‘£6 ! f = — Y v
‘ /l | FOURIER ANALYSIS ~ A collection 0of {echni@mes Lox solvin
F1 | the most important PDEs of Fh\ﬁs%cs (cham\ﬂrj ,cngineer'm@

Heat , waves , eneray Quant um ?V\\js'\cs ; meehanity.

EXAMPLES (O 9t ~—A |heat operator, A Laquce operator
A=dvV , on R a=d2

@ -2 wave operater , O
@ AKX +Aau= 0 for some functien w, rxeC

PDEs Techh(q‘—\’ke 2eyo Tw’h‘ PDE itnto ODE

Separation of voriolb \es

. Vibratina  strine. of length=L. |dentify. with [o, )¢ R
det  u(x4) = heloght at pemk xelo, (] at dime +=0
PAA  ends are  Qiyed (immobile)

Netural height 'is zere = w(o,4) =u(l,4)=0 V+2 0
Vibration < wavé earuuxk\orv lohige = C;ll»ktt

We Mmavy,  assume thoat constant c=1 Whyl We mg
cho\vvje the units of &ime , e et T=ct = Uy <l

Assume (Separation of variables)  w(x,t)= ?(X)a(ﬁ)
The equw&cion is then 55(?(@3(&) - QJCZ(\C(x\f)(H}

£ 01900 = 46 4"@) (divide by £3)
9 F7 9

=>)\=ﬂ3<\~ = -@& =2 Yoth sides must bve

<£ws-km—f &) 9t a constant .

Deal with % first  because we knew more abouwk x.

wl(o€) = £() ) =0 vVt = £(9=0
Sim\\ﬂrlva/ fFlh=0. We have £ =X£(x) , fla=0=L£0

What can N\ pelt ’
A=0 - =0 2 £ max+b abeR, b=0, a=0
Thus {he on\\j selution €er A=0 s €£(x)=0. Rorina "

Qmmo(«:itg strin
A0 ¢ £ (= A D £ =0\eﬂx+ be_\mx 9
Execsige : Show +hat the oh\\é, values of a , b such that
£(o) = £(O=0 are  a=b=0

A<0 ¢ £'(x) = M) = £ = a cos(VAx) + bsin (VAtx) 6.
@) =a =0, L£NO=bsmN) =0 , donkt want b=0 "’h},

S'\h(W}{’XI‘k)TfO<‘-> VINL =kT £or some keZ IAFL%_T: k=l
n= -0 -
L’L

-~




Thus X can be -k Lor o\y\uz/ k N

—_ T * ’ -
Let us write Ag= kL",LT (higher notes - shorter strings)

T (X)) = by sin(k?x> — 9k sabisfies 315‘ (ﬂ=—k?£1 3)&@)
Thus e () = cas(k—{wiv +3 S"V\W{ﬂ

(Later): Seluion: ) = 2 ueoseE wpusn () s (4T

determined
by, W(x,0) and ws(x, o)

llinear PDEs of order two

DEF A second order linear PDE Hor an unknown func. «w Gf n
Variables (s an eO_\_\/\Q‘c{oV\ for w and its parkial _A&va%we%
up Lo order two, of the Lorm L (u)=f , € s knewn functicn
oven M the PDE , and L is a PD operator
LW = adulbd + 256 2206 + = i) 2
=1 | Wy T

)
IX; X}

(x)

Lo known (6\V&V\ functions) &, b1, Ciy x «R”

Why s it called ineart  L(u+v) =L@} +LG)  because L RT=KT
is linear For any- constant A, L(xw) = AL (W) Llau+bv)=al(u+bLl{w

! Superposition principle TOTF L =f and L(V)= % then y+v
is a solution +o [ (u+v)= ?-\-UX v .
Especially important is L(020. 1€ L(M)=0 = L{u+v)=0

N =

Ex. Uk (X)) = £ x) 0% () sakisfies L(MQ =0 where LL_= 9;3* A

::> L<Z Uk ) =0 '6'1“5 Is A& linear 1'3 oTer
K=\ PO '(o\" an unknow in
func. of n=72 (x,%) varsekles

THM (Recall)
A basis (recall from linear a\a&broh of solutions +o the
ODE aw' +bw+cu=0 ao,ce is
él- (ar.x) e“&.X)
Tl {erx/ &7
(i) (sin (TO ) R cos (T()X) QRMX}
(1) b >Yac ;\o_ii_,_,_, V;z—%m

! r‘/7‘:

(i) Yr=Yac , ¥r= %

(1) b <Hoe , = -2+t NTac-b IM:IM(T
R(r) = Re(r)




Heo\flchﬁovv oN__a vod bent into « c;\rcle4

. use x €[0,2ML 4o indicate position on the rod
W )

3T/ wlx, t) = femp  at point X at time t.
No sources, no sinks = Heat e’ U =Uxx © Ue- U =0
Separate variables (te chinigque 0) ¢ wlxt) = £60 94)
. - )y =0 = Q@ _ £ o beth side =
Eq_ g9 (£) £(x) S(Jc)? xY=0 = SEY = o 5 sides constank =3\
1) = N F0x)

Rod R but '\v;\\e.njc\\c‘é/ points which are 2T apart-
£lx+2T) = £x)  ¥x

Exercise: Show +thak +he onlu solutlony with 220 and
Flxk+2M= £ is £(O=0 .

= A<0  (if we want non 4rivial  solution)
= £ = aces (VN x) + bsin(YA x) 2T periodic .
LT periodic = VI e N ==n"  for nelN
let An=-nt | £fa= an Cos(nx)+ bnasin(nx)
In  Satisfies 33(&: /\hf)n(ﬁ—'—hlgn B = Pnlt] = on E
Al solutions +that can be found by this method
Un (x,£) = £, () galk) , satisfies  tUn= Juxun=0
= “% Un(wt)  also  gatisfies dx- dxx O
wlx, 4) = é @_"u— (o\n cos (nx) + bn sin(nﬂ) Satisfies eU~dxxw =0

[£ we know ulx,0)= é‘ an Cos(nx) + bng\n(hx} =25

= we know  wlx,t) ¥E>0 D Given wlx,9 con we Qnad & "
{O\“Bnal ond {bnd.z  such  that w(x,0) = V\%IﬂnCos(nx\+ baSimlny) &

@ How do we £ them ¢ What are -k\me,vé,j‘.




E—E] 9.1 FOURIER SERIES OF PERIODIC FUNCTIONS

DEF {:R~R is periodic with period p if VxeR flx+p)=£(x)

PR

toex. f(X)=sinx p=2T £(x) = cos(X /) p=UTT
Lemma 2.1 Integrotion of periodic func,

a+p
|£ € is periodic with ?e,ﬁod\ P, then Li €(x) has the
same value Ya KR

Proof: Assume that £ s continous
ldea: want 4o use fund. thm- calculus .
F = LOTE@at = 7 fFmat - f@at
Want to show that F is constant
Difecentiate : () = £(x+p) — £0) =0
This is always 0 thus F is a constant
S FR) hos Yhe same value ¥V xe R @

Ecrrata: for the heat Qﬂé we also have the w=0 solution
= w(x,0) = W_Zo&‘" (ancos(ny) + Pasin(nd)

Motivation for Fourier Series
Solve PDEs like the wave and heat ed. on compact seks
(Lor the x variaecl<

e. /1 [o,L] xelo, ]
xelo, M) , etc. NOoT xeR

We would like 40 €nd Tand, {ba) given we(x) such that

Wo (X\ = % + V\Z?—I QV\COSC'\X\-\' bns\)y\(nxy
k _/
near combination

Tdea: express W, in terms of an ONB of functiens

X -1X

X 4 e iR —
Recall : cosx = &I& , xR, sinx = =_=%
s 2L

Exercise_: ©) We  can Write u',(x)= % + %\ An COSCV’D(\"'b,\‘Sir\_(Y\X)

P 2 S e A P S e, qa Ve Y T G e R G

E can write U (x) =n2_an e ™ 7 o
. W FOuV‘\Qr SQX‘.\SQ \
@ Co=% (an-ibn) For n=zi of L)

B T S P e

{ . R
e O\r\‘\"\bnw Lor pne-|
Co= G

74 " o i oo Vo g ]

@ E‘lu\\/a,\%_b\\j/ ) (XV\= ,C:Y\ + Con ) n= O
bn="1 (Cn= C-n) ¥Ynz O

P e

P



In lineayr 0\%&\0\”0\, write Ue = 2 <M@,Vk?\/k where ’Qoéﬂi“
and {\/d“ are an ONB . (och‘r\ohorMa\ ‘oo\s\s)
We would like to do the same Loy  Lunctions.
. Need an  inner (scalar) product  Lor  Lynctions <, 7
Hilberd spaces-more o come in ch?)
DEE <£/97 =) €7
. ) W B
For now , T pericdic functions , use _[r TG0 9(x) dx
Lemma {emx}héz ace or%hosona& Le. <e™ (,_\mx>=0 £ nEM
) ) v ™. .
5\9/ AeLinition <€m%/ewxx>__ f o N IK Yy = f e X oTImE Ay o
—/ﬂ" - ,‘T_
= [ e‘:(wm\x = [eitnmd

\
3
_h
o
I

DEF “g\@ =

<£.62

0

o) ™
<emxl &inx> - IT&ihx gﬁf dx = I‘W e'mxe—\”x katf ]e‘mxllo\x=‘r{ldx =2
T

c o ; uiil —HF -
= [e™.= 2T, le™|n =Voru

Thus {%‘:_; }nez is an  orthonormal set

We will also see that it is an ONB = Any Uoel™ can be
expreesed as a |inear combination of {Qm}) uto(sd ZQ*M
g -— V2

From thie morning,  found solutions w\(xﬂcﬁ = £ (x) n(ﬂ

= g (anCos(v\x)Jr b Sinlnx))
/'\“ SOVt\%'F\g/ 5-&; Un = 5&\( %V\:O
Solution depends on  w(x,0)= We(x)

é un(x4) also solution .
\/\/o\vac 2 um(xﬁﬂ = ke X\ 2 anCos(nQ +10nS\VI(Y\X>

The coeﬁ‘.aen"cS fend, {W»}, {bn] are “Fourier CO@CF_ELE‘JES,»

p in T ;
uo(X\r' Z Cv\ehx = Cpn = <M° ’ E:}_ = *l f Uo (X\ Q‘('\XO{X
neZ 2T yM
T
= il y

Fourier sefies @4’ e

Lemma. T€ € s even , ba=0 Wn
I‘g -G s Od& an=0 VV\>1
Ae= 2Co = —~f \C(x\o\x Exercise: Proo< )

Vﬁf\

. |
m
e X

?ﬂr‘



.
CONVERGENCE  As long as N dx < oo =

-
Ry E%Cn ™ with  cn = £ e converges “almest everywhere
pigiy

1€ £ 15 T' = converges everywhere, that is Vx

Ex. ©® €6 =1x \/_;_/_AA/ /cmkwt we gek the same J. |

-

T gy ey (T i)
| x| e ak\(* f xe 0\><-\—! xe & dx )=

O S

By definvtion  cn=

ﬂ’
Fas fw
_ __[_ —mx _ ( I) —IVL)(
_ W( f

—in o
Q—mx |
+[ -n ]o éf
\ X o o - inx ] O N even
= 2 |
) ﬂ‘( (=in) in ]— v [ (=inYin n ood

iy ™
CO:J—f \x\é\x:-\“ Xo\x=j?—:

(h e»\V\K .

An = Cwn +C=n ) ,n even
~q/ﬁ-n o edd

nx

fT_
__--\~ e_
2

= \X\z_T{.. 5 2= TT" cos(ny) = TTY\> cenverges \

05

\
EXQX‘C\SQ: Compr/d:e, él n
oo'\_d

@ £ix)=x , xe(- T, M) Extend +o be 2T P&FIOO\(C buk
’ o\(ScOn—&\V\ocﬁ at =kTU , ke N

/ / 71 £ s odd = an=0 W¥n
73 Exercise: show that bn= /r £ H@sin(nx\&x
and o\“—~f £00) cos (nx) dx

bn = -‘—‘qu sin(nx) ax = _,f xan(nﬂ dx =

™ = ,, Fr)
_ i <[ xQ@S(nﬂ] f—“— _Cos(v&xﬂ O\X) =
= Mv‘_\— = 2 9\“(~0V\+\ SN (le) Qonve)rges v uct

it h24 rathnexr s*\ow]\ﬁ/




THM Ressel inequalitu.
het £ be 2T periedic, then +the Fourier coeflicients

oo m
So\*;‘\sqc\a/ = \Cn\lézi.ﬁ ]‘F(l

1f frw\ﬂc\i = o0, done

Othervise , assume’ finite.
N

Use Z‘%N
A ™ _ inx | =
O/K'Tr ["T \”g ZCV\G \
\ w - — — _
02 5w | (6-2)(F-2) =2 '~ (2) T-£E + 53 -

:_L_ ™ ’L_ZV\ ’“\‘\V\x&Aia‘v\ T§EAX+ W22=<*>
I e VAR

™o T
2Ten = f &g = aTa, = e
-7 —~r

; ™
Y W= J F1T - amsleal®
-1

026 »wZ lel® =35 [ ¢l



IE’% Corrolo\r\g, to PBessel's mecyal)tgy P
E Oz, lanl*+1bal* = élecnlﬁecf"f L €1
n -1 B Tt’ N
>0 , as Ioncé, as S 141
i 7

@ An , bn and Cn =7 0 as
\ﬂn,l +lbh‘z = ana’vx-!— bn—);y\ = (C,\—l—c_,)(En*-E-b +=

+1(cn-ca) (1) (en-mCon)
=9 (leal™+ 1)

Proof (O

Expand =
@ The 4erms ' a Qonvbrsexr\'_ sum (or se,r\\es\ tend £o C. =

\5:7 Ressel's '\y\eo)rwo\\ﬂzvé/ o _%cne,""“~\c(ﬂ \\Lm Naooo
N, N .
e f ] _%c;ne"“‘“g(x\ lzo\x——%o as N—> o

almost every X , Vx net
in a set of “Lebesgue measure C

N
= _%Cv\ e Converaes Lo £(x) for

Al
&

Peintwise (ever vuhe,re) Converoence depends on the \’CSLL\O\.\" g
(o\\g‘erwxmmv@ of {.
are I nbervel. 19 O Stte sek {30den

DEE £ plecewise ¥’
such that £ is T° on T\ $%6 Jee,

Ex. k . ~~g~‘”——]_

Anm\o%ows def. for pw 83) )‘?.O.
leccewise €, LT periodic . Then

THM 2.1 Agsume £ is p
lm = cne™ =2 (£lxy+ £(x)) Vx<R

N-> co-N
'F(X +\ = l\_;;\ 'C('Q\
t2x

<¥ (x) = tim £(£)
+> X%
£ax
N Y
Thus VYx at which £ is continous , ‘}\‘\m éN_Cv\e_‘“x:-CGQ
o0 ~

‘ b w Sk R
L (Mt ar) e -

N
PY‘OO 2 C_h e‘lV\X _;_‘_:_
- Aef. cTr |
4 N T ‘
-—l— " (i_j) = /“- = - V\_‘j, =
= o1 ;fr -%’ -C(—Q:\Q_/ at ,(f 9.1% ‘ir %“C (x+j\ e 6\\’3/
Want Lo s€e Let \3='t—x oy ™ |
emma  on megeation

X nside & = 0\\3 = dt

i PETI\OA
{ Z9Y




=T

= ~ | > iny
—— DEF Dy()= oz _%e is the N™ Dirichlet Kernel
ojjana:

Tv\w e,gerA ezvrk Wﬂkvs +to exFYQSS DN(@

® Z¢(2€'“ = FT(I + 2 2.@5(m9)>

\ . N /AN
@ Geomeiric series DN(aj):._% o~ N ie‘“‘*) _
N . n=0
C M g\ gy
iy | = e™ 21 (- e".\/y) f\";’l:\]cosokus like

not c_\_u\ta

. g"‘”j . e-\LN-H\\y e—\‘,’)/?_ ~
2 (1~ &%) g ~ie/

= o TiNFY o (N+A)Y,

: sl‘n<(N1—-'z‘>y>
21T < ez _ eu‘ﬁ«/z) 2T s‘n("’/z)

Tdea: Du(y) ”J,\\ x § Aiskribukion

= ODN( A ’
PRRIOLSY

0 T
FrERY = LUDu) Fdy T D= [ Daly) iy
Thus, we need +p show that
N%o ) (\C(m@ £(x 35%3%(3\&3/ i (F(xﬂ\ §<X+\) Dy () ‘i‘ff
En(x) -

= |lim EN(X\=O :

N o0

Tdea: Use corro qrua, to Eegseﬁ '\Y\‘Q%L(_q\’\t\g/
W
é:r f)<‘3\ S‘“((Nﬂ/z\j) 0\\2/ ~ Yourter sing (o - almost)
Coe-@\c_\er\lc of ca/

L+ —€ (S
Let 3(\9 = (;magglf‘s) Al

£ (x+) = £ (x4)

S'\V\C&/ﬂ \3 e




2 £ (x-)

I

By N ho?i't&l\s rue,  \im a(y)

2 \C\(XQ

3
=
<

{)

T\r\us 3 VS ?\QCQ_W\SE’_ cgrﬁcmous) o\c*cuwa\\\«é/ P\ece_wse e
=7 W ceXJcmnlu[Y has f [9%\\ Aj“”

-
= ﬂ)‘s Lonrier  coefficienks 4emd +o O

Enlg) = J U g - by fry S

“not Jutte

sin ((N+')) \D = S\\/\(N@ COS(‘()/L\ i Cos(N:ﬂ aw("*/z)
Exercise: fix oo fo make this work .. ..

COR 1f £ and o have the same TFourier coefficients
and axe pw T = -F:cg,‘

2.5 DERIVATIVES

THM 22 Let € be 2T periodic, COY\'\]V\OLLS; PW\@, then
£ has fourier coe: \c‘eﬂ—&s{ = nb,
b = —nan
Ch\=‘\V\CV\
Do NOT DIFFERENTIATE THE SERIES 'L
Vst ThHT DEF oF ﬂvxl\OV\, Cn -

(‘T
An = '::? f £(x) cOs(n\Qg\x = [“F(x\) Sm(nx\l f £ (Y)sm(nﬂ A
-n &)N’\(ﬂ)&[) I‘ -1

BVX Aef b = —"f £'(x) sia(nx) Ax

Thus 0\-\=—b“ = ba=-ha,
n

i
%\3 dek b“:# [ “C(X\S‘V\Cma dx = —';—T- f —C%\(}Coi(v\x) Ax = O

=% 05 3&\ PI - "
(reeslel)
:17 ﬁw?:V\\oV\
" T T 20 e ~i% S
By def  Ca= om f (™ dx = = [ £ 4. o

ITa) e

..e_\m&\)W -1
K in
= e = MCa i




THM 2.6 \et € be 2T periodic , £ € TR and €& pW el
and £ is pw CF . Then Ythe fourier coeffs of £
So&us{:\y = [n

anlceo | Zlnkba|tero, S| nRc,|"coo

LE el =™ > €or some >0 and >\
= £ s €r :

THM 24 F pw AT periodic | F (x) ’:fo‘X\C(Jc}o\k
Then if ¢.=0 =5 [T0ax = FW@)=C, += e

T 2T n+6 i\
Co= 27 [ F)dx
2
_ _a
Moreover , A, = k:\—“ ) Br T

= to prove <= . = T*
prov n=, h% 6

\ . <
Compute: =. . Exercise: Use \Cowtexlse,ne_s and c_anvexﬂe,r\cei

O f)=x" = _7%7: + oy 2 CNcostna)

wz | n*

ldea: use thm 2.4 twice TY‘U this, finish next Yime .



The (’/\a\ 0{ the ?Vmg of thm L1\ (COY\VSv of Fourier seres Po\n.‘:.-.éi\

. & . ‘F +'\'."‘F - <O
Eul e [T Wm0l 4o i g | Bl
=T 21T

fx+6) - £ 56
S <’t/7_>

This is & bounded, ’Fw\e_‘ Lunc. on [l
* bN‘\"/z“ for 2 tends 4o 0 as B == =D
s‘m( (\N’r‘/'z){) = s (N‘Q cos(t/'D + QoS(N{> S'\r\("i/ro

Thus En(Q= = (B + 5oy Where @T\; s the N Lourier
cosne coefficient of the func 3({) sin (/2)
A\
Note +hat ‘g:r 13(—&3 S\\Y\L‘b[’a \m at = f \3({\\1 dt < =0
= =TF

(Bn i the N*™  fourier sine coeicient of Lhe func. 3(ﬂccsi°*i
m
ana fT \3@&@5(&[&\1@1{ = f \3&)1&4@

Thus bva, Ressel ine w&\ﬂé/ Corrolar\g, g bsth
Xy O and P‘»‘N ) as N= co
&

(217 Pe\f'\odic> ‘
THM 2.5 | £ is F&\’\\OaiQ) pontinous , pw 2, then in €act

N ‘
“%cme"‘x — {(x) a\bsoluﬁce,l\g/ and um{{ormlj/ YxeR

Procf By Lhe assumptions on wC) £ s P\ecgw\S‘&
continous. = bounded | i.e. IM >0 with
| £6lem Wxe T ]
w
= (R dx = YTM®
= Z "< eo

By thm 2.2 lcnl = | CQ(—,‘,\—}) Nn* 0

NO{E ’h\'\a‘t \V/K:(OL”-"/O(_NB AY\,&\ (6:((5”.“/ (Z)NB
With &,y vy B, oL, B 20, then we have

Lo b1 2 lll (16
If
NZKK(SK kaf—:“’(f (Kzz(ﬁk" 0 Se £ we wstead have
Lyo nonnegqative S&g}u‘en(_es k:f_%«@ké\/%; \/‘ é@rf
The Zlenls 2 \aal bl 7l |5 %
K0 KF0 Kez Kto
o«

k¥o
T/



o0 AN .
Thus 2 cne™ = ¢+ Z_cCne™ , has
nto

Z lcne™| = £ el 2 vz T
ez \ y‘(‘foz‘ | \/:é%lchl s Yx <R

" converges abs. wni £ VXéfF\.

SOME APPLICATIONS

L X\ X \/\/ PW e =
Continous evef\é,\/\)\r\tre_
=0 V¥n

COW\PwJﬂ’,
an= —,]’lTT‘f X* o5 (V\X\WA\X

2 - n
> xr=Ik e gz Gl oshd e e Co )

hzl nx

| q "

Z, 7 Compute . det x=T P T"- *QZOB lh
< 2z n
s - TT____‘L _l—- = \ = /r‘.l
=7 @' 3 > Y V\fi\ n® G
i \
N&Xt, we. COY'\S@\Q,\/ % nZs QY\D\ Y\i?i hq

Thm 24 T€ a.=0 (&¢=0) then .. ..

xP- Bm = 2 L) Costd s a2 0 = Aply Thm 2.4

_ nxz| n-
- T <
-
F(O= [ fat= G HZ Q) smcm} . Cﬁ?\ip_—w\x
T LA 7
£ - ”E_SL =F() , Thus Covle;f —é—-‘lgi dx =0
~MTx =12 él M Exercise: Compute V\%l e

We use thm 29 once more :

de(JCB—T\"‘JQ) M= Fx) = X%—Tr:xl (o + 4 2o SKM

nzi

=N X TFI’L - | T LS n* s 5
C Z:T fT <\H“_"TX~>OKX ‘?g (.?L(T,-TFL )C)\X :#(L—j{__):
= 31!
6O




:> XL“ '“JL<2\X’L = ‘—(\'ﬂ-’]"“- + 43 i ( m COS(H)&

n

led x=TF > -2 = AT Lyg s 00V
\S n=z| n“

nz| M

OTHER INTERVALS

Lo, m] Lor £ here, Can extend W two convenient ways
to -, ooM or even extension ; fodd, Feven
L£(=x=- £ IESE €

Note | € {(O\?O then the odd e xtension will not be

continous at O,
(st ?'\ecew—\Se SVV\OO'Hf\>
v

Then we know +that in the odd case aﬂ°§f\=0 N
Tt e _{W £299 () sin(md) dx = -—~f £6) sinlnd) doc

because foda =€ on [0,

‘pocka\ (X\ i;‘ by °da Quf\(nx}
n=

225 40 2 S an's : ~——

For ﬁev% ; 'Onevv\ 2;,0; \VIV\
o\v\e,vevxf . fjrﬂivm(x\ cos(hy)dx = f —?(x\ CoS(vw\
" i L

because Leoven= + on [O ’lT]

‘?e,vm(\(\ = 2 AN Cos(hQ
n=0

e e Y T

THM 23  Fourier sine and cosine series for £ piecewise e
on [0T) converae to £) V¥xe (0,T) at which

£ is continous.
For discontnous Po‘\f\ks th&j convay; to \C&—?; £ (x+)

({ha Seies)

FO\/ Qa {u“c{,ioh on [O\—L/ At L] €o‘( 0\€|R ) €A% L>O
Extend £ 4o be QAL periodic

a~L ast 0 ‘C(X\ = 'C(iﬁL '\“0\)26(’%> 15 on [‘TV,T"] .
and LT P@r"loc{ic

Do all our Fourier Secies Suff with X



qit)= Z ¢ Ca™ ,With Che fvjme”“*dt -

2 _— 2T 57
N F—- iL ~nt _tL
2r I {‘(TT *% dt =gx= T”}
a+l ( VY
_ <in(x—a L _
- mf{-() T ax
&~ A~+L

T f fR)ene-ATA
a-|

a+l
- l (x= ) T/ = ~in(x=-a) W/
Thus £00- g0 = Z Cae™ T C’“:'?‘I,JL £6e™ M 4K

MR e e e e Y

PDE APPLICATI(ON.

.L___A. Ends £ixed . Str\m} at tme +=0 15 st but displaced
" det a0 = Vibrates according to the wave eq
Solve it | wlxt)
wt(x,0) =0 vx e [o0,T]
w(x,0) =) %x_ xelo,T/]
™ (T¢)

f e xe [T, ]

X
1y

w(o)=0 vt=0 |,  w(m4)=0 ¥+t=0 (BQ)
Separate variables . Write \C(ﬂ%[ﬂ 5 D(wcj):() , O= de- éxz
= - K gle) + AN F6) =0 = @) = £7(g 39

2'® LR ast interested in \ = Both Sides
9 Lx) #(x\ salution £<0, 3:0 constant

4"((;) Ch eamebnk £'0= X\6) , £(0)=0, €(T) =0

We have seen ek Lhe (m(% non 2ero  solutions are with
A= "Y\l r NneE N

() = sm(m@ = zgyﬁ@c) satisfies @n\‘&\:‘hlﬂn(’t)
= qalk) = an cos(nk) + basin(nt)

O(f90=0 ¥ = 0 (2 fgn)=0



et us write wixt)= .?;\ sin(nx) <chas(nﬂ + b, S\F\(V\‘c»
Use the [C to find the an and  bn
s (x,0) = n?-; Sin(nx} <~3u/n(67/ou\y\ +Nn \o,,) -

- r\i{\ Nbansn(nx) . should Yve O.

The Fourier coeicients of the O function ave alkl 0.
= nbh=0 ¥Yn = by=0 Vvh=|
Wi, ) = = sin(nx) an cos @)
n=l
w(x,0) = Z a, sin (nx)
det we(x)= JZ= Lo, T/a]>x
- —):? E'Tr/z,'ﬁ'] > x

The &n are Lthe Fourier sine coeffs of Uo

An = __(2_-:__ L i o (54} S\'\Y\(V\‘AO\X (‘P///ig n n w(x,t))

Eio



OVN| &.1-H fa)= -ﬂ% i
s1 9 0cb a-r‘ |

Seludion &{9———'( £(0)406 = —Lfa 646 = j{_ ’

n+(

1

;o An

#—L A §(@\) C.O_S(H 9)0‘@ :T"’..'—fg 9 Cosné _ ‘

= %}[WQ (Siﬂn@)\cfe =

T g "
- [ [Qsmh,ﬁ)]g -~ fdrﬁnn949> = ,T%? ' [@Shél

< = (cunT = $0 n e
" ~2_ . L dd

n*T |

i

T T
£(9) sin(r) A6 =—717;~ / (95;,,6@)4@ =

Cos (n9)0€9>

"\,l—.r“ CTCOS(V\T) - [% S'm(r\&>7§‘> = ";\‘\:‘W Wcos(h—rﬂ =

! ;
= \==T N even

e n odlA

4(@_ ~_ ____ 2 COS(CZA-&DQ) + 2 (-Dnﬂsm(r\§>
s A =0 (ZV\H) nE| n

L8 £(6)= Ising | |
Solution: @& '-‘--—'—-'[-Trl é/p(er-z—frsk' 646 -,-(:..A..—@@T;
0 0 T Jp Jin 7+ J, n — S .
= 1/
v - 5 7
,\:-‘TFJ_’ 506 cos(n€) A0 = T [ sinG cos (n6) dB =

$ . wod o . NN
?Smfx CGS('& =5 ( S (;&f 1(%} + Sin (o - [3,,3)?}

2__ }\ ;* RN
= Iﬁ; & 1(@»4?}@\} + 5 3*;1{?‘;; @i@ =

- chg(:@\J(\)’ﬂ">+i . ﬁﬁ’i(lq*bw ,“i "} :Z 0 N ggﬁg(

i

! i
ki L n Aol Y
* -/ m‘ N eNéen




£l6) is even = bn=0
£(e)= X + 2 cos(2nB)
T

Y
T oa=) Hnt-=|

2,&\(94(4@

2.1.14. £lg) = 1 —a<@<a
-1
9 eAsewhece in (=T,7]

s %‘
. Selublen: =i S f(OMO =T f @r
T -2 A 22 Ya T - 0 - -’LA

| 4a 3
n+0, V\:—I—\T—"g Cos(h@)ﬁ\é'?‘/ COS(flg)&eQ =

sinlx=z 1

__.2*_.._ -—"""' i o Y

= s Sm(’an) SV\(%M‘) Tr&u’\('lam) i25§mx(é$x’;

= & sinlan) sin L an) (l* l(as(zmq cos(an)+ CO.S(m(}) :{ oFxCsg
iy = 7 oslx-r ¢

= :’Z‘M <l ~ cos(an) + COS(’%M&\) + coSC“"“D

I

. “Ya ) N ) \
8 / ' 5}/\ (V\ 9),{9"1‘;' Jf el (P) 9> A0 = L (cos%{f’fa)*\) - (_os(\z_aa\),\; =
T Sa

"

u,;e>§

—

/ , (=
= {Ci& X=cos8(3=-2sin <£§""> Sin(

fy

- = sin(na) s (3n0)

= N
= f(e) = é ‘T%I:\" sin(na)( (1= cos3an) cos(n @) =sin (3an§5m(n§>é

wlie f@met o 0] AN

a.e— [T 440 = ——-e] <ETe

=
-7
oz = [T 6" s (n0)i9 =*‘-,; [0 (5ina8) 4O =
-'n’ Tr ),}Fir __“_
:[;hl_—\j‘ Q'i' Sin (V\Q)J N w%l GSM(H Q)‘ie -
N~

~—————

-

-

—~

Ces Ko,

4



: ?FZ"E [ 76 (costn0))dO =
n

r

7 9T 2 r i

T [ & COS(»""QU_W T 2 c65(n0)40 =

= Y ocos(n) L0 s evenD bo=0
hE |

£()=5T? « Z U cos(T) ¢os(nb)

=)

>

ﬂ“l




iaA RQCQE e ,A\ ‘v\v), \70‘;&‘(\&@3\ (mmsum(éle 2 @9%%/ elery —(jhma 15) (Mmc'{:k G

Fs £ Ccan be expressed as a Fourier 5@/11/85
2 £ = S cne™
(=

Con\)@rgas almost every w hexre

O_Y_\_ @ (Y\{e/rv&" ) [0KVL/ G\*L:} 7 eX‘EEV\&\ ‘? {3 be /Z,(.
periedic on R

FGF Jd\@ mté\’\/’a\ E”)‘[’/ W] ) W((X) :gz CHQ'Y\K ) Cn

Also written as  con=f(n) | or £, is the
Fourier ceel of £

N
THM 21 £ £ 5 pw T' and centinous everdgwhere =2
= gfccy\&mx :\C(x) Wx (ie. ccn\/éfcses evemz/whgr@

Applications @ Compute né‘ = et Compute Z

—

@ Sole PDEs (ke heat A wave EC_’Q on
bounded reqions of space (R R* etc)

Whet 1€ we want to solve on all  of R™

For exo\mP\e
N

LR "
A= ZT §\<~’L on R y [tl = 04 ~4A  heat
=%

operator
Selve: ulx0)= (1, (x) , xeR™ , Bu=0 Vt=0
Heat kernel on R™ s g X/t

B an
Llune. on R« R™R+ (4T )2

! ~1x~‘i?'/t}
CL(X,{): "@ﬂ_%)h/?_ g (kc<3> e 4t FTE Uh}}/

How do we €ind thist
£= 37 = ene™ £ on [G ] extended to R to
" be 2L Period%c.

Eix X . As =00, summin (CV\G,MWXA s ke a |
Riemann ‘mﬁejy‘a(, det (&L% :T> 3 ‘; :%%—— , A%t*c‘"

,00 fo ) O, 5 i X
£ = %g:_fm cne T F A=S = ".f;:‘”jm (q{ flye WWL>AVA/
fa~r £ e ™™ s

det 11??/2 > {) = fwf \C(:})Q-W'\%VL dy o VMK a(vl

T gz )

DEE The Fourier ftransform | € (0= J €0) 5“‘”“@

F () (v\) ,an eﬂfv{\\m\\ent netation




B e e e T o gy - Do o e S R T L

DEF &L'(R) ={ f R— C, mea&ura&(&f@v&ry/ﬁhm?/ s - |

{ . !
with /fR LF L 4y, :;E/N o
need to care only abowt
set, set of Ldb&ﬁ@%@ Mmeasure zer ,

4360?3(0 Wx € R\
What are the null seks in R, Rz, . ¢

- V\ & -
LebeSjwe measwe on R ¢ n-dimensional volume .

In R it s lénca/th. A point has length=0.
Thus every pont 15 a npull set.

AY\V{ countable union o€ null gets 1 also a nuwll set .
N, Z, & are all null sets.

L0,1] has weagure =1 (0,1) has measuwre 1
(0, O\NR  stili  has Mmeaswre=1

What is the 2 dmensional L&besam@, measure of a line
Zexeo!

E\ie,\na,thm%/ o lower dimension has Lebggsua Measwe. zero.

DEF OL'L(FR) B { F: R‘% @ ) measureable - E’/V@"F\j/u\]v\fgf \S -

with \fg [ £l dy < oo /)~

PROP. Assume {<Ah'(R). Then £(n)eC  VneR_

20 20 o Sl b oo G gl b o

NN NN ey

( JH;WC(@ o 2T iy G{M & fﬁ | £ e 2T | dy <
£ fml\qjﬁ\&\y < oo ? |
L€ T = [ £ | e = | £y |

e . ~
= since £l Thus [ fly) " dy = £(n) e C s

Thus, VF£¢U(R> p ?(“O 16 well defined \V[VL‘/:R

Almest everpuhere  means ev@m{ywhere except a sex of measure 0.

f and o ace the same as elements of &' 1€ they are
the same almest ever Lé/whe,re

'C(\/O}f &= €=<)/ admost a,\le,\w}\/\]he/r‘@,

t hﬁ /f\/ <C0\V\ c\xc\v\fi)e 1t oat pents, still same @\mc;>
A,




z//“’ , where  x~uw i x- s an  nteqer multiple
ef 5. T hus Z/w)/~ {[a]va/[u] [2], [3/] 3[

DEE The convolution of £ and Y @*i(xﬁ (s
‘jn; £ g(y))kxg/

THM 2L O If § and %,&9(/1 =p fwc%g('x)lé /‘&I\C]Z‘l/f&lﬁlz
B £ Ca@wh) :mc*@wm\ , Y functions f,9,h

such thak 1[*63, s defined C\Cm\ltﬁ’) and  £xh s
defined . a,bed

frog=gqxf
@ £x(gxh) = (£xgnh Gy
Proof: © | Jy Fleg)girdyl & L1Fllgllay = "gEE

é\%ﬂﬂb@&y Lo\ dy, =
VEter de V Algtdy =Viler Vils)

@ &‘nnearifg/ of the }/ﬁ@ﬁﬂb& and def

@ f Fep day = 7T = [ gl £z = 9+

@ Exercise ! Hint: use the defintion  and substitution /

chamge of varables g
THM .2 Melification. 1 feC' and fxq and { g
ace defined |,  then ?*cz/ e ¢ ; and (\C*@\=fy)*03,

Convolution with a smooth function and a not smooth
funchion creates o smeooth {functon
£ x g = (£x9)

Smooth RNierclble SMOOT K | * MoUﬂ{’\ﬁ your peas

ﬂTHM 195 Properties of the Fourier transform
@ Yaek ?((%(x o\ﬂ> (z) = o HES wE’ ?)
(™™ ) (2) = (Qc Q

@ Tf Ped then F(E) =amiz ()
® If el . FTEANE=-FTENGE)

e ————— s e

2 i W~ g
multi. no-dervakie

¢; s
Aecivative



@ F(£x3)(®) = ()53
Preof: @ Jg Flu-) e =308 - [ £l T % gy,
_ e-?.ll:o\? {(?>
\J’;R 82’”’(0& ‘F(X) e..?.ﬂ“ix? Ax f f-(§ S (; ”Ox
= T,C\ ( ; ‘45 Integration

by parts
@ fR FaT @;'me;d - f £(x) (—NT}?) g THigR iy &

What hcxﬁ?%ﬁ% -
o \'wwnd\cu‘\j teyms ' G

Because we are C&ssum‘wxcb,
~ the Fourier transforny is
= (9 well defined =
(2:“/( §> £ <$> j = the boundary terms vanish
@fﬁ(‘(x\ o T X7 dx

(¥ (%) = (S &Q\ = f(-ml—@ €0 T g4y
@ ff £(x-y) 3(3) o~ 2Tix% Ay d Evercise, finish nodt time!




23/1

Sa&

224 snow: z-L-To 0 Z et _JE

=l "G = Z
™~ I = e Y 5
Solution: a) 9" - 'T‘;“' + 4 i‘- (r“;_ cos(n@)
0= =y cos(nM)= (1)
e oW L oeEnt T LeT
T ==g -+ f?_ “)n"( I = T T
= T on* 3 04 T 6
PR _ I 2 N o ZY Tt
b) 6=0 = O-= 3 ‘?'“ff‘, o =2 é{“wﬁi B =

o \
2.2} Show : Z aTE = ap OG- TR, -Te e

f)_‘ﬁ‘O . ‘ o3 e'\f\e

Solution: ()= "= & 2T = b-in

04 @ <« 1T
(z.L1F/2.0.18)

2

'F(O-F\) = l
'F (O—): e'Z.‘W‘b

By thm 20, lim SE(6)= T ( £(6)+ F(8))

N oo N i b ( (=] \ \
| 3 @ THF - g P i Z TOM w - b 2- pr4n® +“E——\
L o gl g By < S (n3 )
s
e N \
= = oth | aaror
£ é bran® Ty “ ('\T‘v\ Lb*

—_— o O A e

252%  Shew @' -Tre =12 2 (D Shk8)  (Tegem)

n

Salution Thm LM+ Case oa.*%0
9 3
Fe)= [ 0tde’ = &
v
v\vg’?co= “{%:‘f | F(9)d8 =0

PRI 2 _ M* g(“ﬂh . )
Reeall: §° = 5= +4 2 — cos(n 8)

n

= 00T -y 2 L sin(nd)
3 2 i n

D) g-amtet-yg 2 Ll coslnd)
Sofu{ioni A%e (0\) . —F ( @\}2 @ﬂs“‘wl@ | "f:@’\*U\ Ca™ O

s . 4
Flo)= - Todg=- L - T8

AL



Y 5 24T I
Comg [ (45 -T0%) yo =L [ &7 _ e |7 -~ 2

2m L 20 ¢ 60
= 0% Wt F i Z N7 cos(ns)
H % 60 12 ) o
=i ] _ ,ﬂ.q
C) ShO‘N 2'. "4 *’75‘

Solution: sex O=T in ()
ST = yg 2 DTN F g

t if‘g [

S T-ET = 4822y 5 T5= 1

[0

“

2.5.2  Eysuate Oé?('ln-ﬁ—q'casa’Zn—D@) onn -N<«B<T
. - N %2 sialen-)9)

byusing 9(T-100) = £ 2 S repeT
Soltions ThmZH  f(0)= B(T-161) =7 Co=0

Foy= [° o(T-1odg= L& - 1]

3
S (T e e T s _
°'N_JW(‘T “‘3‘“‘”\9‘?{0< )0{9
SR O s TF‘”‘) _ oI
’\T( 6 12, 12 .
Thm2M =y we*_ 16 __3 2 cos((an-N8) |
& = T W= (2n-D4 12
2 cos((an-N€) . - . 9%[6)l o T
oz Lan-H \6 24 * a6

ZV_-,@.-_LJ_ Lor 0« 6«17 ; s = X "i Z cos(21nB) (*)

" Yn™-|

4 B e
and  cosB = 16 sing = j;\'h. Sm(bﬂ\@
Show that &) can be Aferentiated and m{eo\“o{ga\

terrnise, to Wield two diferent expressions e cosb,
O(@<’\T‘ ank reconsle these +Lup expressionS-

‘ B sin(2nb nsin(2n Q)
Solution: (&n@j“ é ?\n,i \:LE; B 1 ‘%:’ f‘?‘ o |
_r® O/ 4 Z cws(and
Trf{ SQv\b d = f < e ___J;{_?..——J—-f é@ =
- F m}e u g_ "cosa»«w
m il LIV\ ol
_ -2 42 ST s




Need +o check -

1

B Z nsin (20 6)
T <

_ 2 Z sn(lnB) _ 26
Hin-) h ?_ " ™
l_ QT%Q - L 2 Sm(ln@)
2 ( WY sin(n) _ 6  -Tr< 94’]‘("

i
™ Ln

_‘:L Z $in \nm (N

fT- sin (1n6) 4""3“2

M 002 sin (2n0)
™ ) gt

sin ((2n 1) é)

w5 2n-)\

An—\

2 S\V’\((ZV\ \93

2 _fr%_g:ﬁ by 2.13 ==l by 2. lG
7_9 Y sin(2n0) 2.6
S . A . = - ==
= Iy 2 (B T

2 Sin (\Ef\* D) Q)

-

i

] =

2
~

L=\

S -
>

)



Proof of (4): \U—F(w\ﬁ@(‘g\e'lmxédxd\y =
= Jf S TED 0 e dygy = {2mxy ] -
= [ £DET T dz g\ gy = £(3)5(3)

THM  F is defined on &'NL* and has a canonical , well defined

extension ts all of oLF L@@t&

Moreover | Wfe L* | fed®
DEF 7:-‘@@: FEEE) = [ fdx = £(2)  (Inverse)
VEel® , FUFW)=f o
DEE On &:(R) , <F90 = fp £60 40 dx

..__.—q_

(1. =S = \/f 1512
AS V\ll'U/\ vectors ) l <‘€ ﬁ> I ” \C ”J} “ 5 “Jf

SN

APPLICATION  Heat equation on R wlx, 0) = We ()
II] M(X/'k) = O \7[-{:>o

Tdea: T 4urms  derivs  inte multiplication

Fau) (2)=0 = U (2,4 - (2T G(5,4)  (arply 35 () twice)

This is an ODE in % variable for Gk(?f@
e (30248 5 (3,8 Ge = cf)
= w(z,9 = g e c(?} . Recall  ulx,0) = wo(x)

> 063,07 c®) =0(3) » 430 M@ TFE,
Find n() such that h(¥)=

Then 2(24) = 0 (3)h(3)= F(w *hG)(3)

Z WA = we k() = Sg Wl hay = Joue (9 hlk-y)dy

[5\3, the iwersion formula , )= FH (R (30) () =
f h(; ) M gxolé f g"“”‘* s + UTigx a\%

L r mﬁ.

- Tzl - UMi T x -\r’\ﬂ. o
fn?\ o (4tz ?\ok% _ fm (mrs ) +z(zTr§ )(

Complete the Sa}&are

H‘t J\? =

n LX \L A%
_ e_X/H’c fR C-((?.Trgwre‘)—fﬁ) "\% _ {\F KW ~ o Idj/=zﬂ—ﬂu§} =




= o7k S o~ Xt
Jo 7 e -

= g f
Thus h(?(/ ) e
qTr+
—(x-y) /4t
The solukion s wlx )= f Ue(y) < d

n - lix~yli?
I fact, on R ) t&(xﬂc) = f Uo(y) e~ 7 i A‘Q/
R" (CUEDNE

c—x d _W V [ OWW = { polar coord § =

\/f e_“"m\ro\e LT e deds -
:szT[ _e?-r Jo OQG\: Lw-’,i‘O\G

THM 3.5 Assume 363\‘(1@ with fﬂiﬁ(j) o{3=1
e e Loy Be L 5y

Assume £ s piecewise continous and either
© £ is bounded on R or (@ 9 has compact support

Then |W\ <J€* 3(*/8}) = oc £(x4) + BL(x-) VxR
so \mVQZ?x hm (15* S(X/E» £(x)
Compack support = 3 compack set K such that SEO _O_{E K.
Proof  lim ( £xfEq (/)= wf(x) = Bx)) =0
Sl B

iﬁo
9e (%)

[ £6e9) ge iy = [ alEtddy =L 6) Flxddy

L (669 09 - £00) 964 s (m ) 9els) - me)o\%
Q) N

Show each of Lhese —0O as €“>O b‘:“‘ s e o

Wont to qet € in both parks (both o's)
Note that £(x) S qldy = {ii‘ig g(@j 3%—“)_&%)\%&0

= @O = § (£~ £xA) ge DAy f)

By definition \gi_g(\jo G(X‘jj\ - £() = 0 A__F\_f_{_éx—\y for y<0
§<



et §>0 . Show that (8] <SS fr € small
Then 3o <0 such that | £ly) - £0x) | € Syely., o]

#=

0 0
Thas S (£Ge)-£00) 9e Gy, ek 6= [ Ialay<eo
! estimate .
l j o (flx- 9 - £ (x)) 3i(5\0\:)] [wc(x U\ £ | 92(33} Atg/
L s
T 264D Bf | 3i(9 0\‘}

Z

56 S

2(6*‘\3 f \ Cje(?ﬁ)l 0[3 1(6‘(‘0 <T

Next, show that wcor‘j /f SM@M,/_iy (\C(x-ﬁ‘wc(xﬂv Ie (3\5\5 %
het 2 =—-\24_’—' =5 _£, (£(x- £z>*q€(><+ﬂ 3@)0\%

- 15 9 has  compact support K, K] for some K=0

Then we con let € Ye smalk mowa\,\ s o o —\dal<*K
Yo/g

> [ (f-£D - F&)) 9@ a= =0
= px[<—5-‘7: Ye  with ﬁa—"—<—l< <& i“fji—‘s>¥<<=> lgi>8

* If nstead £ is bounded , IM>0 such that \F(y\léM

\7’5 e
o/g 0/2
JIW (@(x—iz}~€(x+}>3(%\o\zf & fﬁ LM\j(Q\ Az
e® f\’\——"\f\————/ — e
Ts2m
R

Note thak [ 9@ dz= G <00 Al S lg@ldz s 6o
FREICIPS -/ 13(%3ld%+f13(z310\z
By defn. f Ig(&ﬂo\z- hm f l9(@)]d=

= f 13(%)] as €0 "

Hence 35 70 such that f £<£, [ [g@lde m
= f Tamlgl)] dz < SUM_ 8 = | <

4 (M+\) L




Riemann hebeque demma T4 fedl'(R) , then
£(5)>0 as 1310  (3<R)

Fourier jnversion ~ ?oin{w'\sé— T (FE))=f Vel
det fe '(R)N C°(R) , then

£6)= Yim fe,ﬂr.‘$x e_~;1£'z ;C\( d
e — f(3)d?

£ =20

Tht \)(‘00§ uses 'Ur\w\ —:}‘3 (EXUC{S&’- {‘ﬂa lCo Q\S\A_TQ -U\Q

')>1"c»c41 ocuk ! >

XRUZ
Defintions: 1. Fourler secies on }:——W,TY] coel's  etc.

2. Fourier transform -’C\<$> when this ae fined
3. Conv G\u\_{\ on .4.Understand — thm 2.\ Po"mjcw\\se
converagence of fourier series.

5. lc\&o\—so\\/‘\hoh, PPE (wot m&sstD like. W exercises-



N VN

Vot ¥

25 DEF Let £ be jates. over Lo, Tr] .
! Fourier ¢ 0si J es: 2o 4 S 4 (n ©) - = f?_c(e) css(n )40
63 ume e series ¢ ’.L o ncos(n An ™ &b 7 .

} - ) ’7_ w
Fourier sine series: ébnS\ﬁ(né) , ba=p fe £(8)sin(n0)dE

THM det £ be piecewise smooth [o, 1]
Fowrier cosine series and Fourier sine $8rits  Converge 10

(£ + £(89))  when @é(OTﬂ J

Fouciee  cosine  series Converges  fo £(o+) at 6<0
to £(m-) axt 9-=T"
Fouriexr sine  seri€s converaes  to 0 at 9=0, a=1

P e s e, e S i s N o 310 i st

243 £ =35n9 Lo, T ]

. R T N
Cosihe series: a, = ‘ﬁ: fo sinB cos(nB)d6 =7lr-f l5in8| cos(n)d6 =

- B
- T (-1} A
0 n odd
2 = -
L= e e k
i % T ((20*) Cos (2.16)
AN
sine se«r“Xe,S' (Sw\ (hﬁ) $rm baus Az[ofn’j)
% L : ;
b B [ S0 en(n8)de = & [T (cos(9mn6) = cos(6-n8)) dB -
= 2' [Sm(("‘“”)9> T _ B Siﬂ(éﬂ—r\\@Z W\g: 0
Mo [ [=n ' o)

b= = [ snosin6d6 =1 s0 Sine seriest sinG

Cosme ser. conv. to 0 at 6=0, F(T-)=0 ©=T
Sine ser. conv. to 0 at 6=0, 6=T

P e P W N B i T i e T T W

2..49.4 £(0)= cosH Lo, ]

%Ff £(0) cos(n6)d & = -%“f cosOcos(n®) 46 =

=?'r““ {7 (cn(0+n6) +C05(Q-n@\)>0(9=?([3'—g§5—5§1] LMD*
By = % for“sgc‘ﬁé 46 =1 - €os© is cosme series,
by = -3‘7 jg 05 G sinl né) df == d‘ sin (6+n6) .Ls‘m(ng_g\ﬂ A0 = 2 n.#i}

_ [T cos(on®) V‘(osfér\—@) T o ,n odd
_’IT\ \'H’\ o (_ n-\ ('i‘l‘” ‘+} - t m
l+n n- \ - W(V\""'D

Mk , o
) é ”ﬂ"((lm’*l) SW\QKQ) sine Seri€s

, noeven

fo 05O snBG 46 =0

:HP

NSNS NN TN e




Cosine series convg. to 1 at ©:0, to -1 at ©=T
Sine series convg - to O A &=0,0=T

;7&.:_‘15_ £6)=1=%x  5n o, Lj L=1l., Fwnd Fourier cosine series

———-—j;L,((xy coS\/!‘.}Dﬁ:) Ax = x cos(’nﬂ'x\ dx =

W”V\/‘\NW
= 1
—2 ]
="“‘((l ) sin(nTrx) |+ f sin (%) dx = [COS(J\_OI =
Ja N % (nTr) |

i )
M’”M
=0
= 0 ; noevm

= n odd

(v <0 cosine Series:
(«-3 7 = ; f 05</7k i\ X>
= {f1l=w3id X = .! 2 _u,__,_v...__.'-—-- - 2k-i)
A0 2’“*’ Limxgax o K=\ f\(lk \)Th’?_ \

Kol £x)= (H‘)(yk [L L] , L=1 Q,L—Peri@@t{c

Q Find  complex Fourier ceries. b) Fond 2L~ Pe,r,oéuc solution of
Zj —\4 —j ‘C(x)
g N —ir | L -—tk’\‘x _
Selution: a) Cn f ?() e AL/ J,x = f \{}“‘%/‘ 1= dx =
g
R s N2 ~m-““\<—) f _|y {J\
RS \,(H“ & J{_‘ z,m’T" J (1 e

i \
! —inT ; ): ..‘m'ﬁ'x] | f <GalR B
- < el e + e Ax =
(\K\W)l Oi’ﬁ\ - \lﬂT} y

..

9. 2wt % il _ -m‘f"
- b M = A Lo~ oeven | =
’h“\ﬂﬁf A T‘ 2’ ey
TR { Z( nood &

2 (-\" (T +1)

1]

¥
!
{

(\‘“\-W\l
Lo 2 \ 2] ! ooy
Co = 53 J\‘ (V4x) dx = I [(H“Jj». * 3

)= % i i 2= G0 o inTT

Az-oq (inﬁ¥1
nE o
e et N 27 S e s b ™ N
o B
; = ~ B < e X
Q det = Ca € T be faurier series of Y g )= Z Cne
= el
e:ﬁ:? ]
= 3 il o W LS.
dow' = w-u “Ac (;n (M) e ™™ = Z T Gae" ™ =2 Ca ™"
d J o n:*ﬁe N -
e ok 7 nF.
A~ . = = N ¥ +1 ‘,«:“-Tr(
= 2 Cn (’L \«TT - nl - D e:-bﬂTx X\ 2 20N )) e
-on el nE el { “-;;:«}'L
vk N e
~ l(*D"(m"iTH) $ ~ B} ~ Y
- g or ¥ -Cg = — B —
n (IW\’WYL (L" ﬂ} "‘gﬂﬁ ) 0 J G 2 )/\fj/ 2

S



(Y« 2023 () + (2% - ~
J;g CH) TR AE { ‘Zé-k*-——*

= fﬂl . 5&3: LR "\?}

\I\H\vy ne = f v e 7 C laim %hc\)c these .nteyads are  the

— o4 R SOLVV\Q
OO+" ) 21 4
/‘ PR P 2D 15
. g dg = e~ Az Q,V\qu
E g

Thus ¥ closed curve like g ff(%}d" =

Write z=axih GRS

=

.

==y }Q/'E ’ _ ‘ e*(t\l‘bql—i-«-j _ ] e{-(ﬂ\l-bl)j (‘ ﬂ-‘ l - !e—a\l+b1)

Thus on ¥ 4 e ] s small - Hence lim [ eleiz:

R> o0 l" »
(X
o ,oo+ o - oo+ "‘o"'—_ﬁﬂ
= [ ¥4 N S S - e U
A e & oF ' =L = ¢ dz == dz = 2
Qoo-#-’z)%l-f\ TR oo*'?ﬁ ~,;o+i"_

FATE

Pointwise Fourier lversion det £ < L'(R)N TR) then
e JTE CEEL(S) As = L) WeeR

£=0
e F7 (e £03)) (O = £6)

£=>0

Tdea: Use +hm +.7 - lim {*‘}e (= ) i f ’Lﬂf' satisfied

z z A » eao L2
(tﬂ%e‘i? F(30) 6 = F(FEE) () = 7% £0) (=)
= T (%)« £(x)
e T E TR g = T (TR (g
Same idea = complete dhe square -(€7g? - 2T g5 =
= () e (T (29 - T - T

= f?\ il e‘(éé’tmx) A% = {5 g?*

, Ay & &%} =

ST e : =iy M2

= E/T x*e ‘[R e J 0(:2:' = e, X/ V’W
= £
same  cofculation

s N Pl et iR
[hus we hoave Je ¥ £(x) , where %(x\‘ e V1? 59@6@ R |
i Ny £%(/ ’ £
jR (ﬁ (X\G‘\% = \




:_‘gj 9 (%\&XIJZ“ = I(}o 9 (x) d % :<_7>

The =7 Iim g * £60= X+ BF()  where
€906

£ = i £y o= Ll £ s continous
yrx ke
v)x :94)(

se £ = £ = (), xFEXD R = £ B

Plancharel theocem V f, o & QU‘(R\ < :C 55 =<4, f§>
Promf‘ <4,3> f K g al) Ax = {usg T (FD) (ﬂq‘\ £(x)

L7 C?ualtg/
. J‘ezmnge»zwaj?,;(w O(V{y /5"(“5 abu(?:
f&‘”? §@ Ax [ F(9)az
- [T Ak [ EDds = [T [EE)dE
Thus < =S £(3) 33 -<F,3) a

(

It

[ 4t in waem& easy to compute Fourier transforms of FMCIS
Ex. F(vw=) (%)= f G <H—x )‘AX —> Residue Jd\/fw/wo
f(2) = t’:ﬂﬁag , 2R, has two simple poles at Tt
? o faox = A Mf_mRes
:é] — JE L] - | e Caeins | L 7TOF
|1+ 27| [1+2*)

£ %2>0 , use box below K -axis -

-~<~‘-“
(et Y‘?ool )

J;cx WC(Q\ A%:'QV“—.( R@gz:-} "(C(E) =

R -T ey | 4T
s-am &% v P e TTE
(2-7) 2= ~ L

@ e s /"Le,?,z\;é;\/@/(,g/ sriented
If 550, wse above axis box in the same wowyp=>Te" 7
tegs



Thes T (= e T >0 = Te ™7
’ (‘ )(é) Zef % \%§<O

APPLICATION 0F & ¢ Compute say. __foo’H_Xl A x
4 —_—. . ¢ S
How? Thsis € (G\ g
r= 1 a0 -IAMigx
1 d = € \ k =
‘Jm | +x A ~£ T wit i /E/\-—Q.»

NS "

SEPARATION OF VARIABLES AND _“CONTINOUS SUPERPOSITION'

We want to <olve +he heat eqr on R ([0 o0 ) | ater..
Weite golution as (£ X(x) => T(%) X(x) + X“(XB\\-(JQ =

g\ homog enous heat e@, :

s oy no séurces -
=7 = = Tx = both gides are constank=X\
T(H = QXAC ) ne Sowvrces >\ can hot be Fés}tl\/& \
(Posx‘c»ve,k will increase heat over time, net
possible witheut 500(/%@&5) A& O

Te (b) = Eh%lh = X(x) = e” LB X (% can be any- real nér)

Ttial condition = We(x)  temp at x€R |, at time £=(

wlxt) :_J;M (=) e FE L IBX A= = {chamg,ﬁ vwfa/é[a.s} =
::[:c em;gx p@% Z(:ﬁ o ATty d%

wlx,0) = we (x) = fé YN C(y) dy = C(9)= Qo (y)

Thus  Solution s

) = S e AL e

< We *_%W_ﬁi-) (%)

HALF LINES 1'_0 00) Solve heat @/rjr here with
bOIAnchY‘\j/

® Dirichled BC Solution=0 on Cvoww’mr%
@ Newumann BC 3 sclution=0  on boun'dary

11—131‘(: -(xj\ﬁl/%%

At = Jp Wly) e Ay
VerE




For @O Need X(0)=0 A; for @ X(0)=0

FOY T% ({) = e“'”l-l%‘l"(t X);— ()(\ = e,t’?:n"?x
_>_<_i_+_>_<_i = cos(2T3x) Xy X3 sin (2T x)
P LA .

For odd functions on R, @(?):Igﬁ]?xg(ﬂ&x =
= f ( cos (-ZTTix’;ﬂ + 5‘m(“ﬂr\><§)> WC(QO\X = | J”;S}r\@f\ﬁx?) Flx)dx =
- =i Sy sin(miE) £ dx = - 2 [T sin(ams ) £604x

For even \wac{\év\s onn K ﬁ(?\, = l;[wCOs(lWx%‘) £(x) dx
DEF  F,,. (N3 = .J;wsm(m*?x\ £(x) dx

Foos (£)(3) = f,7 cos (273 ) €6 dx
)= YT (N becawse  Fo () () =F(FIEE)
=4 T (B (N ()

To solve heat eq. en [0,00) with DRC, ##h
Lor 1C t,Qc(x\) \Ad((ﬂ:@ ) extend W, OGLO“*’&/ to KR
Then wio) = J () e

—4qmET L &lWiéx(yK? _
= j L&c(j) e”(’(—}j}l/ﬁ“[JC A

t)‘fe*f -

Vot ~eo %
= —(x-yFat ¥+ _-(ery)™/
- [ wl) (T SO g
9

Exercise . Extend w, evenly +to K and show
that solution 157 + akove

VYV



30 DFET, FFT, and SAMPLING THEOREM
l _ —
-8 [ me amc«\xﬁéis trequency analusis
£(4) I
% = - N
DEE [, -1% (Sn):gc , Sae , <(sn), ()= h%sn‘"[n}
Aet  ex(n)= gt 2T for K and ne?
\ -.:\w\’ L.xm:?cf{ew’c _\IW

W N=\
B GO P

PROf f&,(ﬁ::: are an  ONB  for j;

N —amikn/N = 2Tign /N
Peoof Compu‘te <€k, €J> = Z _e____,_____ N
h= AV VL
U T L c ° WN VN | Voo =1
= = i =k Thus ekl = Vex,ey =
nTe \/’(\’F'L J ) ’ k>Vk
N =i < n
S \ X i j K
If ¥k, 0BS! bgeomécrsc sum '\l}— > <e L4 3/~> =
e __(ezw-.(ym,w}w ~ !
TNl =0
‘ = Q’LT".(J-K)/N ]
Remark: |n finite Aimensiona vector spaces , N dimensional

space , then any set of N linearl‘j/ iﬂG\&P@V\&Uﬁ vectors
is a0 basis  (span the quce,ﬁ

Fix T and N and look at £(£) on Lo, NT]
Fl)= £ = £(nT) . lentify, £ with an element (e € Ru

- . ) 2Tk
B_Ef_ DESCF&&(’, \Com“\e\‘ Jcrm\s-@\”m ) wtcr oy = —N-I—T?—

Nl _ N o W
Flu)= <6, ed = Flw) =2 ceye e Z f)e bl
AR T VN
PROP_ (discrete nmversion formula)
A N-l
Fe) =CF 2y = 2 F o) el
Proct (use the de{iﬂﬁlws)

Nl / N=1 ) B ’ T N-l N~ /N I/
_ 2 Z" 4({”\) o \w;\%m e’L\ kn /N L _\,_ 2+({ﬂ) a—lTT;KW\/N e i
k=o \m=o VN VN N (=0 m=o
;N N-) ~2T /N Zitikon /N
& S e Z T e > £
m= L___:i V

{en, @np =0 unless m=n
1€ m=n ; <ean, &my =)

What \mp?er\ed to dimet Exercise' Next time. ..




Flwd = Crie, £y

N
A L E ) e TN £(4)
VN s ':
£ (W) MR Rn)
ns =  Ks i .
N discrete £

This 15 an NsN mateix.
Assume, N= L (pov\}ejr o l,)je[N)

Njz -\

A . . . N/ - . '
AN { /g i J ~ =T Y
E (\NK} _ __N__ ( é\)zo F( %\ 1N K('Lﬁ/{ ) % g ( 1 3 ﬂ) fAS k(ZJ 0/N>

K —2Tkn /N _
ev (n) = e , then en ()= ¢

-2 K,j /( N/Z)

=AW R (2D /N _

K
= €z (J) = e

Nt N
> £ (W\\> :—\V_'—\l?\- < é%— WC(“E%) Q'i:/z (J) + ei (‘) % \C(tldHB 8-'5/7. <J>>

N .
= Reduced +o “[;J“_‘ X 57 makrix

Repeat this = W%IO?U\J} Qom‘:\ﬁcaﬂoﬂs

€ Nzl‘é this saves 9% calculatisn time
NT= 2% us (@900

A

N cale - vs N loficN),
FFT

PROPOIF 5 <« L(R) < g e T(R)
@ I£ q}eotl(ﬂi) and Q}&oﬂ(ﬁi) then 4 s continous .
Proof @ Jim g(E8) =3(3) want to show this VyeR

b 305080 =(f) g0 €T F e -
~—A

1

Lebesaue's dowinated comergence thm = because
[ @(x\ S At [ = S(X\ and fR lcﬂ(@l dx < 00 because 364,‘( )

i

Jo 9@ ey (TP de = fL g i



® ¢ F(FOK = F(HE
B%« QSSu\mP)C\O\\ %ﬁ' L (H)\)
By © F(NE) s continows = ?(5)(‘& is adso gz

PROP &' ( [m.u") @ [-d,4])

4> 0 ,
1€ ax = 146 < St
gy P08 | dx M[~L,L] f0] Ldx = 1€, J'>‘L’“([—LJL]) =
),’ i i 4 . E I/z
< “ I'Fl ”*U‘(E“L,JJ) H l U‘Lﬂ'(t‘k,l_]) = ( ./[ f{(ﬂzzdx> V:ZT
Ly

Thus Cck\,'LoL\\/X“ Schwar2 , ke with vectors .
€ £ed™(FLL])  then

I ‘F“‘L'([—Ll[_j) :[-L‘/L]H»(ﬂldx = ”F” )7«/:27-\ < oo

Jf([‘L,L]

Hence  L°([-L,0) < «:U(["L,L]> B

0BS! “ |
ike X on (0,) , 6 on (-00,0)0(l, )

foz xJ/'Z dx 4 o0 but [ f(}(_'/l)lo(x = 00
ﬁa:fi',x>} > S O = T de < e
bt

\ _
” Ax = oo

7~

SAMPLING THEOREM  det fedL(R), assume € has
compact suppert , that is Z2w=0  V Jw|=L

Then f(H)=Z 4(;&-} Sin (nTr =2 L)
- 00 L_______‘_‘_j V\T - Q\;W: % L,
cn%j’ neea { i k%ﬁ)g ne Z to recover £.

P\”O@f Tdea: use Fourier +ronsform and Touwrier
series all JcoaeJchGX

fel* = fed £ 3
gy = J 1@ de
Bu} P‘rec'e,d‘m%/ prop || EHM@ < e \?é L (R)

Fourier invexrsion 1) “fR e MY ch\(?w 0\% T:fjemé%f(%}A? B
LU




:EE,XPCKY\A 2 in & Fourier series on [-L,L]J } =

9T MR/,

< [TemE T ca ey
-L 1"‘00 ,

Fowr. Suries eXpansiohn. on .L_'JL,LE

A _:jinﬂ—/(_

. L A —inlly /L . :
Cn™ gL jR £ (:ﬂ e e d\g/% 2L o \C(j) e 0{9/
because ;E(\\/)\):O Loc l\\f)\?L

{({\:q@(ﬁﬁm Z_{ em“'ét e’;nﬂ"g/i_[i,fn ?(@ &-inT\"\g//L U\%O\?:

YR
L L amise sy 2\ L -TTiay /2L :
AL 2 T e LT dyds

- £(3)

~ i SI
Fourier javersion thm f;R Hﬁ) e ™" +(30) cl?/

o0 fLemg(?&w“/u) W¢<:—”—) A§ = {RQVQ\'SQ OrAﬁ‘ﬂ}

2l

oo L , . "
~ é@%{jf o TE(2e- /o) WC('%C>0L\? %

H

- L
ILe.u“g(ze-“/u) AT = e T E (2L 7
ﬂ(—(zt‘h/LB §=~L

L (2t—n/L) avﬁTL(Zf—“/‘—) _ ?\J.k S\V\ (Trl_ K?—t _ h/L.))

= e - -
VT (26 - I (240 (24~ "0

- s E s e




EQGb  Berakna F=f*f()  dir  £=K 0 O :%{; , Ixl<a
oo 1) , annars
Fef = fOfundt

A

—C * Q(x): !: 7{(%;{& (’c\ x}i(“c\@‘?(xvn{) d+ = va/ )((_,mﬂ} <X*‘t> J‘\‘E =
- { N =-dy n“““'w@} )

1]

- *’jr XQQ 0\"3" f 7\:(»@1@?} (\jw d\h’}‘ : ; f
Ao

—a ¥-o a  Xta

|x{>2a =7 Flx)=90
Aﬂtam{ x>0, x<la f 1 éﬁ/= Lo-x

)(—”\}(J,-O\ F(X\): {2‘5\,‘|X‘ ) Xé{‘zﬁ,zfia)
Av\%ag:)r X'LO; x> - da f 101\%2.42’24@\-%\1

Fowriertransformera F(x) ! Minns: F(£x€)= ?({\) £14)
T (Kew () = 2550
(F\ (C(«Cﬂ & Liﬁ'm';(.Wm\)

W

e 3 et o e o P4 0 A TS e Pt et et 0§ 35 P 5 AR

ERK 03 \/ES& aﬁ' _foc S\Y\éaﬂ Smift\ df‘f\/w\'m@\ \a\

PLANCHEREL <€5>‘ Ur<¥ a>\ > +’- C A x
f(«—«é =T X

(=)

e (W)

at) sm(vkj At = \-C ﬁ‘\?__ A < A a}
1\

= 1
[
%

L—»\(__)L«W

£ 9 ?\mchm& {
- TR )F:W'LK(-«.«\M K (W) dw -bi - % & \b
Antas, o>l
%ﬁ' '; ’ T dw = ~ (b-(-0)=Tb

= f sin(a¥) é..‘%é_ﬂ_i« at =Tmm(_,&\.;\0)

i

a+b

T Ars
T (Hreat) )

Fam)rTe™ , flepn)=i Pw)

; - aw
4,75(_1‘——’> - £ (W &'“lw'> = ‘m{;? € ) w>0
\ iy o

KONTROLL
deﬁa{@m
N en mex
fuaktion
ac Uudda

]

L oo e ERVVES 0




o0
Nt S Hore

jt;"‘*-i*a"{“«vb‘ -——7\;<\‘%;§%> =
s
:-—"“1(‘)<‘€ f)> ’W_J:Tr"e“"w e:;béw“dw =
Jamn Jmmn
. P__%.,;f _ /W(o -(- m>> - Ib
.

Beraknn f;t L0 At

w (1)

;..“‘.____

( o swwc(w7,;w?(w)> o

{t4) :“S"f Viwl' .xyuzcos(wﬂ dw + 0
—__of\/—“l ‘cos(wb)dw +

E0ix  dat £w=§ Vo e cos(wt) dw

S Vel dt = (o, oy =45 <FLew), TE'E) Y

! s
-/ ) w AY
g f Viwl' e sin(wi) 4

W:

) %: -Ec wl ew X( n (vﬂ Q\‘{w dw
Slutsats - (W) fnv\/"'\ (~!.\) CW)
_’Il:,’T\" j ,Wl wle"l.wfb -X(-m (\'VO\ Aw ™ <

- )

iy
¥ () =

oot T A 3 LT T
= z iu.)iu‘dﬂ 0(,{,(1« ’.L J W~ e C;\W
I <L
=1 J bt (we™) duw = ”H’f‘“

I

H
2 I
Fﬂv&lo ,?L QZW :M__E_gt‘;-jz_g%
Y %e Y . o g 3




F4.% @) Bexrakna ?SEQ'H]
o

Fs el Of £x) sin (wx] dx

o —kx f“’ k¥, & & P kx [ @ iwt_  =iwx
Fle™]) = L7 e™™ sintwx)ax = [ ™ (2™ 4, =
\ /

A p
o0
o iwb) —x(iw+k) L Qx('»vd-k\ A»x(iwﬂn\j
= L e = e da = - B -
o 2" IW"K T+ .
SN U wekciwsk) | Riw L w
, e TN

b) Berakno T Le™) , TLLE) =L £00 coslwx)dx

o VR =i WX

' —lkx 2 sk xx [ e + € \
o Le ]"fd e Xcos(.wx\a\x=£ e ( T /‘o\}g: 1
) \ ) . =) |
_ j-oo ex(.W-k) % e—x(\w-ﬂq i e @ X(iw=K) N o xlwtk) ) }
[ - X =0 .;W—k B —y |
P Lt " |

R I A ! L [zwi=krwi-k )\ | k
R - ¥ w-k T o4k 2, S AL = =

T e e




% Qutes{lm'- when to use separation ot varialbleg
JFa

LUse sep of var. 10 {ind a discrete set of “\'s' sn a
Mﬂ_ (i.e. an nterval) - vi Sturm - Liouville P'ro(o[em
(SLP)  theoryget L*(T) ONB of solutions +{hat wou can
Use with the initiak cond. Lo solve  the problem
Solution = Z ..

2. 0n R, [0,00), ang wnboun ded region , use Fourier transforng
ot kaplau:e transform . (R- fourer, (o, oo)“/mp/ac{i>

THE LAPLACE ‘TRANS\TORI\’\ chd®
P=FE O{,F(E)- WC( > j WCUC)@-ZJCOL‘E as foncg/ as + satisfies &

© £00-0 Vi<o. Fas0 such that L£0]=e™
V(a.e)+>0 Then £ f(2) is defined for all 2
V\uth/y RAEIR  Re(z) >

almost cueng.vd‘r\&re
Check: | L F@| = [ |00 ([ dt af@,“t@;‘*ﬁ@t =

- (a-Ren)t )
= i Q. At ‘-(cl,— R&E)

0(/1((%> is a:wlg‘tt‘c func. for KQ(Z) : Aet 9(*’)’ C‘ 1;?: E;C@

Properties  Assame £ satisfies @
O L(flx+ip) =0 as [yl >0 , xyeR, ¥x>a
@ LF(xviy) =0 as x—>eoo , ¥yeR
@ L (00 ) (&) = € LF(2)
@ L (D)@ = L F(z-0)
® L(£(ad)) = L (O (%)
© If £ is continous and piecewise T' o [0,00) and
£ satisfies @ , then LC(#‘(%))(%) =z L (=) -525\
@ L (LT FDds) ) = 27 L(£)=)
® L(H£@) (&) = - (L) (=)
L.E(F x9)(2) = o[,{(z7£@,(~zﬂ




Proot @ LF(x+ig) = [T64) WAt = [Pf)e et

Lot gl)= () e Then Lflxeig) =5 (2

Riemam- debesgue Lemma= 3(%) 20 as [F] 7o

= 3(F)20 as lyivoo

085! g ed'(R) pecause £ satisfies @, Re(@) =x>a

| L) = em=” 7oa 70 as x—eo

@ & [ Bl-n £le-D e dt = [T l-a) e ot = [st-a )=
= ST e s = e E L f(2)

@ L (e 4D) (2)= f et F) P At = [ f) e At =
LT T de s L F2O)

® L($(at)) (D)= [TFat) M = [s=at | ds = adt] -
- fnoonf@ e—z% ds = ot L) (B)

@L (&) = [ oW e dt - [@(mﬂ - [ fo (e dt -
== -\C(’oﬁ vz [ e e = - £(0) +2 L))

@ det F(H= (s , By © L(F)(2)=2L (G -F)
By FTC, F')=4), alse F(0)=0
> LA =2L(AE) = LAE 5 LE)(E)

® L)) = 57 st e LF) - L HDeTat
By 0CT, L@ = [ te ™ fdt  (domnatid conv. thm)
= L) (@) = - (L) (2)

L+ @= T2 (35)= £ (35) J(3) = L+ L@

EXTRA © (€ R>C , measwrable, Jg|f fI7200) /n = LP(R)
for p=1 el iy = (L 1F1)7

This is a4 Banach (CGMF ete, normad V@for) space
ONLY  for p=2, s L= 2 a Hilbert 57>ace =
Banach space with inerproduct <C,G)&(E) f -ﬂﬁ/

@ L R)={F R>¢ such that IM20 wikh [£(d] M we xeR ]/~

For such an £, the smallest M such that +his helds is
Il =lflle , L™ is adso a Banackh space



Exercise: LT(R)ALUR) € L=™(R) AL (R)  but

APPLICATIONS OF d T0 ODEs AND PDEs

PROP o (F(K)>(Z) = 2k 6(,1[‘(%)_%' 1C(\<~D (0)25—( ) §(°)={ ) Yk =|

Preof  Base case: L(£)@)= 2 Lf(z) - f(6) by thm
Set k=l in RHS.

z o f(2) - WCM(O) 2’ =z L‘\C(Zﬁﬂc(fﬂ . Proceed b»y Assum‘m%/

true for seme k=1, A Shoew *true {fov K+l
LEE) @)= LOED)E) = =L (W)@ - £0(0) =
s (LA - P et ) gy - T
- e L@ - 2 0D (o) 2 - £ (o) =(5’ k3 =,<is+w—(5m} =
o= Let (=)+]
K

— L]C(Z) _ él _F_(KH'L) (J) ZL'J— _ ‘F(k\(())’ -
=11 R

This isthe L=0 term in 2_

- ZK—HOC F(Z) _ % F(k+l~t) </0> &=l

—

Thus for an ODE K%;CK LLM(QIFH:) for £20, ¢k constants
L to both sices : Kr% e L (u®) (@) = & f(z)

= s o N A
PE) LuE@) + Q(E) = Lulz)= L F(2)- Q)
™ polynomiats P(2)
pelynemials
LX. '
Heat Source w(ot) =€04)  (heat /temp of sun at ’cmf\e,'JC>

wix, o) =ue(x,0) =0 , Bu=0, xelo, o)

wt Use kaplace transform  (net Fourier)

va\r’\ab\eN

Rhows oL (ue —uxx) (x,2) =0 = oL (ue) (x,2) = L{ww)(x2)
ek U (x2)= oL () (x, =)

= zWUx2) = Uk (x,2) . Basis of solutions are a(z) TEX and
b(z) @ =X

Re@ >a>0 is where £ 15 defmed e
= f’hjsicq\\xy relevant scluyhs'n s b(a)e "

Ux2) = b@ ™ Ul D=L F(2) WUk D=LI™



Find hix,t) Such that o hix,z) =g 12X
e then  wix )= £x h(x,t)

convolution, in t variable

Because &L (£xh)(x,2) =L £(x2) L hix,2) =L Flx,2)e Tx
Exercise: Find h . To do this» can wse L~
L flxriy) =7 F@ eVt = [T L) e e Yt

ket 40 = fHe ™ . Exereise S ged (R)ALN(R). Use £
satisfies &

o . 2 ys o
Estimate fo loldt = [T Igt0Ide - [ Igml*4e - [ igeol

LFGoiy) = Jo 90 & o = 5 (&)
To simplify this ) leok at o(ﬂm“lﬂ‘:%) ’=Rfﬂ(%)€-lW{jt= %(3)

Fourier iversion theorem. | that q() = [ §(3)e ¥ d3
Note alss that ()= efog(ﬂ
> ) = e g0 = e [ RN -

cert [ LA (x+2TMig) e T#E L5

'?__
X + 2T R
Write 4his as a
complex 'w\*‘ce%\‘“&L
2=x+'?fl\—‘1§ , 3 from -co to oo
N
X-2TiR
X+i00
£(4) ~f[ LF(2)et e d=
X~ oo l—n’t

T huws m» = f L F(2) e®t A=z 'ﬂ'\j

X—-ioo

FE(E) =, 46 T L and FOF)= TG

For L7, factor of Wi, and cur integral is verticad
rather {han haoizontel.

X+ 60 )(4’}

:[ L £l %\) %0(2 = |VVl f OC/F
More W@r&u 1[0\/ ﬁuwtrOMs F<2> élewfmed and ho/&‘m@rph;c
WCOI’ K&(@>a& -@or someg A 0) o X+iR
zoc (F) (&)= Jim [ Fa) et
A 00 o

This wnder growth hyp- on F wik be the same Vx>ra




DEF det £ be inteﬁ- on R, then Fourier transform s

ﬁ(?ﬁiéw£bdc“?4§ = £4)

Fouriewr transform extends Ao - +

2L is  jnvertable

:0(1
L g ¥az- f

with mverse £(x)= T:"( T?) =.?‘T_
@ ©-i%f @ %f=if
@ Plancherd +hm @ £ ‘C)ﬁé&z . then <‘?/5>=2.TF‘<£,3>

E0G. 5‘) “CM:@%?W N

From table 2 - 7:“( w’.*tz’) = j};— e ML = '\§2

Note U?f{c;)} - “Z;%:C‘;“yi‘“

o) - F(3 (F=)) =+ 3 7(5) -
=;l£ :‘; _701:_ e-gak?l

((4) = —
b) 4 (o ™)™ it Vgl
. S A AL T
;L“(ql+t1) ”~:’; e B At = e

derivative With respect +o o

oo -\ - - alg|
s 0 5 f$j/f:_lr;€a\'§.\ “%’LG al g

RN A t‘a\)i ' ' At
T -itE T %) —als
_4 (a2s4)?* © At = 2a® T )¢
. L il
S — SN | -al %)
?((ﬂ"’+t1’)l) =<g\0\’s * “z;{% e



E6F %(w- & LT ®de b ) =%

!+uJL‘
o~ - =5 N 4 +uwt — L{W(/\)x\ -
N F (wm LRy = L () - () -
- 3w
=t (H-cu”) )
?:(tf(mz LEFD A - L('Cf“‘i%a}
Take w=0 - _LJC{@ dt= (5w) =
@ F( 7“6(3) Lw 15( "l lnverse Fourier tr. both sides!
£ \'ﬁ-‘ HWL, e o{w
) -,
£(0) = i _foo L Aw
ﬁ(i} = 1421 ) 55#@%{@?‘%[652 ,"’i“’:O_-
ﬂ(z\) has simple poles at  points erg—m’/q _ ‘Jﬁ (Hi\/\'m’_u
<3 -5 ‘ . N
2, T € ’\["\(]+) ) Z3=¢ q:f/li"\“ <"‘“‘> Zém 20\
., & - ATy - N 7 §
. =e e (=) \ =
»{jg(z\d% = 2T (Resg g +Re,sh@
Re = L' (?:\ Z2=-2Z z* ' |
B Y T ans, ¢ ( ) - .(%(t T (E-2)(2-24) fa=Z)
-z - (‘/V'\) (m) -
(2)-22)(2~24) (2-24) W e (2.+2_\) 21
= (i‘*"'\) = (-1
TR “vz
. | ) (1)
Ress, g = —== -t 1 : -
“ GA/ (Ez'h)(&z“%&) (22-2u) :V-Li\' (-2) BV, 21 3 (-2 +?_E\)
I Bl
RN A A E




EOI0  T(%) == S len Ax =2

i‘%§3+] } o
;o A = £ ] = & ‘f{é\t@"fl*
Yoo | £22" dx = ”t * L ha& CoaTr U 'F
‘ Plomchel,«rr&k w
| D’[:‘ Y 2 ) p 7 = l w{ :
:;\“*500{‘(:'(: l dx = ‘F”'?;} Zﬁ-&}\‘\?‘}f%“
o= 2 : Kk
- | =
oo 5 ](f‘s"“')" = GIED) 1%
Tl LIPS T IO S el P
R eI A =)
3o ge(o,e), te, o) |
\ 37&‘3 ‘ |
*[——Cﬁ?(‘f > = *;F
! VYT

Fs for funckion on (T, then the 2 copv
Feriodic_’ extension for points in R\ (—Tmr\

g

to




- THE LAPLACE TRANSFORM

THM 8.5 (L) Jdet F(2) be wml)jti'c in Re(2)>0
b+IR

For b>a, R>p, teR , let “{:R,btjﬁ\i:fﬁ .[ Flz)e*dz.
bIR

Assume that for some w>'/a , >0,

| Fla) |2 UCH*!)"‘ for Re@)>a . Assume +that for some
b o, lim fop (D)= FA)  such that (b)) satisfies @
o0
Then, Ye=zp fim \CR,,_ (£)=£(4) andk  F(2) = 6QF(Z>
oo
Proot Ll By assumption F(2)e*F s holomerphic

e L Re@>a
YN ] Thus J(:R F()e*tdz2=0 =
- fpg F(2)e**4z = 2T (ﬂ,bu\-m Mj + f

- : ‘UP:QOﬁom
CoiR e ol € (2t
’ J FlRer dz| < f P& |e¥t] 42 f:f —_ efe e
iR bR pig i)
ctiR c
< eCt O’\:Z = @,Ct CC‘\Q‘) & = O as R*‘}Dc

bEtiR (el 2 Cl+R)™
(21 - VR@F M@ 2 Him@)| = R>

Thes . (O =F, (- 8(R™) as Roec ° Big O

Recall fure €£(R) is OQR®) if 3C=20  suwch that
1 €R)] € CR® as R—reo

Tdea: we want 4o wse the FIT semehow ---

Observe dhok +he nteqrand F&) & in defn of Wca,b (t)

only varies in the IR
b*+iR/2m § =R /ur

WCK/b (+) 3'7_‘;;? Fb+is 1) e(b £is2T0) € 2rids = ()
b- 'R
§=Rjar
(curve s YO =b+RTis > (9= LMids
Rl o
Ky= e J Flomsam)e™ T ds — £(t) as R~ oo
TR (

¥

-> g‘:;% £f&) as R0
det o}b(Q:F(bwL?\\Tié) for \slé—%\: , 0 o lsl> 2=

ﬂ,bf R



R/21T L . y
Then J %Lb(sﬁeﬂ(‘bta\s = [ ﬂb@ e ks = g6 (£)
“Rizw R g
lnverse FT, “5‘ check”
ket R2o0o = g,(x) =e™ £(4)
By the FIT) gult)= FloraTit) = J 8,(s) e  ds =

:f e_'bs \C(S) &JJT'I.S“C As X foowc<5)e—5(b+2ﬂ'it) dg =
R 0

£ satisfies &«
{m

= L £(b+ATit) = E(b+2mid) " FA(®)- FH) (@me)!
\'\/\/\/\_/\/\_/\_/\/‘/

i\

APPLICATION OF L

xe0,) ) ' ;
ﬁﬁ w(0,4) =€), wlx,0) = Ue(x,0)= O

Bu=0

Selution 15 wlx,+) = ¢ ;\f hix,t) , where oﬁh(x,zﬁzéﬂ?
in + variable
We wowkd like 4o Pk oo We know that sn R solve the heal

eqrn. v(g,o\= (x)
mvix, Y= 0 W>0

vixyt)= (vwYe
) f R (;___\ — Y
QVHITt A

RO,

7
- X[y
o, zt e /4

: ¢ =X fibt |
Let’s compute L [ O(+) e” > (z) = , #t =
J Vot [ Vot
[ VR e wn Bl et s e
- - ; == Oy ere § e e
o 2V VT P i vl

use

Cavucﬁ/gﬁ - Schlomilch “tr@wl‘sgor}n
L7 flax+ oA ax = £ £y

Recall, 1f € satigfies @ then Vzed wikh R)>a
£ e * e L'(RYNLT(R)

fam | £()e ® dt <00 = Can move derivs — [, Sderiv= deriv)
by Adebesque Pom. con. Thm

© (= - *w) - WV
% = fo & dt =
RO
i Al ¢ g TN O s=V+¢
= &x 2 f e :LWR?w At = {d,S‘—‘ ,%:72\?0”&3:&({ =
W WE o




Use CS transform with “a’'=V2  'b' = &

]

< k= LT (T oWt
\dl”—\(_—-——\/:ﬂ
g eV a{tg/ o= T
VA e
e"x
A

TY‘L]_,('S OC (6(“}*) e—Xl/"i'E (}\ - e‘Xﬁ\
Yamt 2y

. y . o ~x? R X
%ﬂ’ thm 4.1 (prope‘r{"\es ot L) oé(z(ﬁ—-—*—* :L_;Mt :f_e v
TV 4Tt X

= L (W) () = &X®
T

Thus the solutien t6 the heat eqn. i$

%(Xltj: 4 * 6("'\ )(Q:XL/L‘H? ()C) _
A

in Y variable

*1qs -t -x*/4s
f F4-s) ¢ "™ x o« 5(+) = f £(&-s) xe A
Ve .~ 1 “SAVams
_@:O for +<0 A 0 e Ve T
§20 becanse of & K

t-5 20 pecause of £

Hint: for future applications , look wpmmen o table

w(x,0)=0=u«(x,0)
wW(L)=0, w(o+)= ?Ct)

us wavin
vopR avrcui

oEXG\mP_\?,‘. %A/\/E W(,\VM? a Yope ){Du‘;o on. X elo, ]

[OIL]X . [O,o’c\){ + & herel

L (@auw)(x,2) = 25 L{(W(x,2) + £ (e (x,2)

det WU=L(0) = 22U+ Ux=0C

= Ulxz) = a@e® + b(&)™ . For x=0, (¢,2) =L (f)(z) =T(2)
= 2@ + b(2) = F(2)

For x=L, U(L2)=0 = a@ e +b(@De® =02 ala) = -bR)e
S @ (1-™) =F(2) & b = -—(—_Eg%«t;—

Thus Z',L(x,z\ . _Fl&g <_&‘112+‘%« +€-£x>

|- e HZ



al®

Multiply by 1= Swm

Y R <€(2_H 'Q‘Lh’zx) - ey sinh(R(D)
o sinh(L?)

S NS

Find & fure whese transform
15 this.

To proceed “b\g, hand, "
Thm 3| proper ties of L
LGH-AFH-)) = ¥ L (£2) = o “F(a)

—_ _ . { - = \‘7-(%\’\
lO wse —his: ‘\—E‘_?""L’%— = <:__£.>._ e
- s '
_ - 2 =2 (2% +2ln)
What we have s = (e 24T Y e

l

n=z0
BW thm  § | +his s
e <H§ 6<£A<X+ZLV\3> FlE-(xr20) =B (+-2Un+D) ) {:(JC‘(ZLO\fD*x‘)\})

Thus the solution s the jnside of this.



ga) CS_TRANSFORM
Fro » 1
. 4= J af ((ax-2)")dx = {Ae{ b= 2 dbs Tdx ax=_§r3:

0
=t dts 42 dx

n

b
L at(Coey) (2w = e (a8

EF A Banach space is a - complete -V Caudy {xa}<X EVEL,V;‘OX"GX
C norme
+ Vector space

Thus also @  mekric space (X, I \l)

Recall: {xa} is Cauchy <> V€>0 ZANEN such bhat
¥n,m=N N xn-Xml< &

N g B X, abeC axrby € X Vector space
u O\X“ = [O\\ “X“ ana H X+\ry“ < l\X\\ T “V}”
Finite dimens: c" Infinite  dimension : I , P 1

A Hilbert space is a Ranach space which also  has an inner

Froo\utc\: , <, 7 >< x X i continous |, and <0\X+b\9« 12>:
=<x,27 a + b<y,2) <x,\}>=<le>
and | xll=V<xx)

Examples 1 A7 { (cdaez | Z,lcal"<o0 and (), (b)) =2, b}

This s & Hilberk space.



2. det YR, OCZ'(Y)={,F:\(—% C , measuratle {H—’\%m} ~ ae.
< \C/37= f\{ ch 2 Hilbert SquQ!
3. Sim}lar[?, OQP(Y) for FZI (F=00> NS OV\Q% o Banadn
vep¥2 , F Dergy = (j\( l‘F[P>|/P

Properties  Hibert spaces

Loy 1% = I + 2Rexoy) + Nyl
2. 1<xyp 1 & Wk iyl Cauchy - Schware
3. 1€ {xJ.., ave parwise L then
W2 xe)® = % Ixel™  (Pythagerean Thm.)

Proof 1. Ixryl® = {xry, xoy) = Kx, xrp + <y, xay) =
= <><,x>+ <x/:?> + <\j,x>+ <\j'j> = “ Xl\2+<x,v>+<s<,j> 1—”5“1

2. Tdea: use 1L somehow .- Without loss of ﬁmamlifﬂ
Assume V)’#O
Next withont loss of generality <></57eK, In any case,
<y»=re® 20 “oeR S Cx,ei®y)=v

| <x, eyl =r = | {90 -

More over, lixll same, |l €%yl =il We could
prove e ‘me_qruq\i"cu&/ usin'y % and £=e'913/
sSince <>\,~27=V ek

det €)=l x+tylt 20

ol o
0= lxtty = :} KAl +7_“t<><,3> + 47 Hn\\
This s a q_uadroct\c R valued function n %
Uni que minimum £ = 2<x,\:)§ + 2t ”j i

Thus the l/w\iO_\er Mmimmum \s when t = :_<__4\LX’Z__
iyl

= 0¢€ f) Y+ ncluding -\:W\b/—‘t

0 Jxl™— el 1ol o ¢ ) = Il iyl
lyll® Wyl

3. Use 1 and Wmduction. ) L//v 2
€ X L %z fhen | X, +xal® #=1x "+ 1R6’_<5{\,X7_\>*“ X2\l

Base case 15 “true.



n
Assume iXKBKa are  paivwise L and Xas is L

to al  xk
n! " T n 73 n 2
N I él Xk U"L = || 2 %k + ¥4, ’ = )J -3 XKN + LRe < Z Xk, X,\ﬂ>+“x,\+l[(
X0 = K= k=) ke
\“\b\\)& LT_____\/_\/
2 Re i,ka, Xn+|>:o
= KZ:l “XKWL R

PROP 14 £,~% in L7(Labl) then £na>€ in LP(Lap]) ¥p21

BESSEL'S INEQUALITY FOR HILBERT SPACES

f¢n§n&z ONS  (orthonormal set) in a Hilbert space , H, then
Proof  det gn = _%_<4,®n> ¢, ¢H 8\3, Pj{hasorws
A2 N A 2
l\gNﬂ :_fN—l<1C,¢n>| . Next, OEHF'C}N“ =
= 1#1® - 2Re<E, gy + N qul® =

- Lol - 28K <R BB + Z 1<k, )1
-« @ —

{_me(_“%(ic,—‘m <hdy)=-251<x, ¢n>\1§

S 0 £l - Z 68T 5 ZI<6g [ < 1Fr

det N—> oo n

REE :En=<xc, @) are the TFourier coefficients of felf with
respect te { @} an orthohormal set.

THM (when is an ONS actually an ONBZ)  {@J <l ONS

The \Col\ow‘wwx axe egru'\va\en‘t (T.F.A.E}

@ 1f £.=0 Y= £=0 If ©, @e® holds

A = the ads \«\o\c}\
@ \d{‘el‘.\/ ‘F:Z 'F'\ ¢h ﬁY_\_O‘L ¢n3 s an ONB
® Ressel's ‘mequux\{)cvk s an eiwo\\\t\gx

Proof (L2 =391)

19 hﬁe‘z EV\@H 4 WLOG  re-index ‘oxy N, £ 2 Dn

nelN "



N A
\N\(\t?( s this in HY Let AN = 12 £, ¢r\ »

M ~
For M=N+K , lom-aul’= Z 15" =0 as Noeo
because QZT—\;EY\\I £ | €)%< oo

Thus i@NBNZ\ are & Cawchva, seguence. Hence c,or\\ffgge
‘o 3€H. To show 3=\C<=> j—wC:O , to do that use

= = ¢ - n/ = ﬁm m, On _,\n =
{g-%, 80 =C 2 Fntm £, On) 2 M ¢
=0 \f mFn

1 g m=n
~ n /\
= f,- £,=0 . This shows Lhat 6”4>n =0 ¥n

By O= 94-£-0& g=¢
153 By pythagorus | 2 Fdul" =2 [ 8" 2 Lel® W
By Bessel's nea . B\} @ ) :\\% 8. gu-t

N~

5 i [ Z 0 <UD é[@\l S

ORS : \ £ fﬂN‘ieH ana hl}'r;v\mﬂ.\;:\CGH then b‘} defn.

i [gu- €120 and  ion Joull =15l

To see +his - I Fl\= A F‘@N*ﬁw“ & HFL‘ﬁNn + “ ﬂN “ = \\ wciﬁw ”*[F”

Bb® e Y
NP ~ ~
He1® = é\’ £ Hence (€ frn=0 Ya =

= | fl*=0 = £=0

TuM {0 is an OB G L(TT))
o

BAES{ APPYOX. +hm et {é’\}v\m be an ONS in H
and ek (Ca)nzi <ﬂ’.LTmN fei i
| 4-Z cndal™ = 1 £-2 £ 07

equality holds f cn=4n Vn
P‘(oo-c \d\_m COW\PWEQ “ ‘F"i ﬁn ¢y\ t é— 'CV\ - i C“¢" ”

nz| nZy nzl
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£0 14 X(n} N=periodic

x(n) = §V  pensk-|

(f} K €ne N-|
| A 114 77\
Using, Parseval formula , find Z \”_,..fff"‘ﬁ.wi

N~1 T
Solution: ()= 2 x(n)w <w=<j“ Fr)
h=g
K AN
=7 %(mWy= Z W ‘ o

N
M z \ L= o e
Parseval [x(" = R |
n=19 MN=0
N-l Nt - Ak 12
RUS: Z [ X(P= Kk + £ | el =
Mm=0 m P

2y 'S s (FEE) )T v (2T

T s OB ot ()

=k
-T i‘&.{’A
o, 2 A cos(2RE)) = 2
3"’\ + 7 7 = N lX{h)g
B @) V&
. K ' ) Pacsevod
::> |~ C@S(""“"“ZTLM ) _ NK_K"L
W T o (L)
o/

EO2l Find discreke Foucler transform of x(n\:smif‘:f—} n=0y--

x(n) s N-periodic.

A T /N & s -
Solution: er?. 5 )((/V\X‘-“ % X(“)UJ M=

N- Wi il -\ -
o= i ( Q)—-ﬁ,;\,"‘“ — ) e “"‘,\T&D = {9&(’;& nw:=e W/NS =
nzo

2

J

N1 ' N i

- = A L pAN i =1 (2pa+i

S {un-uﬂ‘ﬁe B e B <%(1ﬁajn‘wz.p\ M)
2\ n=o ) =5 '

SWMm"\r\g(f Se,ame?{fl*ﬂ ?VOSY”&$5'\MS

Né' ( N (lM“‘\)n B (qu.M"\‘)N ‘-\ - 2'
n=0 uttt o W -
N=t
('l/v.-kﬂif\ _ *_-_%«__’_____’_
né A - !.%.(Q'MH w~



\ 4 -
I A
o e TN L g'W
¢ < o = PMTAN o o iTMTN nT/N ‘W/N) /
. .
= % (pm)= ") - =
Cos(2mdr) - @5@,\%
) o -
4.6 wa tuy =0 x>0, ye (o) C ey
J\xfO V}}“ 0]
vx%,(x 0)=0
M'(‘/\/'\) c e
dolution: wly, w) - X \{(3\
~op lace = X" - %
X () \( (\ﬂ

< XMW= K@, x>0
TN B, 40

oy = XYW =0 = Y@ =0 ()

Wy (x,0) = XCAY()=0 = V(o) =0 (%«

Note: X'(0) == 3*X() ;X0 = A(3)es (55 + BEIsn(5)
= B(3)-

Sielarlv, ‘((};} = Cl%) cosh(By) +D(§\S'fnh(§j>
(¥ %) = DC;)--.‘O |

So, E(%)-A(%) (%)

5wl = [ E(3) cosh(zy) cosagﬂ Az

Now , _wi(x)=e %

< e = [ PE(E) csh(®) cos (3{};&‘% <F. C(‘>CDS"/\(‘\] CIEN

Freccise P ) Fo( e <3

=7 E(%) cosh (3)= = - «»,;?«z <apptv,,m8, Fourier cosing to %)

- (9] & ; .
= wlyu)= (oo 2 ('05(%“))}05( ‘7& ; 93 .
<\’( f)‘) s T <s+’.:%z; Cﬁfﬁ‘x é‘%\) (l? P 2 OX Fol C’iﬂc)\




4 we= kuww  , x>0

wix, 0= £(xX\ , x>0

wlok)= 0, +>9 XOYTERI=0 = X()=0
Solution  wly, y)= X060 T (+)

Hm’t% 3 w_ -3

yu\ KT@)
%“\:W\ + Az sin (Vo %)
KOX

THY= Aze

wlx k) = fgm sin () g BEE E(z) o(%

w( x,0)= A T(O} = jgm Sin(%x\} E(g\“k§ = £{x)
= )= Fs [ ECH]

=2 E(?) = ?i (F())($> (/nvr.’fcsa Fourier Sine amd cosine

/"}-/
trams (ofms)

= (,L(x,%):-%: fom\:ss[\c](?§<’,‘k sin(%X) A

not £ '.'fSQ/{'F-I
=¥r/qkt

Note wlxt) akove is expressed via FsLf]

/

tivt: M= FL02]() for g yEm e

W) = & TR R [ams\; s (345
=L F, [RU}("} Felgel( M

Qur o0ah is to £ind a functin + sueh that

FolH)= Fulf) R[g']
then wixt)= =X - e T: [H]}
L‘g/ Htr\‘t Lexe,ruse jr(‘(\"\)
- L - — | ._Yz/
ROk = 7€) - B mabed) gy where g e
u(x,i:) '
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Fia.

1 The § indicater function, often 50:{0 YA -
i i i

L. The & distribution . A distribution 12 & linear function
whese inpuks are functiens  P(R) = {2 (®R) > Row €,
Sueh thak |
@D w 15 linear, l/x(oncﬂ;j) = qulf) *5%3
@ Continews n the serse that
i {ke"‘snzi < \C;"(gﬁ such that
dh € are O off & Compqc{’
sek K; ANA »
[ €n loo 0 VK= (/L(T’_*Q—?@}

Then &€ D(R) whichis defined by S (€)= £(0)
Cheok:CDé(M +bcé/\; = (of + ]oacﬂ (0) = af(o)+ 133(0) =aS(E) th 5({3}
@ If (e € TR ank Il sup| b | =20
= 2, (>0 YxeR | a(@=0(t) >0 as n>0. So @ hdds
det we LP(R) . Then define by € D'(R) b'g/ Lwﬁ):& wt
for any, tesk Lpnetion £ € \Cooo(ﬁi>
Evercise: Check that L. satisfies @O and @
For Ay e D'(RY, & €D s p{e(i@ﬂa{ bg/ L)(/():*L(‘\C))
Why this way? _
Considexr w© e \C;OUR) and Lm<ﬁ=fkw\c o T hus
fku“c;:}; - JLL)'F =]y
In dhisway, we can differentiate  w e L5 (R) by asseciating
W te Loe DP(R) and A]ﬁ‘“ere/niciggt‘mcx Lo
Lo @\ - (_mm L(@(k§> for L ED‘(F@

/L\_ ( = L ( 2) , fe \CT({R} (mere ﬂm@mwj/ é’(ﬂi&)
tempered. distributions - you can leok wp these

Recall: T (R)= § £¢ TT(R) which have ctampacjc suppa\*%%

Compad suP{DCrF*t means M >E  such thet f(x)=0
o R\ =M M)




_BEST_APPROX THM_

et Céndnz <H= Hberk space, be an ONS.
Let (Clazy € " . Then V£el,

WnGe || =) £~ z L. oa |l and eqrtm )Cg/ holds (L

I+~ =
Zhn VYo .

h=z|

Proof  Thea: | #- 250 g + 25000 -2 ol

S-Sl = I F-Z 50l + | 28Pa-Zc, Bl +
+ 2Re $-240 00, 256720 0) =
'\/_—‘—'*—W )
we will show +that this is &. Keep calml, G@
I AN N T I AN T R
= |l £-26. 811" \(3»\ cm\ ()
This is =20 =0 z{fﬁﬁ ;:(:A = ;r\.'h‘; O (\,;\ :‘\'\ =Cn ¥ "\

Hence We only need +to show that (¥=0.
(620G -c) By - Z5m G, Z2(En-c) 7 =
<, 2 (Fr ) -2 Ll 2B ) -
- 2 B <88y - 2 fn 2 (Fae) £ 8 B

O wunless m=n

Thus @-2Re( Z (Frrcd 8. -2 50 (B-c) -0

APPLICATION /EXAMPLES

1 An ONS buf not an ON B2 |
Censider d* (E 1, TT__]> { S\f\(rlx)} s an ONS
N T n=|\ o PSR

80 Ve Do P T i i Ve e Toon S S ap U SR LT

Exercise: check that Il e (mdl sy =V
This 15 hot an ONB for &Z([*W;TVD

AN TNV TY TV

. el - ) o
EXGWY\PI(‘Z-' <, é_‘_&(_"‘_l\l> = f sin (nx =0 because sne is (/OM
~T VT

: : sin (nx — .
ThU&S <{ ; _ﬁ’—?\’l‘> O \/V’\
The constant €funckion L1 is not the 0 function

B thmw sinlax) 15 nok an ONB
¥ TR Jasd T
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LE s s o o inx ; i 2 (=11, 1
ne

Application of this is STURM-LV\OUVILLE PROBLEMS (sLP.)

DEF A reaular Sturm Licuvide problem on La, bl is
S’P&c;p}ed btﬁ‘w 5
@ A formally self ~0\0\J‘o’m'ﬁ” operator L(€)= (r¢) +p{,
where v, v and p are R valued and continows
an La,b) , and r>0 on La,b]

1 @ Self- o\d\\jom{ bsﬂ\,w\é\o\r&%, con Aditionsg
o N ) .
f(‘»?,‘x\ﬂ?} B o, £() T, (o) + Ri € +p) £2(p») =0
y WY \Q’ Ba (\C)> = = O

U
N \(\g\\'\

X's ank B's  are constants
@ A pesitive , continous w on La,b)

The SLP is o €ind all solutions 4o the boww\mﬂy
value p\“obLe,m'

L +Awf =0 ,  for some Ae C. (@*@)

£is an 6{ﬂ€ﬂ‘€LU‘\C,fich of the SLP , and +he

corresponé\ih? A s its &ic)env&tw&‘
Q#

Ex. let r=w=1 , b= O, “then a veaquwlar SLP (s 4o find
alk A el such that A€ which” satisfies )
B.()= Ba(6)=0 and LCE)=€" , L)+ Nf =0
, £+ A =0

Self-adjoint  beundary conditions means that £
f and o satisfy BI(£1=0, B.(f1=0, B{9)=0, Bx(9)=0,

+hoes _ ob
—heen [_ri_é,y%__igﬂ.%)]m = ()

THM ¥ such ceqular SLP, all the AR
@ For EF § with EV A and EF o with EVp*)
= < £,97 L2 (taw)) = O
@3% L0.),s, with correspondin g EV Gz

for EFs
with i >\r\ =60
nN—=>co

L 2w (Lap]) = i £:La, o) C | measurakle, such that
Ef (£1*w< oc’g [~ ae.

a0}



<€/37Llw(ia\,bj) :Cm‘,fb +5W

Self -adjoink  comes €frov the {ack that wnder
these thar)chESGS < LE, %7 L2, (Ta,6]) =< C, LTB?L% (CanT)

Exercise: Check this i€ € and A satisfies
Sself - adyeint " BCs.

Proof @ Assume LE)+awtf=0 = ﬁL ) = - aw £
= (L, 92, =<l £, |
Self - adjointness = L€, o =<8, L -

= {6, s = N KCFw)

Thus -3 WH, £y = =) (o, wf oL

CwH, 5 = J oW e = J wWiflT eR \and non-zero
[“r\"J CO\A\J)

LKL WD - 4&\/-@,(%5 C Thus -A=-\= A=\
= NeR

Exercise:
Consider <'€/‘L(ﬂ>w , wse (D +to shoew @ N

S il o W oy




10/2. E045  Suy- Kuw , xeR, +70
15+ wle, 0)= (1-1y2) e

CH:(%‘] =k (*,g\"é. &(%):“ k;zu\<§)
A\/&(Z}.ﬁ\ = a(\%if’)i Q»k%‘—t
To compate FT of ulx,0)

) xo.-><~ax/1) \%\ W s

0\’17_576(.), o ) (?) z’\JW» Q-%/q
) (m-xlef“)“(%w: <M(m <)F) -
( X7 e 3 (;‘,) = »W {jrﬂ\j‘ -§?/<-e> -

1\

Azt
£ (;‘f‘; ”"1_: Qw% KL
(3) Combina (1) +(2)

Q\

Pl : Bl _AT ~% 74
wl®,0) =1 e \2W< : - L -0 gza
E
’ ] LM -KYE VAR et vz 2
= Slg0- G gte v A L
A ==\ ?q/
Bek g =R (%, 0= Tt T <
- ~-%%2a

w4 =5V %5 (\ £ o 2x2

=l -
= |z é‘&x (axe

— e
, - AR _
2"\2.\1'“%:' <““‘¢“&2’x"\)t Iz <

(" (1-ax?) b
Lo

e t)= A (V- L e frer
Ykt + | ) nmin, T (L”Q{: \}3/2 ( "tk“t‘ <

(!

6\“;



8.4.2 £(4)= {1 , te(0,1) (£:(0,=)>R)
o

£>1
PPE Kt = KUxx
w(x,0) =0
w(o, )= £%)
a5 e>/2 “XYs | L. .
vix,4)= W y £t-s)e e ds solves Vi =Kvy -~V
Case 1l: “Cé(o 7
’ =32 .yt v JL§~h
(v, 4) = *5 AL PR W &5/ . \:F‘
v S ) N
—2 Grt gt o - Yty - F o
1 f.j@\?‘— "ﬁ—?j e c&«gx ~ech{\sﬁﬁ:{=/!
- e
/

(p-28l < old éackx)
' S - %%
ARIEURE = C 5T g TS Y =

R

o LELE S

‘g”\ﬁm o zd%/ _

Yk(t- r‘)

= W/%(.{ REd Q“viﬂij .E %.m: N e 13@}

X \”R"t,
— ( ==} — ool | "”"““‘“:‘f"';;;j'}
ot Mht ﬂ\ e \., %s&zt 7
5 o =
33!O§L iérﬂ?'\&k& \ nH
e =

O
{: & J\l(_-ﬂ"/,r_’.> , {\en} OMB y _P 3 :\/%'1 <";;\€r\>tr\
hert = Z [<eenlt
fe)=0*= T-vyg “7 cos(n8)

3 "R
Cn = {wr—-»‘,f 1of cosn®)  5nln8) L yug for L*(-T,T)
LVAL ) q wrza;"\ : f@ﬁ:«?‘“\

J

ReE—vak (V’ﬁ f%féﬁe) (ﬁ@f T 'LT“> = =TT

{4 costh ) N1E = (2 (T e ) {}\%@x‘,z _
SRE >f Vo g T ) cos(nB) d )

= _\_( 4N N\ e 16T
/R/ e H/i i
2 T a4 o= " s
0> = 6 = MJ o sl o
J -:i{: 9 & o &



£04) :{Q‘x K@
-e’ X <0
B < (wa ) (@) = VB ul) - A% (R = 33

a(3) (%) = V3 qi% yex
£3) = [T e e ™ P an - [ Ter By =

o e g T AL
= s -3 \«r-;z
N 3 % :
? - i © | A
s=1 = arER T s L N { N T
z S -1 VI - (s =V3Y
e v <5#“&’T§‘} Al g
o J o _EL_'_‘_‘_, | | \ \
= T 2 o - , =2 -
S5 SVE T g5 e

Q) =51 £20

0 o therw|se -

e 6] (3) = [T o) T at =

R LT

\
a+l$
[ e~ (1- 6] ()= [e;”ecuaf (3)=

uaw%; " TE g ¢ - P (1-6)

q;*;.



13 /2R SIPs @ L& + M€ =0 and L({p tpuwg =0, ANF M

3 . o
- Show that 4£,97.: =0

Write {Lf,970 S Cf, Laye
by, def. of decmak\jom)c BCs
heft side = <‘ Aw 03>,_1 = =\ <w&‘:,oﬁﬁ

R’mjh*t side = <t */thgp,_l ; M < £, \Ucp‘d

MeR by ©
085: wf,qor = [ wig= | +wg =<6 wye
[”\sb] ) /r [0\,\:]
W is read,

Both  whghe = <F woye = L€,975,
Thus = M9z =-m<fadz  but AFu = <€3>va: O g

C@MPare with lnear algebra - alse numerical methods
Sample a function > Vector |, {fan~» vector =discretized fon
. ‘ | . N n R .

lLinear fuaction £rom KR = K can be r&prese,‘n‘ce& bLX

A matrix. Mv=LIV) , M matrix, h linear fon-

A 1S5 an eicxavwcx\me, € Av +0  such thet My =AV

Dic\cscno\\ matrices are convenient. Symmetnc matrices
conn be diagonalized Ano\\o%ous result here {or

L =lineax , self-adjont as in SLP. )

FONB {®Pnlinzi_ 0f ecigenfunchions o€ L, with
e,i@e/nvg\\\\/\t’:% {}\V\—Sy\z\  Thus, can wrike fel® as
-anfl 1Cn ¢n => L(%\ :r\% gn (")\n(pn \/\)\)

o is A'\mgonm\'xzeA o5 -A\WwW
">\/7_\1\)
7 |
{ as {*'1 vector wrt {(ﬁ:jm)

/\\

Then L£)= [“NW, \J [EJ - In the basis {Cﬁh}hz{

08S: 1 L&)+ wf =0 and L(g)+awf=0 then,

£ pEh, most fikely fig s Aek an egenfunchion
L(£+9)= L) +L{g) =~ hwé -pun§ 1& -w (£+3)

most likely

only =3 ~>\£-,w}=—‘u (Fﬁ-gﬂ holds , n 6enexc,\\ Lalse .



Ex. £ exE=0 on W), BC 4= £(M

= solutions  {e™y A =nt key for mEn

/

E/Eiifd_._wi 15 not & selution to the SLY (Exexc\s@

e %, wa =0 o Lo, ] ) uLX'(O,Jt)
\AXCLI{)
o) b e A (%, 0)

xw(0,4)
B uwll,t) } e

Uo (70 3 lC

ooy

Check that these are self-adjowt boundary conditions
by verifying, that. | f and are defined” on To,0)
and satsfy the BCs, then compute

[ (£3-€3]. . What is c? What is the SLP here?
Separate wriables in flu=0 = X'T =T'X
X>Z—“— = —1‘_\—1— = constank = X' = (constant) X
& X' +AX =0 for some censtant A This is our SLP
From defn. v=1, w=1. Check the BCs are self- ahjount
[ e3-¢%], = POF0-£03W- £OFO+ £ FO ®
BC: £ (0= xt(® , 4(0= xq(o)

PO- EFQ L P00
Suestitute for £, @, Check that [£3-£3'], vanishes.

B) = BEOFW - £ BFWN) - o £() G@ + £(0) wa(o) =0C
as \cncfj as & and @ are ceal. hey ace.

T he J’c\\eon[}/ of SLPs = can find (F) L ONB of
e'\iev\{:‘w\c%\ons An , evals . e

X FAMXa=0 = X ==AXn = Ao o)\,

=7 up T6 a constant ‘Tﬂ<ﬂ:€*>\“t

n

We oave 6\\/&\/\ wlx,0) = s (X) (‘\C)

Each pavr Xn GO Ta(H) satisfies the homo genous
heat e@rua&\m 0 ( Xa Tn) =0 )

Thus é an X () Ta(X)  solues the homogenous heat =)
L&‘thmoz/ =0 > T W)= ¥n D lek an=<us, >(“>L1(EO,L]): (s ()
= wlx%) = h%\ o (@) Xo () T (&)

Hence we just need <o find +he {Xn}
(m &0 =né o s AaTia(go,) Xdﬂ)



@ Theorem = AeR Ffor +the SLP

X" +\X =0
® r=0 = X'=0 = X(N=axtb for some a,beR
BC - x\%»\ = x X(0) X\(Q@: Bx()
a= xb a~=p (al+b)
© xb=glal+b) ,  x= gPar , if s holds (depends

on o, @ L) then there s a wen-trviakl  Xo(x) with Ae=0
£ not, them no Xo () with A=0.
@ X"+ AX=0  for A0, write A=p®, >
K = - X = basis of solutions s {7 sin(ux), Cos(ﬂ@}
Te determine which values w can be wse the BRCs
X(x)=a cos () + bsin (ux) , X (X = -~ apmsin (px) +bpcos(px)
X(0) = by = x X(0) = xan = b =~—77‘-‘~ since L #0
X'(0) = —ausin(pl) + bpccos(uml) = BX() =
= Baces (ml) + Pbsin(ul) = {b = %} =
S-amsin(ul) +acacos(mul) = Bacos(ul) + 52 sin(pd)
= (ea-Pa)cos(um)) = (ap+ (5%05) sin (b
Since b= = a*0
Divide by a, multiply by s

= =B ) cos(pl) = (u* + Bec) sin (pd)

= K- om - Jccm(/wo = .ﬁ___——*—-’———/%(,x-[@
Mt B M+ (B

By the SLP +4heorem there s a sequence {/%n}nax

Ma=> 00 as n=00 of selutions to the eqn-
tan ()= Mml=p)
M*+ (B
LY XA . [ .
c Xa (X)) = &cas(/wnx) v Sm(;mﬂ

><V\ O{O&S D_c_)_‘l{__ V}Q;ﬁ hc&\/@ h SZV\ “,LZ(EG;Q) = l



@ For A6, X' =0*X , # v>0
Basis of solutions { sinh(vx), cosh(w()}

eqmw\\en% to I

§ e, €'W} but has the advantage of being

. almost Jike §sin, cos}

*Recycle” our  previous calewlations!

Note” sinh'(ux) =vcosh(vx) , cosh(vx) =psinh(vx)

= Still ojut Cor X(x) = acosh(vx) +bsinh (vx)

hat b:‘%& ) %&nh<ux>=—%%(—of—7@—

‘t
GJ@ x>0 then M—%~oc>

Pa—V* Y00

Theorem of SLPs = there ace at most {m'ﬁce\uy many
Un which Sﬁkjcis“@ué/ the eqn ana (;o\’\’eS?oY\éxiv\OB/
so0lutions , )

& Cosh (Vax) + S5 sinh (Vax)
More specific information abouk +the U, and mn is
only numerically  avail able  for g@n@rw{ x, @, LeR

For contrast , £ BCs have x=p3=0, X(a)=0C RC
(V=0 )P
Exercise: Solve the SLP X +2\X=0
F{V\CA\ { Xn\g &V\Ok {>\v\3 2

Veﬁﬂr that self- aé\\jo\n{ B s .



3.310b  Z roye <

Oolution: PARSEVAL EQ: {%a] ONB in Aa(ab), £e L,(ap)
Then J£]°= £ |< €00\

o3 .
From tablel: £(8)= 6(m-10]) , 2 £ sin(an6)
) . ) Al hi (Zn=-1)°
= 5w} - v N evewn
7 0 ) b'\ {i -—‘-q ) n odd
T on®
{13 v %;('03‘{“ { 5“" (V‘ eﬁih . n@rrﬁw’{i{éi =
(v 1 css’meﬁ g SM(A@
> k= Ju gLl
%:V'z;z‘e _} i F’ﬁ“ -}YF! >y\_,1 jNg
\ N @Q.
Ko=) e == =
L.,———_\m_)
T ao
/‘r\ NN % | Ee \ 2
(<6, <os85 "< | 7= (7 £(8) costn®) |© =0
—_ e —
=TT, :
~
. . ™ O n eveén
i i \ ™ - i 4
(<¢, %%?L‘ ’\R}F"fw f £(8) s\n v\@}\ E"W‘ bn| =764 | nodd
' =7 ) ’W"r\g
=*ﬂv bn
} - CpuiAA | £ B = ﬂ_ = :
Parseval = }f{—ﬂ e é @_h-,)é
TN R f*‘T&" b Ly N\
et = ) et (m-e)*d6 = 2 f; (@*-2m o« o™) 4o =
.-’r‘ff -
S, SRS S Y o
- - 3 53
xR ! B ﬂ"g [l i —Té

33. 3% £(x\\=x, [o, M), Find the best APProX N norm

among all fune of the form A, +A4 . CoSx+ ALCOSTX

Sofution: TEM3.%3: ¥ {‘6.3 INS  n &, € GT} {e Gl;z{{):‘f?)

> [4-Z et ] £ [ ¢ D cnta | e ol cn st

}
i
L

/__cn<0<3."‘“‘f-‘” & n={f,e




I €-a,-a,cosx-a,co52x | = ff$~ao“ﬁrﬂ§1%—a\,hr<@sx~
V$W;J¥
T AT (T ||

By thm 3.8, we achive the minimum if: a, ' = {4, W/ITTT">

&ﬁ =<§\]j:cosx> W“<—€,@ Coslx>

[~ ]
Ao = ﬂ« 'Hﬂdx-— 1\‘1’ f xdx = - *{‘
2 T > T v 2 ™ _d
A= ”,}T“"""S; XCosx hx = tﬁ:é_xsmxl T fo sinxd x = "ﬁ“‘::‘
Y
Ay = T X COSLX A X ,‘7’7—7[“‘”2*}9 - frrvg Sin X o\x-m_biéﬁ XJQ‘O
(N .
=
j_\’?:_ ___%_ COSK is our best approximation
Ve i T S e
8.5.4 Find the eigenvalues and normalized a}@w\Canc{i\ong
£ e N€=0 ) 'Fv(/fﬂv,:o 4 ‘F(C):O ) ZO!(‘]
Solution: Thm 3%\) = all A are read.
D A=0.= £1=0 = f()=ax+b $}<a)=m=o§,> fop
| f(hy=0=yp J 777
T
D A0 h=(im) , w20 > F=ae’ +be ™ ™ nf
e)f

’(O\FOO = ma-mb=0 =) a=b }“%’PEO é/“{\

> ge® s g™ =0 S 4=0
3) }\‘)O 3 }\:ﬁ/\? ) /A,‘>O ’-"—7 ‘F(X\r‘ GLCOS(/M-X‘)'* bSiP\(M.K\)

£00=0 = b=0 (2n=01C
£(0=0 = acos (wl)=0 = = Z;Amr

/ - e A B )
= Ag = (\%) 5 fr(x) = axcos < l\;i\_’TT‘X>

:

L - N ) L
T 2.k - 2 e 5
1= n-@k” = Ak’ Jf COS’L( Kii“ﬂ'x dx = 2k ( /{os(fz,& E;"TX\ )U‘X*
0 s “é A
7 ——
— Ak _ ;;Q—J’
B T T Ak = W/ U
- [ aeamy® Y2 (26-)T
M = 1.\ L) ) £ (%) ‘\( L cos( 1
/me\/‘"\-ww»“ T i S e PRy T ""'«:,,,,N.WwM\m"""\;mk
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Fid

BC

£x Sobve (mu = Flx, t\ PDE
Blw)= @
(W) = “hix) 1C

Temn\@rme Use wzupog on to deal with nhoma@w@xties one
OVJC o ime

To do this: Dolve T fuw=0 , Blu)= O L(ﬂ h(x\
2. Tu=0 , Blu=glk), T(W)=

3] fu= FxA) m 0 z:m 0

)

Calk fhese Solukions w,, Ue, us: Then by superposition,

Ul Uy s6lves the pre‘o\&m{c

1. On o bounded mterval we must be. Because of B(w) BC.
Example BC are specnf in wle,8) and w(l,t) . Then
hCMOCb&v\OMS BC  are wll,t =wlt, £)=0 (D\rqd«\ et BC}
5&{4—5\0\\)0'\)/1{ Use sepo\roﬁclon of variables.

Write  XTE) > @ ((T)= TX-TX" =0

= —'i—=4>><?—=cmst => X +M\X =0 SLP.

(A= XW=0 () > Xl - snCY ool
r V) A

neov qutlieA cocres Fdh Admn
el 5%&(:wr\ ctions.

) aic;em\mxlwes.
-0 & /U0 )
Thk) = e
Solution: wi(x,+)= & h Xa () T, ({5 where /\r\\,.\=<¥\/><n>:
n=|
f (X)X () Ax |
O,\,

2. BC now are 'uk(c'/t) =

e} X variable y b

¢] T L

) OL on /R‘" ) fOVl K
Thus wuse oL hece J oC(EM):ZL@ :U.XX &éza(/(u)

= U(x2) =b(@) e, B Ulo2) = b(2) = £ (562))
We compukeé\ OL ( Vo e " MJ‘) = i

L variable

ne transforms

e i)
= Ubp) =G () <« -
! 3 \i L\Tr“kb

+ \,mru}v%(e

Th%ﬁ UU.( X, ‘b\ = W foﬂ (J(“S) 6-3/7_ Q‘x e @(6) 0‘\5
&

By assumption, L(q) defined =g satisfies ) = 9(s) =0 For 540
P qk5)=0  for L-520 &> +t<s
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Presumm @Lﬂ 0 for <0 BH) =0 for t<O.

VY TV

3. BC wlo,t)=0=wll,v) , IC wx9=0
Here coan use SLP,  ex. Flx,t)=x+

For eadn t, can write F(x, &)= Z cn(t) X, (%)

nz|
here , cnll)= €%, = <%, XY . Look for solution us,
Wy (X)) = i}wr\(’k\ ><y\ (X)
V\>
DUy, ) = 2 (wyle) Xl ~w, @) Xo ) =
(\)

)

2 (W) w0 2T X ) = Flxt) =

h=|
= ni} £ % Xn ()

ecjr\,\a\{a (Lod(\s ot YD walk)+ lg\ Wn ) = £ X

Solution to this OPE | a.t +b, = walt)

B + T W (ant +ba) = = an :%rﬂﬂ?

.&_/
N>/ L

b”\:

Wa () == Walt) Xa(x)  does the Jek

nz|

Final solution: Wi +Uz Uz { Thisis ONE sdludticm>

mecmAncg/ F(x,t)=xt in & fTourier Series in the lass

{Xn3m| , for ecadh t , xt Ffunction of x
::> X = é, <X Xr\> ><V\

t A (AT L 14 th
X siry [ 2515 Ax = X:n5<t /r/ccs -
Vi/2 /2_ 10

4
I GO FA
- AT <></ X“> ’




£ x. Solve mut =y M(@z%):o 0 L

U ( L ;f) = O {Mﬂ
w(x,0) = Ue ) =0 X |
nsul atead

L Selve hsmog. heat eqn.
Sep var. X'+ W0, X(0)=(0 , X(0=0 self-adjpoint BCs
Cases for A:ON=0 = X=ax+b . BC= b=0, a=C>N0
@X>0: X =-N\X, write A=m*, u>0
X0 = acos(ux) + bsinlux) BC=> a=0
X0 = bpcos(pul) =0 = w= BT nez 50

SO 1.5 |
/

@XQCI X\\zvix ) \)>O ‘ Thej\/
X(ﬂ = acosh (Ux) - bs}(\\/\(uﬂ , BRC = &:O
X\(CF by COSh(uL) =0 & b=0 = no solutions .

= Al solutions €rom case (D,
. N ) P e /L>
X (x) = sin (nr ) T

il -\/L/}V‘

Solution: wix,t)= \;—;\ ﬂnxn(@ Tn(JC}

- \ i == )
Xv\“ +>\Y\YV\:® = Xn\) == >\vx><v\ = X}? :~>\h: hT
Ay = (ne ) TTH

- Ant _ e - <<Y\"“ %57—,“«?.{: /Ll>

IC s a(%,0) =0 = a=0 ¥n

For the inhsmogeneous heat eqn. diu = Fx,t) = x

' mz(e//-’?’/nc{mf
Start with this part. &
Loek for a solution which is independent of Ltime.
" Steady stake <olution’

q‘-\(:(ﬂ == Js/:))(ﬂ = X . Ag(y\w: :‘ég + ax+b
BC= b=0

z ' % (s
PO~ va=0 = acb > 00 X v xp




Solves the mhemogenous  PDE and the BC but not
the TC. '

New solve diu=0 , BC , TC is uly,6)=-fk)
N —— T N —— T~
/[\
g’%ezw(\g/ Sf&tﬁ@
By our previeus werk, k] = Z*Eh Xn() Th(t)

=
£, = <E, X = J;L £0Q sin (2l

Thus the whole solution s F(x\%:é“fn X () T (4)

A X

[t con be @ooo\ Yo doubole check that Yhe gplution
Yeé\u\y V5.

E =N

in SL,U’Y\WLO\‘F\/%r, thie farx

@Don bounded intervals use superpositions to deak with
'm\,r\omczf)en\{'ngs WA & Wn .

@ UY\O\Q\’S{QY\G)\W\’ BC s+ T § »0\/\\ ‘\V\\/cl\/g (,U’_\KV\O\/\) n So\u&\@ﬂ
o the POE (ie. »L(»@’t)} and_ censtants (e other
functions ') = use SV +SLP

Tf BC invelves seme fen of bive = use o - transfornt

Inh thet case, sclve POE=0
T (=0 y use & to solve
N L BC(@:\@LH
, N
) L oC, here,
Then add g SOleCiGV\ +o PODE~= -
T(wW=-..
B(w)=0

The sum  solves 1t adl

Recall the defn. of D(R) @ Linear functions en C, (R)

) ol / i = + l
(Aljc, math Ffacts - —L/zsu—j; =Va! +\p" , l = “;,T b= «e/cc)
Co

) i A+ b
mes  from  desire for }m&amty.



n>o@, Cn:ﬁ"f @—‘?J\? [WE =

i . %o M . .
021 o) Ealx)= 20 2 g inx are  paicwise or%hogmwfl

% ; ~
A2 |
b) Fina ¢n  sucdh that ofc f+><?~ vém Cn \Gn{x%} d.x yain .
P Sin
Sgivtiens fa,é'/g 2 ? ( . ?( 5
{ fl IIZJ

op f ST Ty x — '/' \
9 ,g:_,(\f”}_ ( 2 e > - 7{-{"/1,‘/1.} (§_h> - —\X_[h_,/%v\_\_./z]\—gl

<\€"f\’\""> = (?7/*?2”552’35"{‘} = ‘7{-%: < €n ; %m? = - 7([ &} ‘, x%ia cj;
x\ ¢

{
\

- ';[0 KE*‘*‘}/E;"‘W“/z] (%> X’EM\%,M#{‘{}(?) OL? = S |

= 0 ; :#5"1
E
*‘;> {\ﬁv;s o‘r{‘f\Géb/OY\d\/’k ) { {én} or{KG%OV\&A‘ J “ﬁn %{ - 1’

b . ~ (ol i
7)1 L 2l [ { Panchorot) = 3 || T ZC“M honv] |

1+0*

8\9’ thm 3.8, we have minimum if cn= AT el ) X[n-'/z,rw‘/ﬁ) -

ny 'z x|
- \
n-2
a Y2

=0, =T s am [ oFag = ar(i-")

“ii'?,

7\4»1/2 h+;/2

nT Va
i - ’\/2 _n“'ll\
S (e -
n+'/y ’
At ~ /2
neo, Cm:ﬂ»j e‘%&%: T (e - e )
n-'/o

~Inl I/ =V
Cn ={ T e (e; 1“'@ > )Y\“#O
lﬁ(i’ﬁ"/l> ) e O
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£622  Find sl yl) of y"-y=0 st. f’(zw.‘»x-ﬁ(;a‘)"w min
Solution : j(") = acosh (x) + bsinh (x)

. i ~i% [ X ~i
cosh (x) = ag__g:_c__,__ , sinhl) = &2 —¢ '2‘8_,_
X (x) = coshx , € (‘x\‘"\ﬂsaﬁhx

_f}l c%h(ﬂ sinh &) Ax = ~—'— f 5,,p (zy\agx = 0

L i \ i 5 |
el = _{ (wsh(\xﬂl dx = 7 f‘ Cosh(2x) +1) dx =
Ji- ginh( ‘l) -+ |
- J (dmh(xﬂ dx =7 § (coswzg-;“wwstmh(z)w
{lax ey s f (1+%) cosh(x) oAx = f Cosh () dx *f X cosh(x)dx =

i '\_,.-/—-w\/-u...___...”./
= sinh (1) =sinh(-) = ?.swﬁ(ﬂ% =0, xcoshlx) sdd

= [ sinh( |
Lsf“ﬁ"x_j

4

f A "y E o N

<1*X* \617 = J ig‘f‘“x} S!'nh(x.\} ax = f jmﬁw{x‘ Ax + f xsinh (x) d% =

= _ |
O

=0 , .;:"‘hfx) odd
[Xco;n(ﬂ J( cosh(x) = Zc%h{!\} — 2sin m(

j(x)‘ -*———""""“"“%SMM\‘ - C%h( x) + w ._sin‘h‘fx;\}

& sinh (2] +| Vo sinh(2) -

-w*"‘“’ e ot DR

4.l (Cue =kua L0 A Ser. exp. for wlxt)

L’L(oit§ =0 .

ux (L, %)=0 b wiv+) T if £x)=50

wix,0) = £(x)

Solution: wix,t) = XK)TH) = IT = >§A‘ = -}
X" (x \)+>\ X (x) =
X (o)
e X (O = o
1) = 0= X(X=ax+b . B a=b=0 = ult)=0

D A0, A=(m), m>0 = X(x) =ae* +he ™
X (0)=0=arb = b=-a , X“(L\*:Mcxe”’(*,uae"“{ =07 a=0



3) A>0 /\z//ci,/;,pﬁ = X(x) = acos(ux) tbsin (rx)

X =a =0, KO- bueos(pt) =0 5 p- BT

(@), Xl = by sin (LTI ) To() = ¢ 0™
M’(X’.(:)= 0‘20 A Sin @L} 7\»’\ l ﬂv K‘t G;K)
h=1

el
£ = ulx, 0) = g An 5m(M>

0(%5 take scalar Progﬁu,c% 5%, Sm(
fo &) sin (L-—ZLZ';“L‘ 7T><> AX =dm | sm(m-——(;z}?f’”x)i ol %

(Q«m i}w)ﬂ.;

JSEREFR L SEE

0

L . - W\ & L ' - \
(5}1/1(%":—'—)—77“@)\ A x ’*‘2‘: = han = % fa “r(x)sm(zztt'mc)dx

_ = 'L i T A =
b) =50 , dm=% f SOs m(?-wi‘ ) dx =
~do0 &L [ o/2m-l = NT5 - 200
o e (5T T, (2m-DT \]:“ZQ)'“
3.59.  Find the normalized ef%f}wt‘fw*tc{icné 0¥ the
problem , (£ + A£=0 :
£'(0) =0

(0= @40

Solution: A=0 , f(x1=ax+b , (o)=a =0
PM = BF) =0
B0 S £(N=b=0
(=0 = £()=b e.f
NENT = L5 e dx = Lb* =1 = b= o= >£(><le«—\ , =0
Neo, A= () M;?O = ()= ae® v T
£'0)= ma-mb=0 = a
£00 = @@Q’M + oce,"wt) = a,//te’“’{ -b/l/‘ﬁ'w{'
> et | G : w‘(x a( sl XN mm
et @ r oM idd M 5.t T Hanh () = (3>©
w&&bﬁh

et a2 (e re )" dx = q@fLs&nh(#x\l A x

! L, I ﬁ) N o A
= Ug? (co - 21(5’““(2/-4 4 £ i’
—= L cosh(2pmx) + >3X M“""‘M

/o ~~1/z
:£> a = (__O}ﬂh(z/m/i) - ,LL}
“ /




A20 , A=pu*, u>0 < £(x)= acos(irbsin (ux)

£)=0=% b=0 | |
1) =0 &Cos(ﬁtié =—/ua,5irz(/al;§ = sin(pd) - -G

o COS(/M/{> i
LX) = acos(px) when >0  st.  tan(wd)= w%
~— —— s ;
£ 1F= a{"f&,bcasz(/x@ dx =a* J/; cos (2px) +l - x =
2L
= a1 g, % = =
7 2 sin (2p) + i LoD
: ~ Y4
= = ) —i’f’"} 2 x{, J-—
> a éf: (2ad) + )
(:'):O 41)43
<0 £3
(5>G ‘Fz; "’:3
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Inhomoaeneous wave ec%um:}%_ sn Lo, L]

Ou= Flxt)

BC: wl(0,4)=ult,4)=0

TC uly,0)= R
Ly, 0) = o ()

CASEL: F is independent of t. Find steady state selution,
R

Lhat 18 -(-"—(X) sueh t heot D‘?Z F &i=F ”(5(\: F(X>
£\ =£(0 =0
Next , solve nmu=0 , ~
BC: wloX)= wlLt)=0 Then , F+u solues
1C wlx,0) = T - £ (%) the \?ro(o\@m-

CASEL" F is not wmdependent of t- o0RS ! Se\\c—aé\}o‘m—k RCs

Sepvar. = in homogendus wWave eqn. XT'-TXx"=0

il

< —}-X—— - constant — SLP X' +AX=0, X =X()=0
- | sin (27 ,
Solved this before  Xa(x)= C L ovB Lol

o V /2 ‘ 5
Expand, for each £ | F(X,t) as fouwrier series im{X-\j

= FlxA) = éi cn (Y Xn (), lsek for selutien of the form
2 WalD) Xa) 5 Zwe (8 Xab) B¢ X ()

n =
n=i Weve eqn.

K ) = - DT X = 2 (o () wnle) B) X -

nEl

sF(x4) = Z ) Xalk) = Sdve ODESs Wi (8] + = W) = ea(t)
= Selution W(v(,a = CiiT Wn(“&l) Xv\ (Y\ te Dw = = V

Next solve Ou=0 ’ ,

BC  w(ot)=ull,£)=0 w+u  solves

TIC  w(x,0)=¥(x) - W(X‘/O> the problem.
%f(x;(ﬂ = 3(5& =~ \/\,"«k(X,O)

SPECIFIC EXAMPLES

L E(xA) = sinx . king for + to satisfy - € ()= sinx

L Pl = sinx. Looking fo FEE ey =0
f(x) = sinx +ax +b I ()
)= b =>b=0 , 0=F(0 -sinl+al < a- ==

Thus steady state solukion 19 £(Q) = sy f_..———«——“"{‘m



Next we solve the new IVP  for qomoamws qu=0
Usmz} sep-var. in nu=0 , found { X}

The Tha(®)= an cos (ﬂj:—\ + bn 8in (”T )
wlx, t\* Th () Xa(y) = 5_ (@m co:s(“‘v ) +bn skn("7f>> Xon ()

L

Find an X b t,u)moa, the ICs.
w(x,0) = “zl anX{x) =€) = £ (%)
Thus , an=<{ 06, Xay = [ (€= £69) Xut) dx -
< [0 = £60) X 60 dxc
ws (x,0) = 2 b BE A l) = 40
2 b = o, M) = L7500 Xt dx = L7060 Xab)dx
2 ba = <, Xay

Then,  wix,t) +£(x) solves the problesm.

CASER. F(x,4) =sin (xt)

To deal with this, sin (xdt) = sinxcost + cosxsint
Selve se;?m’a\*ca\g» Loy each part.

sin(x) cos () = : 5 cos(4) Gnn Xn(x)  where

nZ
é/t\\r’\.,\ = <éw\b<\ X ﬂ> f S X élr’\‘ Nl x }
ﬁ\:(f, %@M Ax J_/WT f cos(ﬂ Cés(bx)bo{x =
w v

- [S'\n(x\ cos(bx) b}a - f@ b sin(x) sin(bx)dx =
= 5‘m(t\ 05 CBQ b - \Oiz@_

. I\
= % = b s‘m(Q cos (bl , N our case b = hk

I+ b*
SO g‘\?\v\ —_ ~.d am(Q ( l\)
n*T
TS
QW\\ 0&\'(\3} ) QXPO\V\A cos (X\ Sﬁ“\(‘t) = >’ S\n({) COS?‘ an(>

gosh < cos ), Xv\(ﬂ> f COSMS“‘(TR) s

L2




I

foL cos) sin(bx) Ax , TP twice, poth using cos(x) as &

= cos(0) cos(bl)b-b I Y
—0 ) for ws b L
o (eos(d) ()" 1) AL 9
= @ = (cos(0) (N -1) A = %05, = Vo
_ ’LTT’L
Lot

Solve. 0O % Cal) Xn(X) = Z Gp cos(d) Yale) = Fy Got)

= nzy \\ |
i&:ﬂ“(t\ A ) = cnlt) Xn ) = 2 <ch“(Jc) + ”’;Tl ¢, u\) X (x)
nz -

nz|

equote coetls
.

e ) r\lg_rl 6n(t) = Sinncos(t) . dLet £(4) = xcos®)
Solving ean  F1ne 7

—xcos(4) + axccos(£)= b cos () = - x +AX = b > 0&’”\2""

a-|
s WS “in '
iy — 3 p — —— — == ! n g
Tor us, b= T5n, | a = > Cnl(t) R COSU:)
L

solves +the eqn - o]
W (0= Z ) Xalx)
Ow, =¥,
Similarly, selve T Z bal€) Xa(x) = Folx) = £ Gosasin(t) Xa(x)
= b ) Y\“‘L'\:\" b () = &o3, sin ()
et fU)=asin(4) . Then eqn s

~xsint + xasinlt) = bsinlk) = &:ﬁ
N
= bh({\ = 65n sin (L
W 4
L‘L

We (i, 4) = 2 ba(£) Xn () solves QW= T, .

nx=|

det  w=uw U , Ou= F=F+F
RC are sakis fied by W because, BC hold VXa
TC wlx,0) = W(x, 0+ w = W (x,0) :é Cn(0) X (%)

=0

Uy (x,0) = ——-m (x,0) ’«~—— U2 (%,0) = = ba(8) Xa(x)
W—”/ V\>’
=0
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F‘ma\lvk solve (Ow=0 J

BC AW (0)t) =w(l,x)=0 SV, SLP Cor
w(x,0) =€) = U, (x,0) CXng
W{(X,O) = 3(\4\ ~ J¢ M:’_(x/OV/

( Talt)= QnCOSQQZE> tha sm@
wix,t) = y\% T (4) Xa (%)

dn and b, come from IC . w(x0)= Z an Xa(x) , thus 0L4=<‘€“\A()Xq>

n=l

> 0T - Lo dug, Xy Dbn” <g-deualed XY 2

Then w+w solves the problem .

On exam , if SLP that ollve seen. man), times, just write
the solution. [ it's a pro l%{L ot this £ype .
Show +that yow hknew what < 7 is.

,z 3
p,/ rﬁi—L\' £, Au=0  inside R= Square,fspecified LA[DOLWLM?
s AL= axlu + 513 U

We solve +two SP'VO(C’\Q,W\S 1. L(/(O,:D: WCL/f)):O
w(X,Q) = ﬁl (x)

2 vix,0)=vix,0=0 wx, ) = g2 ()
\/(0,\9\: wc‘(\j_\ Al =0 inside R
vV (L,j\z ?L(‘j)
AV =0

Sep. var. wle,y)= X Y (y)
Y“

AXY= XY+ XY'"=0 = —i%“ ::—de =constant

BC = X(0) =0, XW)=0 = SLP
X" +AX =0, X(0-X()=0

. AT %
. = Sifnt \ L ) W _ \{ i ~ 2 S~
XV\ (X) —\‘W ) ;ﬁ: = \(:\ =—Nn L/\L\
> V= By Thus Yoo an cosh (B5)+ by siah (2T

) = 2 () Y y)

z|



To €ind an and ba

wlx,0) = g.() = Vé Xal)an = an=L9:,XnY
Wi, V=90 = Z Xax) (m\ cosh (nTF) + basinh (aT))

&n 05 (NTD) + b sinh(nT) = g2, Xn)

= \Qn = <61/ Xn?“‘ An COS\A(V\.T}’)
sinh (W)

Nex+t bxa, S'vmmejtrxg/
v (k) = ,,% Xn (9) Ya ()
the coeqf(f's) o amndd @’m )

X ;< £ X N o= <1C7.,Xn> = K Cosh@ﬂﬂ
" b ARS (v n .
sinh (W)

w+v  Solves the problenc.
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BESSEL, FUNCTIONS  chd

Sep. Vars  works on product spaces

ex. @ — o,y xRy ® L] todexloml, in R?
@ [ Loxlg *LoR]T,  polar coords, in R* looks fike

X

/

It s a eneval Lact thad to solve the intial value problems
N P

1{33.‘*:0 for X e » ol © R" bounded domain
Wlon =0 (Dirichlet BC)
LL&JC:O = bko(?
2. (Owu=0
t/L(aJLT- 0
LA,"FO: L/L0<?) N
W+ lt=o = (X)

the Kewa, is 1o solve SLP aurAw=0 W =0
Spectral Theorem = T L ONB of solutions L dnl covrgsPohéiiermk

e'\gevwodweg 3 %h} o 0CA EN e
The So\m{iéh o P‘Foblem 1L is 2‘ Q_Mt d}hﬁz) CU (n) )

where e (= <ue, §a) = fT o) Endx = Juold) b (x) dx
The selukion to Pro\glem 2 is = %U\ Cos (m{\ +by, S\f\(mf» g% (X}

n=j

wheve an =< We, Gny , b= Vo, Pny
V An
Thus, selving  au+iu=0 , «lsa=0 s key <o SOlvlr\j/

(VPs for ° B and 0
A= 3 +3y" = 37 e o+ v L Separate variakles
REOTO) = R'T+ " RT +¢*RT" « XRT =0
(R'T +rR T + RT"+ Nv*RT =0

z it h) /
r R 1 rR kY T + )\lrl = O

R R N
(1_ R” . . R\ N ~’l\(’)_ - :-T———- =, COH&'&QVL.& /’LL
2 =3 Q

—
5m/rpl9r = ado first!



g=o

i e R =
T" = —/ml\ @hﬂ to have Dirichlet BRC

s need T(0) = 0= T(x)

Thus Tn(e) = 5‘“@1{9) (know $rom V\cw\rxg/ done be\Ccre:;

X /2 n T
Ml =

Raajo\e inte +he &q})’v for R=Rn

>R’ rR
R TR

-t + Ner=

AR+ PR - R+ MR =0

Almost  Bessel's egqn. except for. To kil it
FA)=RO, x=x , RE=1 L0, RO =\ £'K)

BT €700 + (Z) N F6) - s F60+ X7 £6) =0

x> £1(x) ¥ x £ + (x* —Mmyp(@ -

B e e e e — T e

This s Besse)ks equation m@ order  Ahn.
‘ g

Selve 1t . |n ﬂ&mm& , solve Ressel eqn . of order V.

AY\Sa{ﬁ? {(X} = 2 Q X)HD . SLLb \»’\‘to gqrn
() z0
0 = ;%o b)) (Jrb-) aj x 2 + % a;(g+b) O° - Zv a) x> S ax et
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Proof R\ﬁ, nduction on the c(gfjv‘ée of q- | € q IS
degree 0. = 1= 90 € = q:qo=[&\>% true
NE
Assume holds Lo some & .

Let q(x) be deqree kel . Th ()= dpa X+ G
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Swmilarly, ,  compute {Pn P = ) j (x*-0" P (<) dx

(2 om ﬂ

k=0
g B - ! dly\ 2n - ,ﬁ_l_‘;\_‘l\___
Aax® ?“(X) ;{”n\a 6J&_XZV\ (X > g Y\l,
, 2L DY e
:> <P”\/?n = (2 n 0. f (X "1) GLX -
>.. (27w l) ol

_ 2@t N N A M N CYO A o
Sy & R TR R
E&%f\\n‘\:&@‘r‘ak

St mANmT | _
=220 () (nox) (n- %) TV
ST

‘(lh\ I |
o { e Y=t » o ) 2¥nh

= iz . =
(li’\ﬁ'l) ('Zvﬂ‘, Antl




= -1t . 3
24 415 e = Kuxx + € 7 sinx x & (0,T)
8,{:L w(%,0) = (0,%) =uwl(m,+) =0 t>0

Homogensus eqn. Zﬂ;ﬁ(’i\ - il({xz = -\
%

D A=0 , XMW= AxtB , 0=x(0)=8 , 0=x(T)=AT
) ;(i\\t: gxc:?h (/bzxz)it&Bsiii’ [ﬁﬁjz)o

0=X(0) = Acoshlo) = A=0 , 0=XT)=Bsnh(7)=>8E=0
) B}\:;@o) ?>=}Z\;OX(>< = cos{ pux)+ B sin(ux)

0= X)) = B.sM(M'/T)>O T P A

w" (x4) = E; balt) sin(ny)

o0

Z b (0 sl = Z ntk by sin(nx) + e sin(x)
b (8) = S~kn*b,.(¢) , nt)
{-kw, (£) + e, n-)
0= wlx,0) = %bn(e\\ sinlnx) > ba (0) = 0
N+l bnl(t) = cne Mt bu(0)=0 < ca=0
A=l by (t)et +ke™b @) = e 2ETF

' N k) o o tlk=2)
A (pe™) e

e Kt b, (4) = o (ot + 2 k +2
K-2
+ +d k=2
(O = = £ = - -
0 1=0 ‘? - C ey , d=0




E() Lo 50 ve eq Ui+t U\xx = U+ Xé(O,ﬂ, t>0
(/L(O/t) "'i
w(l t)=0

wlx,0)=l-x*

Jolution - [v(mt)‘ Wixt) +ax+b ]
viot)=uloqt)+0+b =(+b=0 f b="I
v, e) = w(he) +arh = axb =0 ' F as=-b={

(V I+t Vxy =V v{0,£Y=0
1 vl €)= 0
vix,0) = U (x 0) +x-]1 = X-%"
. i i -
vix4) = X TRY = ,,><X_, - :Lr“ ren A

A=0 D X(x) =axtb Bc> a=b=0 , Xx)1=0
2l o x=(in)t D V) =ae  wbe™ = a=b=0, X(x) =0

BC

A¥0 , a=pt, D X(X\ MOS(MX)+E§:f1(,Ax£x)
' X(0)=0 = a=0
. X(ﬂ‘ = bsin(u)=0 = m= nil, neN
M = (W), XalX)= basin(nTx)

T v = 0nT) = 2VisE = InT = -» ("

_
)3/?_

= TMH) = ce T
> % (X/ ‘Q) = 2 cntg AT Sin (wﬂrxﬂ
v({x,0) = Z Cn e M S (ATTr) = x =x*

dn

L(1xk)?

l

d.."\ = 2/ £ ( “"V) <i:“1 (Y\T ) =
= *:\‘:T: x (| “\ﬂccs(vﬂrﬂ] —+-—-—— f (1= 'LX\ cas(nﬂ':ﬂa\x =
- l N
= Q'\'TYL [( 7—’09#’\ A’ﬂ’XwL - (n:'ﬂm .fo Sin (V\T‘x)ix:
,;’“
_ . -8 -5
i 7{"%‘; ; noodd = |Ca %Z{W\}s € PIEES , n odd
0 |, n wm L0, n wem

[6}\/&5 the OWLSvU\?J\’]




HH.5 .
Wr (m,@) = i} Lr,0), ro<rel)
wli, @)= £l

Find steady state solution
Solution *  AW= Wer *"% U + —-‘i_—{ Uee =0

w(e®) ROV Do) & R'P+pR G+ RO -0
= _ ¢*R'arR’ 0" _ . ¢ % periodic

R 0
) A=0 2 06) =ab+b , O 2T pericdic V> a=0= ¢ =constant =h
D A0, a=lipw)t = D(6) =ae? wpe P
0 LT periedic =2 ab=06 = ¢ =0
B A>0, k=pt, G (o) = aeMO + be,”mg, ¢ 7T perisdic =

= u=neN = A=n"

constant case, A= 0

nb -iné d
@n(Q) = An e' +b, e n=01, -
—r2R,) ~ rRI4N*R,
X (1=x) —x+th* =0 = x\"""\ = Ral(N= Senr +dar™
= Co'\'aao M\"

u(v,0)= £ (cnr” +a\nr"*“) ( ane™® + b, e79) + h (cotdolnr)

oQ { no - A o ; ~r i <
= 2. &y A-Vd\hr“) oM+ T, + do Inr

n=-oco
nNs QO ~~
ed — -\ A -h-l n @
wr (e, 0) = 2 (nGr™ =danr, )e *‘0& =0
n=-00 °
n¥%0
~ -l s | s I~
newe T = Lonre =0 =, dn =0 " Cn
aﬁo =i

[LL(T,@\: % ’C\:\ (rn_\_rol\r\\’ -'"\) Q\Y\e + ETJ
n
L8) = £ T (\reg ) en® v ¢, = £(0) =

nto )
oy | - fﬁ” -ne
= | Cn T et T 5 Fore do
T —— (T £(6Vde

2 o



Orthosonal polynomials A best approximation sepe
Z P
l‘ L’LW ([0\, b])

V Y interval La.b] and any- wl >0 on La,b] 3
ONB of Pol\/:},mm'mks,

1 ex. { PMA% Aegendre F»o\vdmomms (narma\ized)
nzj

I\LET; Ton 1] with o w(i)= 4.
0B I other ONB for dow (La,b]) Just net comprised of
Pol\,a,non/\'\aks : t.ex. & ) .
VI Jnez AT ONB for [0

-—

THM  For £¢/7 (Lab]) ,  let q_(x\ be a Pat%hom‘w\ o
o{e/gre& n- o Jet {PJ}ﬁo be the A%, ONB of po\jnOM\C\iS~

het % = {4, PJ> . Then 4’%(\\1 E n d 3%5 ?C\) P “ with

n 2N

equality. i{f q(:;)% £5p;

Proof q 'S o\egree N = we have proven Hhat 356\53;:0
c;e C, such dhat q= %;—;,CJFS _
L f-q 0" =l e- 2 emi™-| Z & -2apl’ ={‘5}‘>‘%=O}t

- 12 (E-anl" = 21 85-g17-

A gt
- -G 2 ET 2 - 28y
:%\Qll -

- Z8Hn-25ul
Eqmﬁt & ‘%_\ ;7 P =0

N

© Gg . a2 iy,

£x. det £60)=x*, 0n [1,t]. Do Touj//or exp. about 0.
£(o)= ©0)= 0 = +the dlesree 0 "Tayler Pol\}mmw\ s O.
Cfpoy =[xl

I Paul :'f z | 3’
Compute. Il -0 =,§f: xtdx =

” 4":&0 pe “7_ = 2.<-Zlf—‘%q’> s maller 1‘;}
e

Ty
0)

N

Gi|r

So better approx.
de P
<P° - otﬁﬂenotre_ 0%9 3} \\\___,//P
Po=1 , Iks " norm on -1 1])= ;“OH =\




From where do +the degendre polgynomia\\s come’t
Come £rom solving 4= m a 3D ball-
THM 6.4 The kegendace \)o(:jnomm\s 50\7&35{%/

I: U-X"W P’r\\ (7(\1.) i Y\(V\+ﬂ Pm (Y\ = 0.

Thus khew are EFs for the SLP [U=)Pn'] + APy =0
with L%Ag//s A= nne).

KO prove using, the explicit form of P, (exercise 6.2.1)
and  inducton.

dfferent | S AIENEL d" Lk
_&@_lc., P (x) = N ég ( k> (_D ax" .

Py produck rwle, _(U”Yﬂ PoY) = (1-50) P+ (k) P, =
= =2x P+ (I-) 7, Compute the hijh@s{ powex of x here-

~ 2a) () o 2 (b = =1 2n-n-l ‘?.n ol - - Vg _
(30 (™) - G ) = 200 () i) (20on)

L G e Gne o)

2" nt
- =Xt 2 L x @ o -xn(2n) (2tnm))
“(n-)Y 2™nl %:;“n‘. (n-2)4 20 G
= o (20 (nn) | X 2) (e} (n) |
2"t (n-0)! 2 nl T |
Compute +the )&cw{'m% (h'tﬁhech)(Foou@r of X) n Pa s
{ L(XZV) _ (2n) (2n~l7'-—(2n-m+ﬂ M= (2n)) X7
2™'n Ax 2 nt 9"t nt

O x" + lower order

1

Thus, [ U— XZ) ?v;)] +n (h"+ I) Pn

= (/kearee, < n~)
| , =
-] a0y ol o w2013 = Bt
=0"7 2
Vo ) - \) <TFT>
The coeffs are _f‘ ( [('“"‘7') Pn)(X)] + E"Lt}f}”/?ﬂ(xw Pj (x) dx
0 because Pn .;.L,:"\r , NF

fn"ce%r&‘ct ‘c\/(f'r Po\r"\is twice | o
> START G- [h[dn]) -

this s a poly of deoree Jan

thus it s = b Py
k=0




| 3 s , .
= f PV\ é—obK PK =0 pecause eacn Pk J_Pn

=4

Thus ¢;=0 for =0, , nq > LUx)P]) +a+InPr=0
Z]

THM G4 Pon { Pansy

V‘f-n%’l? nzo ! V'ua:\ls }nzo ane gach,
OL,Q— ONB O‘IC (0/1)
Proof  For € defined on (0,1) exkend € 4o (1,1 evenly, g,

or oddly, h.
P |
Thus because T‘”"’/%T} . are an - ONB
n+ n =
~ Pe = ~ ) ~
e Y g Eha g

Qn is even f o is even, odd i n s odd.

Thus @Ar\zo 7n ocLoL, /i\uﬁ() Vi even . {::3](0,\):}1)(0,0
<> £ 2 9 Qek = 55 e Qi v &

Spherical coordinates: in R>

| s ‘ L | e
\ r = distance +to the orign = xz+bv_ vz

L
//e
P
¥=0 gelo,2m), €elo, M), v20
=0 X =vcosEsin'€
=T y=r 5in@ sin €
2=Ycos

Solve &au=0 mn o ball in R®. Separate variables .

A(ROG) =0 = _R_L L AR, P'sine + Pleose e’ o
R@@ Eé—(b R R rsine (D r=sin"e @

m»d{ip\v* bb&/ rrsin® ¥

= R"rlvs’m”‘e . 2R eint¥ & ( Cb" 51N + q)s cos @ sn¥® e
K R & 2

Thus bokh sides are constamt . Call this m*
085 € is 2T -periodic => (@) =" | ncZ




R s 2R rMsin*e SINC [ i Ly =mt Sep
3 + z Y (@"sine +¢ cas@ oS ag i

divide by}/ sin®e

= R ¢? = 2R ™ L d'sine + @' cose - m
R R sine & SNt Q.
= R'ry*+ LRr _ _m* - _ O'swe +Q'cose
=y sinte Sin*e, sine @

=> Both sides equak a constant ,  call +his A-
det s=cos€ = sel[-1,1] © =arccos(s)

5(s) = S(cose) = $(2)

(P'(Q = S'(s) Csne) , P'(¥) = -sS() + S st

_ QE CD\ cos € -\

?

sin™Q Osin€ ” ‘ ) .
sin"€=1-8" > \ H )
,%%’;T_w<—55 +(\;8>S __555_“):}\ R

s (G-e) s -AS =0

-5

£ m=0, this eqn . s satisfied éﬂg/ Pa=S., )\:n(MD
For me 2 /{s} , same g for m,  Solution

P () = (1-s?) %w Pals)  solves the eqn.

A nn)

= R'¢™ +2r R = AR = n(mR Euler eqn.
RO 5 @4y M0 D x= =3 ) (ne )

Do not want R(0)= 0o > take x=h > R()=r"

Up Yo normalization, solukions,

(cos E)

\m

WU mn (\’/ e/\ﬁ\) = V“ @,‘mg



1#/3

Si

,E_é_?i_ We - Uax = tsinx
wlo, Y= w1, £)=0
Wlx, 0) = sin (UTTY)

Antsadz = (4.15) {m,a = Z bal)

Xé(o/:)
t>0.

s‘ir\(vﬂ'?x\

F(X,f) = ksm(ﬂﬂ 020_ ‘l:ans‘m (nﬂ'x‘)

| ! “
an= "L Jg sin) sin(nThx) dx =
| =
f\( - Tl Sin(1+WITA) &
e 1+ Tl s
(Y sinl1) =T
We-uxx = tsin(x)

Lj (C"S( T X) - Los((l*n’fﬂx))dxa

CsinlD) - (N'sin()
=TT b+l

=7 02 (b; (+) +(nw\7‘b.\(~t\\ sm(hﬂ"*\) - 2. ta, s‘\r\(n’Wx\)
net

= tan= bo )+ () b (&)

S (b (Vs (oY ba(4)) =

n =]

. t>0

Wk
Qa( A wn 'E

"- S 5 a2t ~ 1A )t

(M ()= o, [T L o ™ T T Y e

a bﬂk &\f\ ‘) 1< -b a_y\ W J rm—‘)" -t i
T4 ATt
_ ACO\V\ e—(m\'t N 0\“&( ) e
(nrr )t (wm?
- (nm)? a l
by () = cn e (e :y- <f - (m\"‘*)
S (T

Sa/mL ons fitca,g,

\% rme a\J{;oUr

w (x,0) = sin (2T x)

n=A

An ,
Ch = 5 =0 wWhnen -
{nil)
CAn
Ch = + 5’}@ \ \ =
n (V‘\Tr‘)q I W & h Q\/

UL(\(;"[C\ = hé b,« (-&\] s\ <n'ﬂ'x\3 -

@0

+ ;_5__ balt)sin (W)

O sin (N 2TTn AT

| + h"TTl

EN7 s(OUTT
P+ 4Re

~(nT) &
S ir{)e“ﬂ

= (n“'{%) sin(WTx) = sin (2T x)

b, (8] 50 (1)« byd) sin(2TT) +

(ﬂ SW\(Q o
() (t <V‘ﬂ’31“> , NFEL
(-1 s (1) o
TGy )




: Au=0 , R={(rn®), 0<0<™M , tare2]

L7 9
A%(Y,Q)“\"f—ér (\’ bru\; + ";’{ ége w

L/\.(|19\=O
w(r 0)=0 , Wlr, W)= =]

) a\’bk(l/ex):o

Sep. Vars, m({r,@) = P(r) @(9‘)
< + (RO +LzrO" -

< —r(rK‘)) _ _@i = ) ' ‘
R. ¢ ‘ i

y i)" AR RM*O} R(2)=0 “

Two problems | (1) -v & e ( e

m 0"'=Xx¢ , =0 |
(1) R +rR «NR=0 ( (e = *(j,/’ |
t: k>R , +(n= ‘-05((3 5v_§:‘“r vy,
T() = R(et) T\<+)=VR T = v R +rR
TR =T, TO=0, T'(152)=0
Ta(= Ansin (M) + Bncos(Ant)
T =0= D=0 ) %) = = o= ( _“>T
= = On = P T( (O‘c_)) )"O = " = N+ 2 §6%/2v
R<V>:—T<§Oﬂ(+’(ﬂ\)> = Rﬁ ("\z‘ An sin (>\n [03(\’“\))
M) ¢ =20 = Pn(e)= ancosh(InB)+ basinh (An©)
$(0)=0 = 4,=0 :
wlr, 8) = 2@' E. Rule) Qn (6) = ZE sinh (% ) siq()\niaaﬂ
'Ur\“@%‘( =) UL(\’/T/‘Q "”LL( e, Tr/“() “"ZEnS)l}\(}\n q\)sn‘z(%hﬁ) et~
\_Jwa___/
(= sin Y] orkhogonal system in L(0, Iog2)
sinh (hn ™/4) En “\QH'LS j;ioﬁl m(et,ﬂ’/ﬂ\fn Lt ) e nf(z"-‘loal

qul

1
_ fo(%l (Q{‘n s‘w\,(\xvxg At = - [(eﬁ“ﬂ CDi(M@) j ; +ﬁ Eﬁ%ﬁé&i@.—aﬂi

0 by -



A= ne ) g
ool

. MY T,

[ ‘7 Cis;{"”"l - é@l 91*(} cos((nw‘f}’ﬁ') - (\*ﬂ>=
. lo

ji Qt COS(}\V\J(;} a\_& = .__,,.5[ e‘t(ﬁos()\“{)+ )\hS.lr\()\h%\))] 52’»
¢ Nn An An® +1 ) B

I
_ m < k()\v\ (‘\)h-|\)>

Ea=9 (D" =1) 2
o OeTa) n (s}~ TeqZ
We ~ *;lr o Lrdrw) +-;‘,_ Soa L= 0 (k=1)

ulr, ,0) = A
At r=b , | w, + Clk:gj (Newton's \law o § coéﬁmag

Solution. i (r,0,£) = R() QL9 T(¥)

Sep-vass: homs B (8) + X Do) =0 (2T -periodic 4)
r* R“(r\ ol P?(r\) + (M’LT"LQ %L) K{r} = ( Bessel. e,in)
T'(4) =-m T %)

= Rk(’() = Cy :/A (/“U’) (for eacdh A we ﬁt% a func. of/ét«}
R\(b) + CK\(\D\} =0 {{i‘fkm Neowton's law of Cooi%f“;a\..\;
[ ; \ it AdBdr
% {\an cos (n @) *'O‘rmswz(n@)} dn (/Ar\ ﬂ B pmet \ma%urg>
BN R Tl
G-variable r-variable = variale

THMNOH ¢ dn ae positive Zeros of dn (x)

Then {Jn <>‘K" )cvSCn67} U { {,,,1(}‘" ) s‘m(hgﬁ‘%

v

s o (orthegonal) bosis in L*(D) Dz@

T e S D T Y ey




7/

s|3

The 0¥ degandre polynomials Pa(x) = gy g ()
Foe P = = g (0= o 2o
.
Palx) = vtl’z i{xl ((XZ-I)Z) = & (3x*-1)

Po(x)= 5 (SX*-3x) , Pylx)=—5 (35x%-30x +3) , . ..

M EXPWW\ func - )(”—!)G} x? in series of ﬁej%nalre ?mf%‘
o<3 5
50/“'%';0?‘": ‘) Xl - %{? Can Pn (X) - {Citgr} = G PO (X) + Pl (X) Tz P’I_(K) =
' n>

2
2. i
x*r L= %:C‘z‘ = C2T T, x:0=ci , L (=¢"7Cy
:> CO:LC’L:_{Q_%—:"%'
| 3
Xx"= = Po(x\)’*"g' P (x)

\
X3 = Cote x +ca (3531 tes T (S -3x)
3 s A
A T A

ngz%CL'i?Cz:O

)(3" "g."' F,(X) 4 "?;"“ P3(><)

Sl s TR Ny

Do as absve for ¥4 > x4 =-EP ) +2L PG + 5 ()

S i e g,

The ™ Hernite ‘?”‘gﬁow\mti Ho b= ()" e 25 (e7)
Ho =1, W) = = X (m2ye™) = 2x
Ho(x) = 4xt -2, . --

§ Moy orthonormal  basis A (R) , w=e %

I e =20 o\ Vi



.45 Expand e series of Hermite pm"gx«
o0
e Z cnltnlx) | = u“‘
<8ax/HW\>L7’w =

i% Cn <'HVM HM>L7-W

3 - 0%
= Cm = I HMHZ <9— y Hm>1_
% HM>LW1 = [w o % (0 o X x? a{ (g*x ) Q—x A x

= ('S e 4l d _(e™*") dx

= G‘Y\j:f(ﬂ) A" e e™dx = )

Q‘)y‘\—‘go Q&X i:ﬂ (Q-Xl)ol)( - (_‘\)y\[ eax %Z‘:’:

W= ST e e gt
— oo

"Cm<HM M>Lz

-

n {:N’V\‘QS
= [integration by parts | -

at A® g e
T oz ated [ e Ax =
a- a -x* n ‘%‘:
= a"e” _L& Ax = a e = N
1./‘*
R . _ate”
Cn = Lﬁi\l"ﬁ:\ 4 e” V:ﬁr\ B 20!
< n a‘ﬁ{
ax - A 2
© né PRATS Hn(x>
Let o >-|.

o(,a,ﬂ%rre )Dolg, L.nx(x)-f x_ =

x A" neo =%
B Ny £ G (X )
{ J\r\“(ﬂ}n;o orthonormal basis in A (0, +0)  w=e ¥
“ Lo Hzl - T (n+oc+t)
%20, Lo(x) =1 PO A ) Ry
Jw(x\\ = |~ x . n.
té\z(x\}: ‘”ZX*T

E026

Find poly- P(x) with d@ﬁﬂ?& L sudn kthat
f [T = P(x\ i?' 4 minimum -
Solution: P(x) = Z Cn don ()

S‘V\C‘C Ok,n O’\/

in

Lw (0,00) => L.(x) e
Indeed, <lale ™

; L) e >L_“~
:<LH’LW\>LW’L‘ 3{' n=m

O Y‘\#W‘

ON Wy L_'L
= a0 L) €7 dx

sy




oo [>s] — 2 . % Zl
fo |V - r%cn Lab)| 2 e dx = g, 1V e X/Z—h%d_Cqé_h(X) e 4y =
= |V e = 2aaln e ||

THM 3.8 = cn= <YXeT™® | LaG)e™ 70,
A~~~

GL@’C {en} Or%hoqahm( set in do (D) ) Cn s Z-Cn'<o0

K eda (D), them |[F 25 | £[£-2cnen |

Cn = j‘w X-;: L—n(x\e:x A X

0
o0

o=, XT |- Ax
a.v
co= LT (150 e dx = NE)-T(E) - @)1 (3)-

-z ") - A

o [OxT (1-1x+ %) e (-2 0(F) () -
-r@-an(E) s+ ErE) = r3)-30E) -
TR - F e --3 @) -1

A

(%) ={nesn=«n =7 N(E)= -

Yie

S

PO =TT 1,60 - Y 1) -V e =




28 /y
F 1o

THM 6.8 The solution 45 the Dirichiet ?\ob in the wt

3 - sphere,  Au=0 W, = £(6,¢). s
wlr, 8, ‘6\* ‘—— Conv" 2™ o - (us“ﬁ) with coeffs
n>o
o w0 \ \ '
Cown = :g f ‘lﬁ(e,%\ Q:VHM " (LOS%) d@ $in @ AI.\{ = { 5= COS\G} =
DAL 2T 1] Pn” N
| v )
= f £( 8, arccos () ™™ P (5) A8 ds
S=-1 9=0 2 1P (cose) ||2

0B3! Pu'™ =0 for Iml>n  so these terms vanish

Prootf 1{ — } is an L* oNB for [0,2T] A0
meZ

V2T
2. P_nlﬂl (6) s an Ll ONB  for E‘\, fj .
” P'n‘m (s) u 1
T hus Pﬂw(ﬂ s & basis for Ll(["‘/‘]> , an ONB |
| R, ()]

Thes ¥Eed"(L0 g «[1,1])y)  can expand £ using

:ﬂ P’hlm\(g N aitcaalsty = ;
Yoo (08)= N ] 7 F(8 orecesl) “Z e (0,9

n=z imj
;A" (68) =0 ¥mn
B-v)/ superposition W satisfies, au=0

Fina , (l @ ) = Z Cmv\Ymn 6, O,

Finally, , ) (6.8) = ((0.%)

V\> Iml cose

Moreovex |, ‘W‘Y construction

<Ph"“‘(5}: (1-s)™ % Py ( @)

im

Cne can compute that | P T - Lam)t 2 for N={m|
(v\ W\\\ 2n+|

Polynomials on  Lw(R)

PROP ¥V nz 0 |, 4 e —pnly) e X , whee 5, ()

DEF. H (mrta po \{)/nommk of deogree n

2|

e ()= () X OL:A g*{

d"\

BV an Y VI 2 an o Ve Ve i mn an o VN

is a polynomial of ak&@\’u .




Proot g\,{}/ induction on n. Trwe for n=0 and Fcz\

Assume for w2

nt+l n 1 2
AVET: S () I O Gl _Xh> - & (5 -X> ]
T 4 x! <€ ) Ax & € dx | F (e

= Dalx)e™™ + pn(ﬂ (-1x) e ¥ = ( Pn () *lx?n(xw C

Va e
J’Leﬁ‘re& “ L s
ckes\"&t "+l

= pan (X) is indeed degree  n+| ano 13 Gg\'}(ﬁ

to Pn) ()~ Lx Pn(x\

COR. Hue () == HaG) + 2x Halx)

CN Yy WN\W\‘W\\\W\\‘-

Proof e Al T - pI G- 2apa (o)

1.

Wa (= ()" e A e = () e  pad e = () pay)

Ax"
= (e A e = () pA0) —2x P“§X3
Hn (X

Hald = CO pnl) = Ha(= 60" pa(x)

=5 (V™ X ;\\x\z e = SO+ LxMab) = Han () g

‘:O Use this recurswe wcormuox o obtan an exp\\u*t
(non-recursve)  for Hanlx)

THM 6.1 (Hr\}hzo are LW (R) ov-tho gonal with

wl) = e Moveover | Hn\\iz“{(m =9 n Yy
Proof ldea L: Assume n>m=0
Consider <M, Hmry = Jp Halk) Hul) €% dx =
= 1{ B () Ho (D e dx = g(‘ﬂﬁ e (i:“ & Wml e dx

Intearate b\g, ports o wiove
these derivs onto Hm.

-0

—
)

Do this because Hm 1o degree m<n



Thus we need to show that +he boumdomé/ Tterms vanish
when we do “\V\Jcec\f)mic“mn “D% parts. ‘

) b\@/P one T -
dn" _ g . ntl 'A’\“' i )
Cha W = 0 %) A o g,

s i R dX

AUW\ (%—g—r@ >Hm ) = \i\:x/\ Pn-l(x\ Hm(ﬂe“xl = )

Simlarly  Yi=84 ,n , lim <§:ﬁd e) 00 =0

XS X0
ks

) ) \ n-l S (*>
P once = <{Ha, Hodw = (D™ fR %(77’ (e” > He (%) olx

Aopin = Em“‘ I (VR e A (e d

G‘(XV\ Z

Y

=0
Bt?( ®) each time we do TP, "ooumé\cv\rva/ terms vanish
== <'Hn;HV;\>N: (*D% f -x* H (n\(@ X (de TP w Hmes>

‘:0

Fkno\\(&?( , b\a/ the same process,
<Ha How = GO [0 e 1" (0 ax

this is d — (& erm in +§>

ax
The X" term n Ha(x) s 2"x"

E0 Use coflary ko Frovg this 7 bua/ nduction

= L 0 L B

Thus <HH,HH>W= ﬂ”‘fﬁ L dx =V M o

THM 6.12 { Hn are an LW (R) ONB
V2™t with wx)= e
Proof det ?QLW(H{>, Assume that <€ hw=0 ¥nz=0
ha(x) = —Hal) . We claim that £=0.

AP




\J’;Z e/-’)_ﬁw-tX ‘F X\ _xldx _
- [, & &er @(we Cly= 2 [ CTD ey ey,

Avwg/ po'l\a,nom}wk p(x) of i@gx‘ee, W can be writken as

n

P(X“‘ 26"\(’& P “&d: 17=0, -, n

J=0 /J»

= Lfporm = j; £0) 2 Cihytge™ A =
n
e

Y ‘_?_
= < ‘S:RW@Q " dx
J=o -0

= Nn fR ‘VZZ\T"\JCX\“’ L) e X Ax =0 Yn20 D %=0

oBS\ % = (£09e™) (8 . By the FIT f-37(#)=0

THM €15 Generating function for Ha.
e o 5 Hi(X="

nz0 N

Procf ldea: muf\*c'\ ply bolth stdes \9%/ e X" Thus want to

= E 5 R ’L L 5
Show g ¥ R é_ e Hn(x)/ 2, dooks like a Taylor seres
"R A . - . , -
y\\ - expansion about 2=0.
= )(_E'L \'v‘.’
o (x-2)

S .
expand W & taglor series about 2=0

The coedfs are —g‘—;—; Q év()&%y.) )2 o - Let w=x-z , “‘i—é‘ =
A" - A - -1)"
&) Sl T O

— (x-2)* “Z 24
= U o 5 () M“ e > 2 e W (x) =

nz0 Y\

z2=0

This is o\\moSJc like HV\ ”‘\ but QXl is missm%'”




g = XQKQX xX -
daguerre  don (X) - okx (>< )

Best approximation by Polynomials

£X. Fiad +he polynomial of ak W&é which
I Tegan i
We know A' > ONR of Pol\g,s on L0,2] {Pngneo
, for fix)=e* Wco?oﬂ‘wg‘?,
f- <600 = £ T dx T
£ =<6, py= LT e P ax
Find Yo and P, and Lhen compute {C\'o and, ﬁ‘
LR dx = 2R =1 % P S Po=wr
(P, B =0 - e dx =0 S
ax+b

&=y [ +L;><] =2a+2b=0 = b=-q

Best approx s

P (x) = a(x—\)
S P ax = fo (x- I) A x =a1~>§~~xl+xl

% —Zxﬂ

y | .
(F-1) g el > ook Sl

Thus  Pi&) =V§? (x-1)

Compwc& coeffs | W :% <‘°~1’\>
Fat .
£ = felex\/’%‘ (x-1) dx = |2 2e*

mt

0n exam -
y{m% mee,o( to

comp whe thes

S

J
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Fal

@Pol\{)nom\m\ o4 a\ec\\(ﬂ& ¢l o minimize fow@‘zx-?(.{}ﬁ

This is LT best approx j’*‘ok\mm on L0, 20) with \«}ij‘fﬁ

heok for our J:Lw (0,00) ONB of polyneminls. (5".‘”;[?, need

Lo e de =1 B" [T Ak =l 9 need P=1
I —

= |

Fid 7, [ lax+b) L e*dx=0 s that Pis PC
o0 . = -%X _ 1 %
b . ;& [ XeTTdx = al xe l

57 be ™ dx=b 1, | xe

L- -

= ary =0 = b=-a , P=alel)
Find a by requiring 1P I7Lr =1

famF,legxoﬁx = 1f (x-NTe™dx=a" f (x —?_x+>c Adx =

x ~Z +l

Ccﬂmpuﬁcé Lo ()=

. K i )ﬁ[ short ”' time
f 'F(Y\ ?a e cVLx = j; e XAX =" Aon't C&hr.e fbeut

; i CJL{C(,L{GQti{WQ, ese ©
f ‘?{X}:F e Ax g“}o& 3% (X )i)("‘;‘“ 24'{?6‘7?@(5

Best approx 1S \%\o?o“‘ \C‘—P.

CosX

z’”:’j Bounded solution o mbh‘:m@/ Ul 01 = |+ x?

OBS - hemogenous solution to fhe putiad value pvoblen
for the heat eqh- \s

41‘ o 7
*fﬂl Qw(bw /4t LQS_‘Q:__,&\/A/ (comvelution ef initiad data

\/NW H\j?’ and e '\Cunc%(bn)
3] Ak +2w=0 in =t iy
1 M({‘le‘\‘:i\z /7‘ ///»E
L-/(J{,% - O v{f‘(gg?J

Separcﬁﬁe variables , write us= ROZ

R” -{-—r" R‘» L8 -2, @H —Z_Z’ . 2: :—_O
K R 6 Tz
-~

Beth sides must be constant .



n

- 2 = constant 2 (0)=0=2(1)

N

=
Sines and Cosines and o positive constant. £ need +o,
~ il -
de the cases -2" _ N, check 4he cases A=C, A<0, \>O.

E-=
Z2'(0)=0 > no sine po\rjc . Up to a constant Fackor
Z(2) = cos (u=) Need Z2(1)=0 = cos(u)=0

= A= '(v\+\/z) I
Z,(2) = cos ((V\Jr ') TTZ) angd i._i;i— ~L= a"= L >0 ¥n=

, hz0

—~n
0 i \ Al i
= R R 76 L zZe g -pro2
R TR 5 Z, .
= 0 ¢ (pi-2) R R epnstand
) = v JAn = fonstant
6 R R
_g_”_ 5 & constant , € 15 ATT .pwe,r}cc{ir_
Up *to constant factor, Bm ()= o mé . m € Z
& £ you den't Know this mmediately , do the
& Cases B" _x & ©"=AN6 . Check {or solutiors
e
with A=0, A<0, A>0, and 2T periodic
‘1 krew this is the solution because | have solved
it before”

et >\n:VMn1~CL qu_f/kd’ktloh for R

“m" = vt A - r;R” - k/RR\ = "R 4R = (m*+r*AT) R =0
A)mos{ Bessel @,01_\(\. Aet f(x): R('an) # x:>\y\‘r =
= eqn- for £ s x" ')+ x 1)~ (m*+x¥) £6) =0 Modified

Bessed eqn.

Solution s Im(x) , same eqn. wr m>0, m<(
Thus  Rmalr) = I/M, (Do)
Do we V@.O\U\a/ need all the Em(6)=e™m® ¢

NG; because & mdemﬂd@n‘c data . Oi\l&g, need m=0
= Onhy need  To (har)




\
R
Ln

< To(Chnr) cos((n+'2)Tr2)

H>O

Bo»mdmmg( condition. = want ?" T, () cos((a+'2)T2) an=1-2
=

1 hus e;xpmo\ 1-2 i the @Y"%h@t’ﬁ@hc&\ basis
Tees (e on (o)1)
C,C’S ((v 1‘\/2. 2-3 < %)&%

I QC"S((V\*\/Z)T\E‘ Lq“CO,D “—this =%

Do‘n'ﬂc need to calcuwlaxe
£ dont+ Temembe

Put them Jcea)cthe/r = (v, 6,2)=

o |
= An~ I(,()\VJ j;

\ ' xcosC
(IG (X\ T(' ‘f; e o (‘,{9 ) Da y\@«t v\}an—{j K\w\t beco\k’kse K ot -
On Iy Us@ Tiam ; NiCe and smooth at =C

£ We keep all the & park,
Sy I

a ‘ = —
o Ilw\l(x"\) 8=0 z2=0 1.?(‘/1}
ORS '  amn =0 ¥Vm+0O . S0 Amm A4S a(covu is totally

1Cma s anawe/r
H's also ok o skip € Lfeom L he

(oe%mmnc (sab Vars w= %ﬁ} because

6 m/i@p@n@ﬁutﬁ'

Bl Selve gu=0 n D=% Xt ey’ <l}

wll,6,4) =sin@ , wr, 6,0)=uc(r,6,0=0
€ from v and t = Wr)O() -
O(e) = 5@

Sepo\ro\te
Want then v(1,t) =1
dook for « sice.oxo\vk/ state  solution TERSGITIES

te the eqn W \tk\ P\@\ 1

After separate wvars in OU=0 =

> (v m\ecm = (vl sno) =0

© 600 vl = 0 Ay -9 > Dp Vsl 8" g
Ve V(&) €




Qﬁ‘ari—r“arvv(r,a R -
&

=0
Vi, t)
8" _ sin"(6) —
6 5inG
Lﬁﬁ‘“ arl‘r”c}r\, v(r, ) w2 20 Mwl{ip?? bﬂ rt<
v (rt)
= 3¢ T o 730 v, t) Ly =0
\/"('\"/JC)
Look o Rl o »So@g\sgva/ this QC%Y\‘ and  whichh
has RN =1.
= ¢ (-57-r IR =0

+\
R

= - *R'-¢r R +R=0

Euler eqn. Lok for R(=r*
~IGD =X +1=0 D x=*|  don't want R(o}=é~
take x=19 R(rl=r does Yhe job.

Now , look For  solukion w(‘r“rt) +o solve

¥ Oy WS-, W(l,t):@
W(r, 0)=~¢ - N A Fik
wx (r,0) =-| > Vi) =R(F) + wlrt) =r +wlr+)

SQP@\Y’O\{& variabkles W= R (ﬂ T(JC>
T _ R R

T i
= v~ % - ’“—“‘RR = w._";: = constant = \*
r

= -R +¢*R"+rR £ N ¢*R =0
det J(x) ':R<>\Y) = esn .- %

xFJ (0 + xJ' &)+ (x=-Nd =0 Bessel's eqn. of order [

Solutn- 15 Ji = R{A)=4d1 (A). Need R()=0 =

= JL (N =0 . ded Ap= nth pcs\%iv’e zero of 1



_:’%'L = A = Tal®) = &n cos Ont) +bnsin (Ank)

w (€)= nf;: Ta ) JL () and T determine g, and
br.  Want w(r0)=-v

= né; andi Onr) ==¢ > a, = foi‘rlﬁlhﬂro\r
) I3 O 1

B _,_‘X_, ‘ =2, (ar) rehr
“ Ji (>\"\ \"3 lej-

Solution s (w(v4) +¥‘) sing@ = LL(*“,@,'t)

) :f——ﬁ?‘ Lor \§\<l, % +0 (0& exam: FT

Kef B\/ﬁﬁ\ /“

else
ComP'vd;Q {:)(03 an A fiﬁ wc(ﬂ i‘ﬂ—%ﬁl me ULX ;héN

FIT: £0) =+ fme*x? @A%\

AT
T B A
sl =18 f (%)
£(0) = ‘;}F ™ 13 \,C\ ($)d% =0 by oddness "
7 (¢ sin (2] > N = % £ (ny) (m(my ) dy =

7 Je FO Xy DAy = 35 I8 e Ay, =

=9

6/6\(,,\-\3\:0 £ (n-y)\'>\ <> ‘.\‘/)<Av\~\ ov ‘j>”*\}

| min(2 o, | mm&l vﬂ)i O nz3
= —— L{n-y) d = — n="%
2T f '{(Y\ y) '\VA/ 2T “\;lﬁ }9 \:) r“\/ / .

ma\x(*l,‘f\'q max(~L,n~1) \ e

Dk to
S"Eef here .

{
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THEORY &15T

THM £ 9 ?‘&\;\00\\0, £ pw conk. on R, and W¥xeR
Flaht  and ieﬁt lwiks of £ and £ ace Fnite

AEL Sn () = _Z,:l- Cne™ where  Cn = *i\;r" j;r £ix) e "™ Ax
Then fim Seld= 5 (FG) +£69))  VxeR
' N> oo

Rt: Folland ch 2.3

Proof fix a Vo'mt xeR

N N - ] +FInX
C (N= S ! ' in nx = S ' =% i o e
Sutd= T o= £ T dy ™ - 2 o [ f(e dvy -
, N 5
= () - 2 Mem £k - M(fm\ ieﬁ"(}@c -
o
P b l ‘“ 1
Dy\, (ﬂ: ‘7\)— %E’/‘ v - TTF "*‘nfi_ ~_—}-—T— C@S(n‘%)
D) s wen T Dlds = [ butbiak f Do (D)ot = o=
\ -iNt M nt { —Nt |- g‘(z"“bt
DN(JC) e nzéo,‘ :_Z—TF & ‘_&Hc

= 7 freeapat®)at

ntial statement < lim [ Sw »4\ ~ z (g(K) “"“C(XA), =

Neo

i [ $000 = L0 D) £(x) it - 7 Dule) fx) ax | =0

| 5T o DalR) ak = LT Du A0 AE - T D) ) A =0
| -—fO Dutt) (fke) - (V4% + fTDN () (£ e ~1C('><+ﬂa&"£) N
o g~ —@4% (_Y (1) 4\(\ A+ +f wa« o (F(ch\ \C(xﬂ%\%\

(f

—ﬂ- 2T ( |- e™ (-
ﬂ({\ J(*‘i\ “ (x- , £<0
( -1'»4\ F(X*’\ t>o0
—ex
W\ 4({»“\ £(x) _ \() ‘(7(){‘} / ‘.\W\ -F({'-PQ ‘F(X-&) -()(X+>
+30- — ek ot =<

(%) and ) exist, aen 3(“:\ 5 bownded. .



lim | 27 S qUle™Fdk - o [T o g ] = i L) cont
N Yoo )

% Is bounded |, then s Towrier coeffs are ciecreas}n?/

by Besseds neauality =2 x =0, that finishes the Proe £.

THM 4dat £ AT fer}ocl\isk funktion med fe \C'LUR) (’\Ziﬁaaﬁ.:&n;

centincus /

Fourier ke cn tL £ och ¢t £ MPF\%U&' Cm =L
Proof £ixy= % Co g™

/

)= 2 ™

Z
- f-w Sax ) Yo T -'mxA
= 0 € % G Ega o e dx

-7

= Mt&arc&b& b%’ Pa\f‘bs ) Cy\\z “‘_ﬁ; fv -((y\( > --mxdx =\ Cn

THM B";% bad convelution C\P?TC‘XA\W\G.'E\OP\ thim .

Let ge L' (R) st J, g6ddx-L

Define - L7 9004, @ LTg0ke |
/‘\SSLUY\Q ‘1C Fw ContiNous on f% , 3!6@{_— >& “"iﬁk‘f hm‘rﬁs
of ik Vypants of R (

Assume O £ s bownded or @D 9 Nanshes outside a
bounded interval.

. ’ \X
det for €20, qe(x) < »——b(g@

T hen b € % 32(%\ = «f£(x+) +(§J€(x-) Yye R

£->0

PROOE i [ f, (FGp) geighdy ) = (wf(x) <@403)) =0

7 fim f‘ oy ge(yldy, - f ((xﬂg(j\abj/ —f ) 9y) dy =0

€20

i 70 gelyl Ay, - ( £V gly Ay =0 (A)

€26 -oo

a\y\a\ UW j \C(xﬂj\)cji(gﬂc\%}, f £(x%) 9 37&‘9/ (B\



Proot o€ (&) , Want to show V&> J<o st Ve<sg,
|50 9 gely) Ay - \_f\jjm%(g\ Ay | €8

g t)\&\\g/ - f 6 E“) = .
rgp\fmf’/ OX +o C‘)v, o Ane foemuda  abeve
‘J;: 6%(3\ ( F(s('ij\ - £(x)) (’\%)/

By def ghT flxyl-fx+) =0

i(ﬂ)d‘gj allows 4o

OO
Remark : Y« o

=23y st V¥yely,0) £ - f (x| < §

= MC (£ (- —£) 6{@)&\\3] < J £ l9) f6e ] gety) d g =

e

£ iif; lgeCldy = S gl

(and wmake 5090 as small as pessible by taking 54%”
Nete: Ngll>L , lql :5&\3(5}\%{21 Jo 3G)dy | =1 (defn)
Need Lo ectimate

LY Ry - £ g y) Aoy
Assum (O ¢+ £ is bounded = AM>E sk £ 1€M ¥x

l é(x-g\~ L)) £ 1H09) ]+l el ] =M
B&@M%
£ zm_( | 9ely) | dy, = 21 f 5& ) dx con bo wade

Remams 4o  estimate ‘f )F&—@ {,\Hm

arb: %r’mrj s miadl -

Eulen poink of  view ¢

3]

ﬂ | ie mte@mb e=)

>~Ehx< area s ’kU\é\mc}/
‘o zero

Ve Wle

Weler skea(? powt  of  view:

_fo: \3(\3\}&\/‘)/ L oo & \~‘pf\ii‘ 5(3\ MVY __é‘elﬂ(n)] 0{\/}, =0

R -oo

= m (gl dg=0

RY-0 oo




£30 €30 2

lim JZ’ T = lm fwe [9(q) 1y =0

@) %Y vanishes outside a bounded intexval -
(k) jﬂo l \C(Y"j\ - ?(m\l 2 f)v;(\ﬁ ld% < i shill holds +ruwe
NU/O\ o eskimate AVCS; Je

haoin lim oo oo
NG P

E\? assum pLroNn O‘f\%, 3R>0 st 3(ﬂ=0 Lor all (x|>R

MMB’ chogse & s k. %<‘R < 538 - ~_?§_
o mstead of "%\233 FEL
S Vee(,2) , L ¢-R (3-2)
) 3 1eleg - fe) Lgeldy = 07 G- 2R —A6] 15 (5)14%

=0 ecakse 3(3310 V3 el-eo, 9 /¢ )

%2’ k) and (3¢ ) ; ja - can be made arbit rary

b small as €-70 .

Planchereh 4thm and Parsevd formula

Thm Fed R, g LR . F0R= ST Ay
LE,839=Keay , NENTERAN

Procf (6,90 =  F09R@ax = L (L™

ES) A3 500 )dx =

= [ £ E(3) gl 43 dx -
i (S gW TR ) F(R)AE -

i

1

fo A3 Fdz = < 4,57



THM SL’\M})“Y\? "CV\V‘/\,
felMR) , F(3)= B e ™F 04
Assume >0 and £(3)=0 VSR for |E[>L

'@H?) = n%l {: (%,i) 5in (’\THJ’CL)
) n T —tL

s

~ = = . | B ~ '
Prooft € (x) = ?.z CaeM/e s 5 L f M Elx)dx
— e - =L

., : A ’ | o b ixt 7 4
FIT = Jr(ﬂ:’;?‘—r fﬁe“‘*?(ﬂa{x = et {(x)dx =
-1

Lt e 2 W /
:Z/\TJ &IX ZCV\ QW\‘XLA_x
~ ——

en=g e T Edx = S [ e TR B = (F T =
- 2L R

_ 27 Al
- f-1h)

. \ Lo, g o9 -/ InTU % /L
Tegether = £(4) = 5 [ e™t = i{‘ {(;_C\T,) T g =

= e

Il
)

ntecchange = L 55 =

= f (@) fL e XUETTO) iy <

‘F <_7\1’\_> sin (Lt—- Y‘\TT)
Lt-nTU

THM 3 equivalent conditions to e an ONB n Hilbert space.

{(‘P"Bnen\} orkheaonal ' Hilbert space , them the Fo[low{noa/
3 conditions are é’,ﬂru‘%\)&\’i’mt-

@' EVQ\”‘Q/ ‘Q € H s, <“:/ ¢n7:0 Vﬂén\l = {::'O
@ Yfeh = £= 2 6,00 0.
@ el= = <6 001"




Proof ()= Ressel’s me@mm? Y%ji<wf,¢n>}lé | £]] < oo
Z [<F,¢)|" >0 as N>

nZN

In = é<'é,@w> dn, Want +o prove qu s watof/u?,~ M>N
n@m%nl: | 2 <6000 = 2 1<6 "2

n=N+\ =N+t

= Nﬂ i<4 ¢> as N—>oo \J"‘ IS a chwu/l/vy

m gy = lim Z<£,¢n>¢n = n‘z—N<ﬂ<¥5n> ¢n=%/

N->00 N300 ne

By (U , we need to show that <£-9, $n)=0n <N

or <£,8y =< g, ¢n) |

Indeed, K9, ¢y =< &, €On? On, d>r;> -
=<£,0.) &

= <f-9,¢> =g ¥YneNlN E=> f-q=0 = wC:%:h%J(@,@QQ,.

@=@® f=1lm gy S I £gul*>0 as N>oo

N oo

i—— <€/¢"\><d}"\/ ¢"1> =

m=j

o/ Tricms)e,

Sy 1SS0 < (Bessely 2 €17 = | £-guran ' =
< IF-gull” N gul® = Ne-gull® + = 1<, 017 2

Pyth (use enly, when finite r\‘:\’ of kerms)

& lé-gul™ + = 1 <e "

>0 _as N>

= IKEdT 2helm = [ f-aull® + = 1< dD)T NN

nenN

Apply sandwich thm @ {and {3 {cdns
An = bﬂ-é Cn :> i.lVY\ b,\: b
i an = Iim cn=b n> oo
n-> oo n>eo

. L = r oA N
= |\f] = = | <&, Q)
@ﬁ@ Assume that for some -+ / <4,¢V\>=O Vnén\/

@ = 1l =z K601 = 0= £=0 o



THM  Best approximation +thm
L fadnmy orthogonal in B, let £ei
- Z <£0) 0l e I -2 cn @nl Voo, {cdnened?
Y= amm =<4, 00) YneN
‘Remark: |£021,22,%6 |
Finite-dim case: B> @=(2) , ¢u=(])
then ¥ f= (;) <R, <60 0= <F,d 0o = | Wc_éc.‘ & |

G)-C)-@1-TEN = 1)

|

A
Pma@ @-‘ vl ? CI'JV\ g 12 =<-F ¢f\> -‘:20&15%
Lf=e™ = | f-grq-€l"= [ £91"+ l97e[ + LRe{f-q, 9-¢
L_______V_\._/
Clam =0

ndeed, < £-9, 92> =< ¢,40- <4, ey -<q,97+<q,8y=

E R, ¢y -2 Tle, b~ S < dn, S o) +
+§_«?}\<¢n, Z Py =

-z [ faT - za’@n—i‘\’:\% S fucn =0

L€l = 91" + lg=el =1 £-9I" with “=" iF lg-ell™=0
3—‘Q=2@n~cn\, e = lg~‘€l1: f_\/\&vwcn\?‘

S | fam =0 ¥n & ,=f. VneN.

it




THM dat £ eoenfunk il reqularct SLP i La,bd med w=l
A M eqeny bl ¢ resp & '

Do () A meR
& A D LNk A =0
Proof Defn: LEEAF=0 © Lf=-)\f
L self-adjoint 2 < LE,£) =€, L)
Ded: {L€40= L7147 dx
hae ~x L €615 Ax = =& L7166 5 dx <> A=A
{Lf,qy =<£, Ly
CL49Y =-MF19)y =< £,Lg9) =< F,~mq7="am<E9) =-ulf9)
Mem D <£,09=0 Def: <E,9y= £ 66900 dx =C

=]
1M 6&//’&4”&76&?/ functions for Jn(x)
¥y ,vz$0 “?:_@ Kz = e FlE=)
Remark :  (Follana, 7 134)
Procf  Taylor expansion: g@i_f oK/ 30 ?_Q

botin vowuarj w@@/wi’d% X un; pormt% on compact
Subsets of C\{0}

3+ )= j=n+k =ik
S e 1(%-—-) < (m (__) ko zdvk [‘V)\:i\wlﬂ/ﬂwd :);

k=0 ‘ K,

/1

)+k=n+1K
= 02 :/o ‘_ kK [ X N+LK Z . .
r\f__:xj i:; < O ( 1.> (—VH—K) "““"Kl' 7{ [V\+k ZO]
o0 ; . 7k |
! L =, g _ K X \N+ .
UV\(X\ 2 ( 0 ( L) kL r_‘(\‘k+n+\3

K=o

Projerties of T 'ofor n+ke N0y F"(VHKH) = (nh+k)

; =3 Mlan)! ka0 CRRTS ’m?/‘“omérf"\f\ic, with FO{ES aA - [Nu 5:07]
M Ckana) 0, k+n<0

4"/r‘ s entire with zeros - N v %o}

(‘YT“—(—V;\\:O , meZ /MEC)
2? n+1k -
b 2 302 2260 () i

g Xﬂ‘\—’LK =N

> oo .
:‘2 Z (,QK(\*Q’X“ m (Y\fk/@)
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EXA EXERCISES

April 2006. O, [uezunn , xeR, £0

w(,x) = x*e ™"

T

we (£,3)7 -3 0t 3) solve ODE = Ql4,3) =al3)e ¥
Bamndaru}{ = al(3)= x* e ¥ (%)

A AAE . E
= w3 =" e (3) ¢ =
¢ /_\2- # / < _-)(/L/L[ =
Nete e 7°(0 = (4T¢) e lavers  Lourier A con wlution=>

. R v T
> ule)= [ (4T e e dy

Moo 2001 3.
Find o functon £ (0M) =R sugh that

l

5
() «g‘aT l £ - -,é A Sin () ‘,L dx 15 minimized  for an= 7

(b\ £y # n% ansin(nx)
Selution: suppose  knew £ (x) Mrem\u(}/
Note i S”M(nx\j]{i] 1S O\FJchog)omx\

£ i the m'teﬁ\’c?\fk 15 minmized  on 4 ,{ <{ 5”\X>>//\Smx,siy\x\>>
ar= £, sin2x <& Lx i1 Lx |

= {f, sin 5><> /LsinBx, s,n5'>

ogxaml: les of solution:

d- | o
*£(x) = <<_ anm(nx)> +\/T—_%£f sin (41x)

W - X
‘g: X\ = f ahSW\(vhq = 2




Viardh 2016 3.
: H
H‘{&,gﬂéﬁ?‘ 2 L ><7‘+31é(77 Q
Finad all A>0 and £%F90 such that

{‘Frﬁ‘f( 'r \"1499 =-\f on H
§re 5H

Som)(’\m’\ : {'o“a\v\f)\ ch3.5
Fle, )= RV G (o)

= rq‘ﬂ +(_‘D}_\_ D) :_——@—,-A-= const .

R R ;
Bowloﬂmgf—? 6 (o) = @U = = 6, (6) sin(nb) = —%’ =-n*-
o ¢ R B et st & R R ()RS0
dooks like Bessed buk not exactly-, AZ0= A=p', m>C

RO = £( ) = REO= aflae) , R0I= o> £ pur]

x*F') + x £+ (xE=n?) £(x) = O
= £ = Julx) = Rale) =dn (mr)
Be:wr\&&\‘\g/ conditiong R“(ﬂ =0 Q

() =C = Let = phax ©¢ the K7 positive Zero

ot In
D wak(r, ©) = Jn g F) sin (n6) Naw = Mok, n ke N
August 2014 L. Almest
Find {oucier tc.  of  S(w)= K:f’iw
Solution : S(w) =™ . e M e -
g
- e sin (w(2)
—7 - —r
U ; = - '

{ 3

e

F’aé('o{qd 7 273 #*12




)

W /A in w/‘L A
R T 0
= (S Y'(B) = -1 [, 0]

p—

January, 2000 , 5,
e
. - _%*fi,)_
Show thet ©%- g7 2Tt = u$ Z ool
tor B e (T, ™M
Soludion: 6= jg—: + 4 Z (‘Wn'\n‘{ cos(ng) |, < (-T/T)
THM from Folland on m{aﬁr&bor\

Fle) -2 9 - ”‘2’9 S +HZ Lf—s.n(ne)
whece  Co =~E‘:~£‘_ F(e)d6

in{earo&c’irwé( ONCE  meoVe

A U 2 AT v+l
| _l@z__ I__@.._:Cj“‘t’{%(n CéS(h@)

W?©1>axe-: G e R o

Hint: findinge swm ke Z57 , 2=, = ch
“ n Y‘\Lé
1S done like thiz -
) E xpand some Lunckion (wauauj/ 3qu N Fouwr:ex
Series on  Some interval
1) Swbstitute certain values of © in Tourier series.
3) XKngineer instinct - check where £ brm\xg\‘\

Apply,  thm 2.1 / first feom theory, list |

Y J/ t
! YAl




August 20166

g\f%}%‘\:: U xx 0<;><<2\/ _{.;(O
Juwlst) =0 (T)

wlz,£1=0 (@

w (x,0)= Lx (I

Solukion: wlx,t) () g’(x)
(1+6) 200 = A const.

(I,Tﬁﬂ @”(x\):/\@&\ , 6(0\:3(2\30
ﬂv\(ﬂ = Sin (T;x> , A= T V\L;TT (ﬂa(x\ axre normalized

(e4) B o T gyt (logfie) = £

::b ¥“Lt) T QAa (‘\1__&3—“7%1’ a ;A &'?\
. . — AT
= ‘Cn(JC> ‘3\'\ (X) = sin (ﬂ_‘%}i> Gn <H'J(3 h /4
<E\ an<d\): An /7 f;\_, 5\\r\(;TTV\x /z) ﬂni?_)( o OC X<
_ r* [ Tax g
An = o ZXS"L(1>@K* L

A f/—l’ - )

5 P -2y
= =/ =  3(N ] n
W(K/tw %+’ V\/?—\ n T ( * ‘E)

Hiﬂff /l&(/() SO/{]@ V\//‘{//L /";/1/10‘1/1/109'6/70(’(/5 bou”’d/w%//lfﬂti%/(,

conditiont



