
R R

We use integration by parts n times, noting that the rapid decay of e~ kills all
boundary terms. We therefore get
/ e d—nHm(x)dx =0.
R dx™
This is because the polyhomial, H,,, is of degree m < n. Therefore differentiating
it n times results in zero. Finally, for n = m, we have by the same integration by
parts,

w4

g e H,,(z)dz.

d’ﬂ
/Hz(x)e*ﬁdx:/e*IQ—Hn(z)daz.
R R

dz™
The n'" derivative of H, is just the nt" derivative of the highest order term. By
our preceding calculation, the highest order term in H,, is

(2z)™.
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Differentiating n times gives
2"nl.
Thus
/ H:(z)e ™ dz = 2"n! / e~ dz = 2"nly/7.
R R

0c

We may wish to use the following lovely fact, but we shall not prove it.

Theorem 7. The Hermite polynomials are an orthogonal basis for £> on R with
2
respect to the weight function e™* .

1. Answers to the exercises to be done oneself.
(1) (5.2.4) Demonstrate the identity:

/OwsJ()(s)s—le /J1 s =1 — Jo(x).

WEell, one of the recurrence formulas says

d
%(le (2)) = aJo(z).

Thus a function whose derivative is equal to sJy(s) is the function xJ;(z).
Hence we can evaluate

/Ox sdo(s)ds = sJi(s)|i”y = zJi(x).

Another of the recurrence formulas says

So,
/0 " (8)ds = — Jo(8)[ZE = Jo(0) — o) = 1~ ().

(2) (5.5.1) A cylinder of radius b is initially at the constant temperature A.
Find the temperatures in it at subsequent times if its ends are insulated
and its circular surface obeys Newton’s law of cooling, u, +cu = 0, (¢ > 0).
Answer:

)\le )\k) )\kT —2\2¢/b?
t)=2A 28 it/
ulr, ;;1 N2+ b2 JO(Ak)QJO( b )e ’

where )y is the k*h positive solution to
A Jy(Ak) + bedo(Ag) = 0.
(3) (5.5.5) Solve the problem
Upp + 7 0 + 17 2ugg + ., =0in D = {(r,0,2): 0<r <b,0< 2 <1}
u(r,0,0) =0, wu(r,0,l)=g(r,0), u(bb,z)=0
Answer:

Aen”\ . Ak.n?
u(r, 0, z) ZZ Ak cOS 10 + by, sinnb)J, ( kb > 1nh< kb >’

n>0k>1
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where

n(Ak, nr)
br.n = b27rsmh e [W/ Tos1 O n) sin ndrdrdb,

and similarly for ay , where Xy ,, is the k" positive zero of J,.

(5.5.6) Find the steady-state temperature in the cylinder 0 < r < 1,0 < z <
1 when the circular surface is insulated, the bottom is kept at temperature
0, and the top is kept at temperature f(r). Answer:

u(r, z) = agz + Z arJo(Agr) sinh(\g2),
E>1

where )y, is the k" positive zero of Jy,

1

ap = 2/ rf(r)dr,
0
and
2

Jo(/\k-)z sinh >\k

E6 29 (answer is in there!)

E6 35 (answer is in there!)

ap =

/1 rf(r)Jo(Agr)dr, k> 0.
0
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ABSTRACT. Caveat Emptor! These are just informal lecture notes. Errors are
inevitable! Read at your own risk! Also, this is by no means a substitute
for the textbook, which is warmly recommended: Fourier Analysis and Its
Applications, by Gerald B. Folland. He was the first math teacher I had at
university, and he is awesome. A brilliant writer. So, why am I even doing
this? Good question...

1. THE GENERATING FUNCTION FOR THE HERMITE POLYNOMIALS

This theory item is similar to the analogous result for the Bessel functions, but
with a bit of a twist.

Theorem 1. For any z € R and z € C, the Hermite polynomials,

mn
2dn o

H,(x)=(-1)"e prel

satisfy

> 2" 2

E H,(z)= = 2™,
n!

n=0

Proof: The key idea with which to begin is to consider instead
()/7(.1?7/:)2 _ (?7:1‘24»2:1‘,2712.
We consider the Taylor series expansion of this guy, with respect to z, viewing x
as a parameter. By definition, the Taylor series expansion for
6_($_2)2 = Z an2n7
n>0
where
mn
0, = L4 2
nldzn
To compute these coefficients, we use the chain rule, introducing a new variable
u =z — z. Then,

evaluated at z = 0.

O AL By
dz du
and more generally, each time we differentiate, we get a —1 popping out, so
A" -2 _ (_1)"7‘#1 e
dzn du™
Hence, evaluating with z = 0, we have
1 d"
ap, = —(71)”767“2, evaluated at u = z.

du™
1
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The reason it’s evaluated at u = x is because in our original expression we'’re
expanding in a Taylor series around z =0 and 2z = 0 <= u = z since u = x — z.
Now, of course, we have

d” d"
d—ne_“z7 evaluated at u =z = d—ne_m2
u T

Hence, we have the Taylor series expansion

e—(ac—z)2 _ e—x2+2xz—22 _ Z z" (_1)n d" e—x2.

n! dx™
n>0
Now, we multiply both sides by ¢ to obtain
20z—2> _ x> 2" n dn —z?
e =€ Z ﬁ(_l) d?le .

n>0

We can bring ¢®” inside because everything converges beautifully. Then, we have

n

_ 2 z 2 d¥ 2
eQ:vz 27 § P (_1)n e %
n! dz™
n>0

Voila! The definition of the Hermite polynomials is staring us straight in the face!
Hence, we have computed

_ L2 Zn
A =)~ Ha(w).
n>0

0c

1.1. Applications to best approximations.

Exercise 1. Find the polynomial of at most degree 40 which minimizes

/R|f(:c) ~ P(2)[2e" dx,

where f is some function in the weighted £L? space on R with weight e’
We know that the Hermite polynomials are an orthogonal basis for £2 on R
2
with the weight function e . We see that same weight function in the integral.
Therefore, we can rely on the theory of the Hermite polynomials! Consequently,
we define
2
. Jg f(x)Hy (z)e dx
! || Hyl[? ’

where
||H,||*> = / H,,%(x)eiﬁda: = 2"nly/r.
R
The polynomial we seek is:

40
P(z) = cnHu(x).
n=0

Some variations on this theme are created by changing the weight function.
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Exercise 2. Find the polynomial of at most degree 60 which minimizes
[ 1@ - P@)Pe > a.
R

This is not the correct weight function for H,,. However, we can make it so. The
correct weight function for H, (z) is e=*". So, if the exponential has 222 = (v22)?,
then we should change the variable in H, as well. We will then have, via the
substitution t = v/2z,

, dt
/ Ho (V) Hon (V3 )e ™" dar = / Ho(8) Hyp (£~ 0L
R R

\/5207 n # m.

Moreover, the norm squared is now

R

V2 V2 V2

Consequently, the functions H,(yv/2z) are an orthogonal basis for £2 on R with
respect to the weight function e~2%"
The coefficients are therefore

e f(@)H, (vV22)e 2" dz
B 2nnly/m/V2 .

. We have computed the norms squared above.

n

The polynomial is
60

P(z) = cnHn(V22).
n=0
2. THE LAGUERRE POLYNOMIALS
The Laguerre polynomials come from understanding the quantum mechanics of
the hydrogen atom. We shall not get into thisﬂ
Definition 2. The Laguerre polynomials,
z~™% " d"
o _ el a+n _—x
Li(w) = T E (@),

We summarize their properties in the following

Theorem 3 (Properties of Laguerre polynomials). The Laguerre polynomials are
an orthogonal basis for L2 on (0,00) with the weight function x“e~*. Their norms
squared,

I'n+a+1)
—

ILol? =
They satisfy the Laguerre equation
[Tt e (L)) + nz®e L = 0.
Forxz >0 and |z| <1,

e—a:z/(l—z)

;Lg(:ﬂ)z" = A=t

L Alex Jones does get into it: https://www.youtube.com/watch?v=191XV07VscO. Check out the
Alex Jones Prison Planet https://www.youtube.com/watch?v=kn_dHspHd8M. Turns out that Alex
Jones’s crazy ranting makes for decent death metal vocals. The gay frogs and America first remix
are pretty decent too.


https://www.youtube.com/watch?v=i91XV07Vsc0
https://www.youtube.com/watch?v=kn_dHspHd8M
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Exercise 3. Find the polynomial of at most degree 7 which minimizes
/ f(z) — P(z)[2ae"dx.
0

Since the Laguerre polynomials are an orthogonal basis for £2(0, 0o) with weight

& ,—T

function z%e~", we define
_ fooo f(@)L&(z)z*e *dx
1L ]2

Cn

The polynomial we seek is:
7
P(z) = Z en Ly (z).
n=0

3. BEST APPROXIMATION SUMMARY

Assume that based on theoretical considerations we know that a certain collec-
tion of functions
e™®  cos, sin, orthogonal polynomials,  Bessel functions,  weird SLP functions,
are an orthogonal basis on a bounded interval. In the case of SLP functions, do
not forget the weight function in case the weight function is not simply 1. Let us
call such function ¢,. Then the best approximation to any f in £2 of the bounded
interval under consideration is its Fourier-¢,, expansion, which is

s 6m)
2 g )

Recall
(f, on) = /f(y)d)n(y)w(y)dy, if the weight function is w(y),

and
[[@nll* = (6n, bn)-
One can also do best approximations using Hermite and Laguerre polynomials on

R and (0, c0), respectively, with the weight functions e~
It works in very much the same way in all these cases.

(132 x

and z%e~ ", respectively.

4. DISTRIBUTIONS DONE THE RIGHT WAY

The mathematical concept of a distribution, or, as they are sometimes called,
generalized function, has been badly abused not only by physicists but also by
mathematicians. You may have already heard about the so-called “delta function.”
It’s not really a function. It’s not a ‘generalized function.” It has its very own
terminology, and that is that it is a distribution. Now, distributions are not as
mysterious and weird as the mystique in which they are often shrouded.

Distributions are functions which themselves take as input a function. A partic-
ularly nice class of distributions are the tempered distributions. These distributions
take in a Schwarz class function and spit out a number.

Definition 4. Assume that f is a smooth function on R. Then, we say that f € S
if for all k and for all n,
lim 2" f®) (z) = 0.

|z|—o00
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In other words, f and all its derivatives decay rapidly at +0o. There are quite a
few functions which satisfy this. For example, all smooth functions which live on a
bounded interval (compactly supported) satisfy this property.

Exercise 4. Show that if f € S then all of the derivatives of f are in §. Show
that if f € S then its Fourier transform is also in S.

Definition 5. A tempered distribution is a function which maps S to C, which
satisfies the following conditions:

e [t is linear, so for a distribution denoted by L, we have

L(af + Bg) = aL(f) + BL(g),

for all f and g in C°(R) and for all complex numbers o and B.
e There is a non-negative integer N and a constant C' > 0 such that for all

fes
LAl <C > suplad [P ().

J+R<N z€R
Let’s do an example. We define a distribution in the following way. For f €
C(R),
L(f) == f(0).
That is, the distribution takes in the function, f, and spits out the value of f at

the point 0 € R. This distribution satisfies for any f and g in C2°(R) and for any
aand g € C,

Laf + Bg) = aL(f) + BL(g)-

Moreover, we have the estimate that
IL(HI < [f(0)] < sup|f(z)].
z€R

So the estimate required is satisfied with N = 0 and C = 1. This distribution has
a name. It is called the delta distribution. It is usually written with the letter §. It
is nothing other than a function which takes a function as its input and spits out a
number as its output.

Exercise 5. Assume that f € C°(R). Show that by defining

Lito) = [ f@atyte, g€ C®)
Ly is a tempered distribution.

In fact, the assumption that f € C°(R) wasn’t even necessary. You can show
that for f € L2(R) or f € L!(R), the distribution, Ls defined above (it takes in a
function g € C°(R) and integrates the product with f over R), is a distribution.
So, here’s something which is rather cool. The elements in £?(R) and £!(R) are
in general not differentiable at all. However, the distributions we can make out of
them are differentiable. Here’s how we do that.

Definition 6. The derivative of a tempered distribution, L is another tempered
distribution, denoted by L' € D(R), which is defined by

L'(g)=—-L(y"), g€S.
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To see that this definition makes sense, we think about the special case where
L =1Ly, and f €S. Then, we can take the derivative of f, and it is also an element
of §. So, we can define Ly in the analogous way. Let’s write it down when it takes
inges,

Lﬂmzéf@WM$

We can do integration by parts. The boundary terms vanish, so we get

mezéf@mmm:—éﬂmﬂmm.

So,

Ly/(9) =—Ls(g") = (Ls)'(9)-
This is why it makes a lot of sense to define the derivative of a distribution in this
way. For the heavyside function, we define

Ly, LH(g)—/Ooog(:v)dw'

Then, we compute that

L'y(9) =—Lu(g) = - /000 g (x)dx.

Due to the fact that g € S,
lim g(z) = 0.

T—r00

Hence, we have

—AWJWMw=—m—gm»=mm=6@»

So, we see that the derivative of Ly is the § distribution! Pretty neat!
In this way, distributions can solve differential equations! For example, we’d say
that a distribution L satisfies the equation

L'"+)ML =0

if, for every g € S we have
L"(g) + AL(g) = 0.

This turns out to be incredibly useful and important in the theory of partial dif-
ferential equations. However, the way it usually works is that instead of actually
finding a distribution which solves the PDE, one shows by abstract mathematics
that there exists a distribution which solves the PDE. Then, one can use clever
methods to show that the mere existence of a distribution solving the PDE, which
is called a weak solution, actually implies that there exists a genuinely differentiable
solution to the PDE. We don’t want to get ahead of ourselves here, so conclude
with one last exercise, which proves that you can differentiate distributions as many
times as you like!

Exercise 6. Use induction to show that you can differentiate a distribution as
many times as you like, by defining

LW(g) := (=1)*L(g™).

In a similar way, we can define the Fourier transform of a distribution.
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Definition 7. Assume that L is a tempered distribution. The Fourier transform
of L is the distribution, L which for f € S acts as follows

L(f) == L({).

In this way, we can compute the Fourier transform of our favorite distribution,

J.

~ A~

) = 3(f) = 1O = [ fayda.
So, we could think of the Fourier transform of § as the distribution which acts by
S:fGSH/f(x)dx.
On the other hand, by the FIT, -

50) = 10) = 5= [ Fe)ds = 3-67) = 3757,

So that’s kind of cute. It says that

1.
6= —0.
2




