Institutionen for tilldmpad mekanik, Chalmers tekniska hdgskola

TENTAMEN I FINIT ELEMENTMETOD — MHA 021
18 DECEMBER 2007

Tid och plats: 830 _ 1230 § M-huset

Hjalpmedel: Ordbbgker, lexikon och typgodkind riknare.

Larare: Peter Moller, tel (772) 1505. Bessker sal ca. 929 samt 1118,

Lésningar: Anslas pa anslagstavlan vid ingéngen till institutionens lokaler
senast 19/12.

Betygséttning: En fullstindig och korrekt 16sning p4 en uppgift ger poing enligt K
vad som anges pa uppgiftslappen. Smérre fel leder till podngav-
drag. Ofullstandig 16sning (svar pa stillt problem saknas) eller
omfattande fel ger inte ndgot podng. Maximal poing &r 20. Det
kravs 8 podng for betyg 3; 12 poidng ger betyg 4; for betyg 5 krivs 16
poédng. Observera att ovanstaende ér betygssattning pa
enbart tentamen; for godkénd examination krivs dessutom
godkinda inlamningsuppgifter.

Resultatlista: Anslas senast 10/1 pd samma stille som lésningarna. Resultaten
sénds till betygsexpeditionen senast 16/1 — fér kursdeltagare
som inte har alla inldmningsuppgifter godkinda vid detta
tilifalle inrapporteras betyget U (underkind).

Granskning: fredag 11/1 13-15 samt mandag 21/1 12-15.

Ténk pa:

e Skriv sa att den som ska ritta, kan ldsa och forsta hur du tdnker. Den som réttar tenta-

men gissar inte eller antar inte vad du menar/tdnker — endast vad som verkligen skrivs

har betydelse vid podngséttningen.

e Forklara/definiera inférda beteckningar.
° Rita tydliga figurer. Ange i fésrekommande fall vad som &r positiva/negativa riktingar (p&

t.ex forskjutningar och krafter).
* Gor du antaganden utéver de som anges i uppgiftstexten, sa ange detta explicit och for-

klara dessa.

Note for master programme students: English thesis text starts on page 4 — illustrations are

found on pages 2 and 3.
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1

Betrakta stangproblemet som illustreras i figuren.
o . . . . . b(x
Sténgens axiella forskjutning u(x) ges av lésningen k
till randvardesproblemet —P-—P—‘—b—EZ
T,

d du
_E[EAZE]_ b 0<x<L
u(0) =0

P

du k
(L)+ﬂu(L) =

dx

Variationsformulera problemet. Det ska framga hur randvillkoren kommer in i variationspro- ’
blemet. Ange ocksa regularitetskrav pa ingaende funktioner. (2p)

b: Finit—elementformulera problemet med testfunktioner (viktsfunktioner) enligt Galerkin. (2p)

¢: Om axialstyvheten EA #r konstant fis elementstyvhetsmatrisen K° = Eh—A[l _IJ for ett element
1

med langden k och lineira basfunktioner. Antag att fjaderstyvheten &r & = % och att 4 = IZJ;

stéll upp ekvationssystemet Ka = f for fallet att problemet I6ses med tva lika 1dnga sddana ele-
ment. Det ska framga hur de tva randvillkoren paverkar ekvationssystemet. (3p)

2

Betrakta ett rektanguldrt omrade innehéallande ett hal och
ett koordinatsystem (x, y), sddant att geometrin &r symme-
trisk med avseende pa savél x som y. Omréadet ar utsattfor 5 C/’ x
en temperaturbelastning T(x, y) som ocksé dr symmetrisk ;

med avseende pa koordinataxlarna, dvs vi har att

-)]

T(x,y) = T(-x, y) = T(x,—y). Den svaga formen (variations- 2B
problemet) av detta elasticitetsproblem kan skrivas
T
1 ) 0 d
~ T = = T - 5% - 3y
j(vv) D(Vu)dA = fa-AT(Vv) Dl|lda V= G
A A 0 0 5%

dér o &r langdutvidgningskoefficienten, D Hooke-matrisen, AT = T—-T, (T, &r den temperatur

vid vilken konstruktionen 4r spAnningsfri), v innehaller testfunktionerna (viktsfunktionerna), och

T
u = [L‘x u] 4r de obekanta forskjutningarna i respektive koordinatriktning.

a: FEformulera problemet med testfunktioner enligt Galerkins metod. Det ska framgé hur den
obekanta férskjutningsvektorn u approximeras samt hur man far tillrdckligt ménga ekvatio-

ner for att bestimma samtliga obekanta nodvariabler. Visa ocksa hur B® —matrisen ser ur for

ett element med n noder. (3p)

b: Fér att spara berdkningsarbete (eller fa béttre nogrannhet for ett givet arbete) kan man
utnyttja dubbelsymmetrin. Skissa upp en fjirdedel av omradet och ange i figuren samtliga

randvillkor som géller for problemet. (2p)
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c: Antag att vi ska anvénda isoparametriska bi-linedra element for att diskretisera problemet.

Visa hur de derivator som behévs for att stélla upp B® beridknas. Du behéver inte ange explicita
uttryck for bas— eller formfunktioner, men ténk pa att definiera alla beteckningar du infor. (2p)

(x5, ¥5) (x> Y1)

n x = x(E,m)
(1,1)

y = y(&mn)

(x37 Y3) (X47 )}4)

("‘17 _1)

d: For att den isoparametriska avbildningen ska bli entydig, krivs att det/ # 0 ; vilka begréns-
ningar stéller detta pé tillatna elementgeometrier. (1p)

3
Betrakta Poissons ekvation pa ett omrade A med homogena Dirichlet villkor p4 randen I':

—~div(DVu) = f(x,y) iA
u=0 pal’

dér den konstitutiva matrisen D ar symmetrisk och positivt definit. Om vi definierar
a(u,v) = j(V1z)TD(VLz)clA och (v,f) = jvfdA , s kan variationsproblemet skrivas: Bestim ue V sé att
A A
a(u,v) = (v, /) Vve V

dir vV &r rummet av alla funktioner som &r noll pA I' samt tillrdckligt reguljara. Finita—element-

problemet kan p4 samma sétt skrivas: Bestdm u, e V, s4 att
a(uy, v) = /) Vve V,

dir FE—rummet V, innehaller alla funktioner som kan skrivas som en linedrkombination av bas-
funktionerna.

Givet att V, c V visar man enkelt att diskretiseringsfelet e = u—-u, &r energiortogonalt mot Vv, dvs

att a(e,v) =0 Vve V, (Galerkin ortogonalitet).

a: Anvind Galerkin ortogonaliteten for att visa att energin i felet &r lika med felet i energi:

ale,e) = a(u, u)—a(u, u,) . (2p)

b: Vv, cV innebér att FE—approximationen sikert konvergerar — detta kriver att elementen 4r
kompletta och kompatibla. Vad menas med komplett respektive kompatibel? Vilken &r den enk-
last méjliga FE—approximationen u, pa ett element? (3p)
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1
Consider the one dimensional elasticity problem depicted in the illustration. The axial deflection
u(x) of the bar is obtained as the solution of the boundary value problem

—(—[[EA@Jz b O<x<L
dx dx

u(0) = 0

du k _ P
E(L)+E——A-u(L) =5

Make a variational formulation of the problem; it should be shown how the boundary conditions
affebt the formulation. Also state regularity conditions of the involved functions. (2p)

b: Derive a FE—formulation of the problem with test (weight) functions according to the Galerkin
method. (2p)

If the axial stiffness EA is constant, the element stiffness matrix for a linear element with

>

[allav]

length 4 becomes K° = E}?[l "IJ . Assume that the spring stiffness is & = ELé and that » =
1

establish the system of equations Ka = f in the case two such elements of equal lengths are
used to approximate . It should be shown how the two boundary conditions affect the equa-

tions. (3p)

2

Consider a rectangular domain containing a circular cavity and a Cartesian coordinate system
(x,y), such that the geometry is symmetric with respect to x— as well as the y —axis. The domain is
subjected to a temperature distribution 7(x, y) that also is symmetric with respect to the coordi-
nate axes, i.e. we have that T(x, y) = 7(-x,y) = T(x,—y) .The weak form of this elasticity problem

may be written

: 2 |
- - — 0 =
2 Ll & ox  dy
J'(Vv) D(Vu)dA = fa-AT(Vv) Dlyfaa V=%
. & 0 Yma

where o, is the coefficient of thermal expansion, D is the Hooke matrix, AT = T—T, (where T} is

the temperature at which the domain is stress free), the vector v contains the-test (weight) func-

T
tions, and u = l:“" u] are the unknown displacements in the respective coordinate directions.

a: Make a FE—formulation of the problem with test functions according to the Galerkin method. It
should be shown how the unknown displacement vector z is approximated and how one obtains

a sufficient number of equations to solve for the node variables. Also show what the B® —matrix

looks like for an element with n nodes. (3p)

b: To reduce the computational effort (for a given accuracy), one should make use of the symmetry.
Draw a figure of a quarter of the domain and state all boundary conditions for the problem. (2p)

Assume that we want to use isoparametric bi-linear elements to discretize the problem. Show

how the derivatives needed to establish B® are calculated. You do not have to give explicit
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expressions for the basis and shape functions, but define all the notation that you introduce.
(2p)

d: To have a unique isoparametric mapping, one needs to have detJ = 0. What restrictions does
this requirement put on allowable element geometries? (1p)

3
Consider the Poisson equation on a domain A and with homogenous Dirichlet conditions on the
boundary T':

—div(DVu) = f(x,y) iA

=10 pa T’

where the constitutive matrix D is symmetric and positive definite. Define a(u,v) = J' (Vv)TD( Vu)dA
A

and (v,f) = j vfdA , so that the variational problem may be written: Find u e V such that

A

a(u,v) = (v, f) VYve V

where V is the space of functions that vanish on I' ant that are sufficiently regular. The finite ele-

ment problem may similarly be expressed as: Find u, € V, such that
a(u,, v) = (v, f) Vve V,

where the finite element space V, consists of all functions that are linear combinations of the basis
function.

Given that v, c V, it is easy to show that the discretization error ¢ = u-u, is energy orthogonal to

V,,i.e. that a(e,v) =0 Vve V, (ak.a. Galerkin orthogonality).

a: Use the Galerkin orthogonality to prove that the energy in the error equals the error in energy:

a(e,e) = a(u, u)—a(uy, u,). (2p)

b: V,cV ensures that the FE approximation converges; this requires that the elements are com-
plete and compatible. What does complete and compatible, respectively, mean? Which is the
simplest possible FE approximation u, on an element? (3p)
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Institutionen for tillimpad mekanik, Chalmers tekniska hégskola

Tid och plats:

TENTAMEN | FINIT ELEMENTMETOD — MHA 021

18 DECEMBER 2007

830 — 1239 § M-huset
Ordbécker, lexikon och typgodkénd rdknare.

Hjalpmedel:

Léarare: Peter Méller, tel (772) 1505. Bessker sal ca. 930 samt 1118,

Lésningar: Anslas p4 anslagstavlan vid ingangen till institutionens lokaler
senast 19/12.

Betygsittning: En fullstdndig och korrekt 16sning p4 en uppgift ger podng enligt

Granskning:

Tank pa:

vad som anges pa uppgiftslappen. Smiérre fel leder till podngav-
drag. Ofullsténdig 16sning (svar pa stéllt problem saknas) eller
omfattande fel ger inte nagot poing. Maximal poéng &r 20. Det
krivs 8 poing for betyg 3; 12 poing ger betyg 4; for betyg 5 kréavs 16
poing. Observera att ovanstadende &r betygssittning pa

enbart tentamen; for godkind examination krévs dessutom

L QS‘” godkinda inlimningsuppgifter.

Zs ast 10/1 p& samma stille som losningarna. Resultaten
anllls ' senast 16/1 — for kursdeltagare
<y £ ﬁgsuppgifter godkinda vid detta

tillfalle inrapportermmbetyget U (underkénd).
fredag 11/1 1815 samt mandag 21/1 12-15.

o Skriv sa att den som ska ritta, kan ldsa och férsti hur du tanker. Den som réattar tenta-

men gissar inte eller antar inte vad du menar/ténker — endast vad som verkligen skrivs

har betydelse vid podngséttningen.
e Forklara/definiera inforda beteckningar.

* Rita tydliga figurer. Ange i férekommande fall vad som &r positiva/negativa riktingar (pa

t.ex forskjutningar och krafter).

e Gor du antaganden utéver de som anges i uppgiftstexten, sa ange detta explicit och for-

klara dessa.

Note for master programme students: English thesis text starts on page 4 — illustrations are

found on pages 2 and 3.
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1

Betrakta stangproblemet som illustreras i figuren.

Stangens axiella forskjutning u(x) ges av lésningen é(—x)—\ k

till randviardesproblemet ——'—P-;-*—EZ:H‘/\/\/‘&
1,

_LZ[EA@]= b 0O<x<L

dx dx
u(0) =0
[lLl(L)_‘__“(L) _ P

EA
Variationsformulera problemet. Det ska framgé hur randvillkoren kommer in i variationspro-
blemet. Ange ocksa regularitetskrav pa ingdende funktioner. (2p)

b: Finit—elementformulera problemet med testfunktioner (viktsfunktioner) enligt Galerkin. (2p)

¢: Om axialstyvheten EA dr konstant fis elementstyvhetsmatrisen K° = E—hA— {1 "1] for ett element
-1 1

med liangden / och linedra basfunktioner. Antag att fjaderstyvheten &r k = EEA och att b = IZ);
stall upp ekvationssystemet Ka = f for fallet att problemet lses med tva lika langa sadana ele-

ment. Det ska framgé hur de tva randvillkoren paverkar ekvationssystemet. (3p)

Losning 1a: Multiplicera differentialekvationen med en testfunktion v(x) och integrera dver
intervallet

L L
jv £ [EAdu:Id = Ivbtbc
dx
0 0
Partialintegration av véansterledet ger
L L
dv du du du

[EaZt St dx= [vbax+ v(L)[EA J - (0)[EA l »
0 0

I den forsta randtermen kan vi sétta in randvillkoret vid x = L, men % 4r obekant vid x = 0 sd vi

begrénsar vara val av testfunktioner till de som uppfyller »(0) = 0. Funktionerna maste vidare
vara kvadratiskt integrerbara och ha kvadratiskt integrerbar forsta derivata. Om vi definierar .

L

V=1<v:v(0)=0 Kv +([ID)¢r<O

0

L L

S& kan variationsproblemet skrivas: Hitta ue V s att jEAﬂ@ der kv(L)u(L) = jvbrLr+Pv(L) Vve V.

0 0
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Losning 1b: Approximera u med en linedrkombination av basfunktioner: u=u;, = ZN,.(x)a,. = Na,

1

T
dar N = [N,(x) Ny(x) ... Nn(,\-)} ar en radvektor med basfunktionerna och a = [a | Gy v f‘IJ innehal-
ler nodvariablerna. Insittning i variationsproblemet ger

L L

dvdN _

[ jEAEa et kv(L)N(L)]a . _[vbdx—Pv(L) =0
0 0

Testfunktionerna viljs nu som basfunktionerna v = N, N,, ..., N, dvs Galerkins metod, vilket ger

n ekvationer som kan anvindas for att berdkna nodvariablerna «; detta ar ekvivalent med att
sitta v = ¢'N', dir ¢ &r godtycklig. Inséttning ger
L

L

T dN\TdN , T T T _

¢ {J-EA(—(E o dw kN (L)N(L)Ja— jN bdx—PN (L)} = 0
0 0

For att denna likhet ska vara uppfylld for godtyckligt vald vektor ¢, s& méste uttrycket innanfor

klammer—parentesen vara en nollvektor; med beteckningen B = %—Z har vi alltsa

L iL
{ J.EABTB dx+ kNT(L)N(L)] a= jNdex +PN'(L)

0 0

T
Losning 1c: Med N = I:Nl N, N3:| ,a = [‘11 a, ([3] och den i 2
1 >L >
X

givna elementindelningen far vi N(Z) = [0 0 1], s med I [ I

. 0 L L
s : Vv I/ Vv
A_Tharwgtt ~ i —

00 0 ;

INTNEL) = |00 O] och PNT(L) = |0

EA
00> P
Vidare, med b = g,blir

1 P

2.1-h £

L L|N, 2 4

Toae = £ =Pl = |P

INbdr_L.[NZdX_Lj‘IQh =I5

’ "1 Lol |2

2 7

dér vi berdknade integralerna som arean mellan respektive basfunktions graf och x—axeln. Vihar

ocksa givet att
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L
1 -10 00 0 220
T EA EA EA
[EAB'Bdx= =21 1 o+ 5[0 1 -1| = |2 4 =2
0 000 0-1 1 022

Vi far alltsa ekvationssystemet

a
_E_éz—zo 1_1_)1
7 |-2 4 =2[|a| = 7|2
0 -2 3]|a, 5

Randvillkoret u(0) = 0 innebér att vi maste sitta a; = 0 varvid 1a kolumnen i styvhetsmatrisen
‘forsvinner’; vidare kan vi inte anvianda la ekvationen, eftersom den har fatts genom att vilja test-
funktion v = N, och N,(0)#0, dvs N, uppfyller inte randvillkoret vid x = 0 vilket vi kréver efter-

som vi strukit motsvarande randterm (se uppgift 1a). Ekvationssystemet reduceras alltsé till
EA|4 2|9 _ P|2
L2 3]las] 4[5

2

Betrakta ett rektangulért omrade innehéllande ett hal och
ett koordinatsystem (x, y), sddant att geometrin &r symme-
trisk med avseende pé savil x som y. Omradet &r utsatt for 2H (/’ x

en temperaturbelastning 7(x, y) som ocksé &r symmetrisk
med avseende pé koordinataxlarna, dvs vi har att

T(x,y) = T(-x,y) = T(x,—y).Den svaga formen (variations- 2B
problemet) av detta elasticitetsproblem kan skrivas
T
: 0 d
- T - T (1 - %%
J'(Vv) D(Vu)dA = Ia-AT(Vv) Dllaa V= ; ay
A A 0 0 Z‘Eﬁ

dar o #r langdutvidgningskoefficienten, D Hooke—matrisen, AT = T-T, (T, &r den temperatur

vid vilken konstruktionen &r spanningsfri), v innehéaller testfunktionerna (viktsfunktionerna), och

T
v = |y u| &rdeobekanta forskjutningarna i respektive koordinatriktning.
X Yy

a: FE—formulera problemet med testfunktioner enligt Galerkins metod. Det ska framga hur den
obekanta forskjutningsvektorn u approximeras samt hur man far tillrackligt manga ekvatio-

ner fér att bestimma samtliga obekanta nodvariabler. Visa ocksa hur B® —matrisen ser ur for

ett element med n noder. (3p)

b: Fér att spara berdkningsarbete (eller i béttre nogrannhet for ett givet arbete) kan man
utnyttja dubbelsymmetrin. Skissa upp en fjardedel av omradet och ange i figuren samtliga

randvillkor som géller for problemet. (2p)
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¢: Antag att vi ska anvinda isoparametriska bi-linedra element for att diskretisera problemet.

Visa hur de derivator som behovs for att stilla upp B® beriknas. Du behtver inte ange explicita
uttryck for bas— eller formfunktioner, men tank pa att definiera alla beteckningar du infor. (2p)

(X ) (x1, 1)

i X = x(E.n n)
y(&m)

(Xp ¥a)
(%3, ¥3) e

(_1: '—1)

d: For att den isoparametriska avbildningen ska bli entydig, krévs att det/ # 0; vilka begrans-
ningar stiller detta pa tilldtna elementgeometrier. (1p)
Losning 2a: Approximera u, =u,, = a  Nj+a,Ny+... +a, N, och

414 N .Omvisamlar de 21 nodvariablerna i en vektor a och bas-

Uy = Uy, = alel + a‘vaz + LS

funktionerna i en matris N enligt

T N, O N, O ..N, 0
a = [“xl ayp Gyg Gyg - Gy cz),lj “lo N 0N g
1 9 e n

i . . i % ... jis PR
x”} = Na . Approximationen sitts in i variationsproblemet och vi véljer
u

kan vi skriva u=u, =
yh

T :
sedan v = ["x v‘] p& 2n olika satt, s att vi far lika manga ekvationer som obekanta nodvariab-

ler. Galerkins metod: valj v = {Nl},{ O:I,[N{I ,...,{N’J I:I‘?:, . Inséttning ger nu
1

ol [N 0 0 n
o !
.[(VN) D(VN)dAa = J'a-AT(VN) D|;|dA
A A 0

Fér ett element med m noder, samlar vi de 2m nodvariablerna i en vektor

€

Ny O ...N;, Of

m
, 84

T
. o . e
e } och motsvarande basfunktioner i matrisen N
m

a = [ae al a a
x1 Zyl o Pxm Ty e e
0N .. 0N

V(N°a®) = B%a’, dér

att approximationen pé elementet kan skrivas u;, = N%a®.Vihar da Vu i

alltsa
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€
aN; N,

'a_.x_ O e _a_x_ 0

- e

B* = VN® = _aiv? 0 .a_Nm
dy dy

€ € €

a_N? _aivl i]Ynz %’m
3 3 3y x|

Loésning 2b: Léangs den horisontella sym- t =0,
metrilinjen har vi u, =0 ocht, =0 (dvs ! X s .

ingen randlast i x—led); langs den verti-
kala symmetrilinjen géller u, = 0 samt

t), = _O-x_v =0

t, = 0. Resten av randen &r fri och obe-

lastad, s har giller att normal- och
tangentialspinningarna ska vara noll:
£, = Oyy

i = {tr} = {
t.y
. = Gxxnx+0

Lésning 2c¢: Isoparametriska element x xy

innebér att basfunktionerna N?(&, n)
anvinds som formfunktioner — avbildningen gors da som
4 4
x(&,m) = Z xiN? y(&,m) = Z yiN? , dér (x, ;) ar koordinaten for nod i. Eftersom basfunk-

0000000
— > _

= -0 :O

x xy

n,+t0o

)V)) n-y

n,

i=1 i=1
€

N’
Z x— och motsva-

ox _ aNiE ox
== 7

tionerna &r polynom, berdknar vi enkelt derivatorna 3E Z x,.E &

i=1 i=1

rande for derivatorna av y.

Basfunktionernas derivator med avseende pa x och y (som behovs for att stélla upp B°) fas med

kedjeregeln:
€ € €
G o T I a ¥ 9y
S 98dx 989y _19E | _ ;10% | garantsa s = |95 9. Med s = d—lt—J di ey
BN? ox aN; P BN? ON; ONS dx dy © ox ox
— it = __-l_i__y__ e i é—a— _a_ a_g_
on ~ onox adnady on dy n n
N} N,
detJ = g—ég—y—g—x—g%, fas d4 de sokta derivatorna som Ix | - J"1 IS .
n e N’ N’
dy an
Lésning 2d: Inre 6ppningsvinklar méste vara mindre &n 3
180°. Noderna maste numreras i samma ordning i de bada 1
koordinatsystemen (praxis &r moturs ordning). Figuren visar
exempel pa otillatna elementgeometrier. ) 4
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3

Betrakta Poissons ekvation pé ett omrade A med homogena Dirichlet villkor pa randen T':

—div(DVu) = f(x, y) iA
u=20 pal’

dir den konstitutiva matrisen D &r symmetrisk och positivt definit. Om vi definierar
a(u, v) = I(Vv)TD(Vu)dA och (v,f) = J'vfdA , s& kan variationsproblemet skrivas: Bestdm ue V sé att

A A
a(u,v) = (v, f) Yve V

dér v ar rummet av alla funktioner som &r noll pa I' samt tillrackligt reguljéra. Finita—element-

problemet kan pa samma sétt skrivas: Bestdm u;, € v, sé att
a(uy, v) = (v, 1) Vve V,

dsr FE-rummet V, innehaller alla funktioner som kan skrivas som en linedrkombination av bas-
funktionerna.

Givet att v, c v visar man enkelt att diskretiseringsfelet ¢ = u-u, ar energiortogonalt mot V,,, dvs

att a(e, v) = 0 Vve V, (Galerkin ortogonalitet).

Anvind Galerkin ortogonaliteten for att visa att energin i felet &r lika med felet i energi:

ale,e) = alu,u)—a(uy, u;) . 2p)

a:

b: V,cV innebér att FE-approximationen sékert konvergerar — detta kriaver att elementen ar
kompletta och kompatibla. Vad menas med komplett respektive kompatibel? Vilken &r den enk-
last m&jliga FE—approximationen u, pa ett element? (3p)

Losning 3a:
ale, €) = a(u—w, u—uy) = au, u—up) —auy, u—uy) =
a(u, u) —a(u, u,) —a(uy, u) +a(uy, uy) = a(u, u) +a(up, uy) —2a(u, uy) =
{sétt u = uy + e isista termen} = a(u, u) + a(uy, uy) - 2a(uy, +e, uy) =
a(u, u) + a(uy, uy) —2a(uy, u,) —2a(e, u) =

w. € V. s& sista termen dr 0 enligt Galerkinortogonalitet} = a(u, u) —a(uy, u
h h = S h %h

Alltsa, a(e, e) = a(u, u) —a(uy, uy).

Losning 8b: Fér att ett element ska vara komplett, méste ansatsen vara saddan att det dr mgjligt
att vilja nodvariabelvirden sa att approximationen u;, blir konstant och vilja (andra) nodvaria-

0 2 -
belvérden sé& att forsta derivatorna a—:t_" och a—;/’ blir konstanta pa elementet. Enklast mé&jliga

approximation pé ett element ar alltsd u;, = o+ oyx+o03y.

Elementen &r kompatibla om u, &r ¢ “kontinuerlig.
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Department of Applied Mechanics, Chalmers University of Technology

FINITE ELEMENT METHOD (MHA 021) — EXAMINATION
AUGUST 29 2007
Time and location: 830 _ 1230 in the V building. Teacher will be present at about

930 and 1130,

Aids: ‘Closed books’ examination; only dictionaries and a ‘standard’
calculator allowed.

Teacher: Peter Moller; phone (772) 1505

Solutions: will be posted at the entrance of the Department of Applied
Mechanics no later that August 31.

Grading: A complete and correct solution on any task grants points as
stated in the thesis. Minor errors result in a reduced score.
Gross error(s) and/or incomplete solution of a task will not
grant any points on that particular task. Maximum score is 20.
You need 8, 12 and 16 points to obtain grades 3, 4 and 5
respectively. NB: the above is for the written examination
only — to pass the course you also have to complete 4 com-
puter assignments.

Results: will be posted at the Department of Applied Mechanics no later
than September 10. Results are sent for registration September
14 — course participants that have not completed the com-
puter assignments by this time will be registered as not
approved.

You may scrutinize the correction (mark up) of your written
examination September 11 1299139 5nd September 13 1290
139 (at the office space of Department of Applied Mechanics).

Kindly consider:

» The person that corrects your solutions will not try to guess your thoughts, but the
grading will be based exclusively on what you have actually written down. Hence,
write legible and explain what you are doing.

» Explain/define any notation that you introduce.

e Draw clear illustrations. Use coordinate systems; carefully indicate positive/nega-
tive directions on vector entities such as e.g. displacements and forces.

e If you make any assumption apart from what is stated in the respective tasks, you

have to state and motivate this explicitly.
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1 (svensk uppgiftstext nedan)

Formulate the divergence theorem (explain the entities you use) and show how the Green-

Gauss theorem, i.e. J.(I)div(q)dQ = Lj-d)andT— J‘(V(D)quﬂ, may be derived from it. (2p)
Q r Q

1 (english text above)

Formulera divergensteoremet och visa hur Gauss-Greens teorem, dvs

J 0div(q)dQ2 = §¢andl_‘ - I(V(b)quQ, kan hérledas fran detta. Definiera inforda beteck-
Q r Q

ningar. (2p)

2 (svensk uppgiftstext nedan)

The FE-formulation of a boundary value problem (of the type treated in the course) results in
a system of equations Ka = f, where the stiffness matrix becomes symmetric if the Galerkin
method is used. Also, essential and/or convective boundary conditions ensure that the

matrix is positive definite.

a: Show that the FE-approximation minimizes the potential energy I1(x) = %xTKx - fo ’

i.e. show that Il(a) < II(x) Vx #a. (2p)

b: Show that the solution is unique, i.e. show that II has one minimum only. (1p)

2 (english text above)

FE—formuleringen av de randvirdesproblem som behandlats i kursen leder fram till ett ekva-
tionssystem Ka = f, dir styvhetsmatrisen blir symmetrisk om testfunktionerna valjs enligt
Galerkins metod; visentliga och/eller konvektiva randvillkor gor att matrisen ocksa blir posi-

tivt definit.

1

a: Visa att FE-approximationen minimerar den potentiella energin II(x) = ixTKx — fo :

dvs att IT(a) <II(x) Vx#a. (2p)

b: Visa att 16sningen &r unik, dvs att II bara har ett minimum. (1p)
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3 (svensk uppgiftstext nedan)

Consider a square membrane with side length L and
loaded with a distributed load g in the z-direction; the
membrane is pre-tensioned with a force §. The deflec-

tion w(x) in z-direction of the membrane, satisfies the

boundary value problem

L—div(Vw) = % in Q

a: Using the symmetry of the problem, we can settle with consider-
ing only 1/8th of the domain. State how to formulate the bound-

ary value problem so as to account for the symmetry in this

manner. (1p)

b: Use the Green-Gauss theorem to derive the variational formula-
tion of the problem. Regularity conditions of involved functions

should be explicitly given, and it should be clear how the bound-

ary conditions affect the variational problem. (2p)

r
X
%
/1
R
Q8
L X

c: Make a finite element formulation of the problem with test (weight) functions according to

the Galerkin method. Show what the B © _ matrix looks like, for an element with N, , basis

functions. (2p)

3 (english text above)

Betrakta ett kvadratiskt membran med kantldngden L som i z-led belastas med en jamnt

fordelad last g. Om membranet 4r férspant med kraften S sd ges utbojningen w(x) i z-led

av losningen till randvardesproblemet

L —div(Vw) =

ILW =0 pa I'y

a: Genom att utnyttja symmetrin i problemet, rédcker det med att betrakta 1/8—del av omra-

det. Formulera randvirdesproblemet s& att symmetrin beaktas pa detta sétt. (1p)
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: Anvind Green—Gauss teorem for att harleda problemets variationsformuleringen. Regula-

ritetskrav pa inblandade funktioner ska anges. Det ska ocksa klart framga hur randvillko-

ren beaktas i variationsproblemet. (2p)

Finit-elementformulera problemet med test—(vikts—)funktioner enligt Galerkins metod.

Visa B °_ matrisens utseende for ett element med N s basfunktioner. (2p)

4 (svensk uppgiftstext nedan)

Consider a cantilever beam with length L, constant bending stiffness EI and loaded by a

force P as depicted in the illustration. The beam displacement w(x) is obtained as the solu-

tion of the boundary value problem

(E1d4w -0 P
J mw(x)
{w(0) = 0 d—W(O) =0 EI
dx g
5 3 JAA\ | X

dw dw P Y IL
Z2(L) =0 WL =

ldx? dx’ El

: Derive the weak form of the problem. It should be shown how the boundary conditions

affect the formulation. Also state requirements on involved functions. (2p)
: Make a finite element formulation of the problem and show what the B -matrix looks like.

(2p)
: The most common beam element has 4 cubic basis functions where the node variables

have the meaning of displacements and rotations in the 2 nodes. This element formulation

yields the element stiffness matrix (with constant bending stiffness)

26 126
2 L 2L
6 , 6,
& - EIl L L,
L2z 6 2 6
25 g L
6 6
= 2 —— 4
L~ L

where L, is the element length. Solve the problem with 1 element. (2p)
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4 (english text above)
Betrakta en konsolbalk med langden L, konstant bojstyvheten EI och belastad med en kraft

P enligt figuren. Balkens utbdjning w(x) fis som l8sningen till randvardesproblemet

2 3
dw dw P
s L - el =
dez( ) =0 s’ " =5

Harled den svaga formen av randvardesproblemet. Det ska framgé hur randvillkoren
paverkar variationsproblemet. Ange ocksa krav pa ingaende funktioner. (2p)

b: Finit-elementformulera problemet med testfunktioner enligt Galerkin och visa hur B -

matrisen ser ut. (2p)
Det vanligaste balkelementet har 4 kubiska basfunktioner och nodvariablerna represente-

rar forskjutningar och rotationer i de 2 noderna. For detta element blir elementstyhetsma-

trisen (med konstant bojstyvhet)

(12 6 12 6|
2 Lo 1? L
é_ 4 _g 2 \
K = E_'I L L, \
Lej 12 6 12 6
12 L2 L
6 6
— D
Le Le 4

dar L, ar elementets langd. Los problemet med 1 element. (2p)
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5 (svensk uppgiftstext nedan)
1
Consider the integral [ = J f(E)dE , where f(E) is enough smooth to be expressed by a Tay-

-1
lor series. We may then write f(§) = Zfil?_ 1(&) + P(&)(Bo + B1§+ ...), with f; = f(&z)

i=1

éi is an integration point, and

Z’-i_l(é) _ (E.._E.q)(&—éz)---(é‘éi_l)(&—gn1)-'-@—&,1)
: (=€ 8 = Ba) v oollBy=Gr )M =B 110 G5~ 55)

is the Lagrange polynomial of degree n — 1 such that l?— l(ﬁ,j) = 0 if f;j #&; and

L~ 1(E_,l-) = 1. Further, P(§) = (§E-&;)(E-E,)...(E-C&,) is a n:th degree polynomial that

l

is zero in the n points &i , While the coefficients Bi depends of the Taylor series expansion of

f&).

Derive the integration point coordinates & ; and the integration weights H; for 3-point Gauss

quadrate. You need not utilize the description given above, if you do not want to. (4p)

5 (english text above)
1
Betrakta integralen [ = I FE)dE, dar f(E) ar tillrackligt reguljar for att utvecklas i en tay-
-1
lorserie. Man kan da skriva f(§) = Zfl-l?_ 1(é) +PE)By+PiE+...). dar f; = f(E). &;
i=1

ar en integrationspunkt och

pie - B EE8)E b E-G ) E-E)
' (&i*&..1)(&.,1'*&2)---(&,’”&,'_1)@1'—&”1)---(&.;"én)

4r ett lagrange polynom av grad n— | sadant att [; 1(éj) = 0 om E,j #E och I 1(E_,i) = 1.
Vidare &r P(§) = (§-&,)(§-E&,)...(E—E,) ett polynom av grad n som har sina nollstallen

i de n punkterna E.u" medan koefficienterna [31- beror av taylorutvecklingen av f(&).
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Harled integrationspunkternas E_,l- koordinater och integrationsvikterna H; for 3-punkts

gaussintegration. Du behéver inte utgd fran beskrivningen ovan om du inte vill. (4p)
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Department of Applied Mccnanics, Chalmers University of Technology

FINITE ELEMENT METHOD (MHA 021) — EXAMINATION
AUGUST 29 2007

30

Time and location: 83U _ 1230 in the V building. Teacher will be present at about
930 ad 1120,
Aids: ‘Closcd books’ examination; only dictionaries and a ‘standard’

calcuiator allowed.

Teacher: Peter Moller; phone (772) 1505

Solutions: will Le posted at the entrance of the Department of Applied
Meclinnics no later that August 31.

Grading: . A compiete and correct solution on any task grants points as
I y
stateo o the thesis. Minor errors result in a reduced score.
Gros- ¢cror(s) and/or incomplete solution of a task will not

gran: .1y points on that particular task. Maximum score is 20.
You 1eed 8, 12 and 16 points to obtain grades 3, 4 and 5

respeciively. NB: the above is for the written examination

only — to pass the course you also have to complete 4 com-

o

u;.;{*r u051gnmsnts
» ﬁbt epartment of Applied Mechanics no later

ug-f ) pt&vmkg&ﬁ Results are sent for registration September

Results:

,5,

14 — course Pasdjcipants that have not completed the com-
puter assignments by this time will be registered as not
approvad.

You 1may scrutinize the correction (mark up) of your written

examin:tion September 11 1299139 and September 13 1200

130 (i the office space of Department of Applied Mechanics).
Kindly consider:
e The person that corrects your soi :tions will not try to guess your thoughts, but the
grading will be based exclusiver. n what you have actually written down. Hence,
write legible and explain what vou are doing.

e Explain/define any notation th:u( vou introduce.

e Draw clear illustrations. Use coordinate systems; carefully indicate positive/nega-
tive directions on vector entities siich as e.g. displacements and forces.

e If you make any assumption ap it from what is stated in the respective tasks, you

have to state and motivate this .-<plicitly.
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1

Formulate the divergence theorem: (cxplain the entities you use) and show how the Green—

Gauss theorem, i.e. j(bdiv(q)d&l = .“}”(qun dl — .[(Vq))quQ, may be derived from it. (2p)
Q i Q

T
Solution 1: Let n = ["‘x n)ZI (|| = 1) be an out-ward normal on the boundary I" and

T
q = |:qx( X, V) qy( X, _y)il be a vector field. Provided that the functions are sufficiently

smooth, we have (the divergence thicorem):

}‘Liiv(_q’)dQ = 4andF
r

To obtain the Green-Gauss theorcin. we construct the vector field ¢g , where ¢ = 0(x,y) is

smooth enough, but otherwise arbitrary. Calculate the divergence of ¢¢:

J a aq 9, 9 . T
Av(0q) = 20q,1+ 2H0a.1 = 057 + 057+ 5Pg,+ g, = pdivie) + (V0)'a
Applying the divergence theorem on g and utilizing the identity
div(dg) = ¢div(g) + (Vq) we obtain the desired result.

2

The FE—formulation of a boundary value problem (of the type treated in the course) results in
a system of equations Ka = f, where the stiffness matrix becomes symmetric if the Galerkin
method is used. Also, essential and/or convective boundary conditions ensure that the

matrix is positive definite.

1.1
a: Show that the FE-approximation ininimizes the potential energy I1(x) = ix Kx-x f,

i.e. show that I1(a) <II(x) ix+#d. 2p)
b: Show that the solution is uniqu - i.c. show that IT has one minimum only. (1p)

I T
Solution 2a: The potential energy i1 the FE-approximation is II(a) = ia Ka-—a f Let v

be an arbitrary vector and € « | « vl number; we calculate th potential energy subsequent

to a small arbitrary perturbation ¢ of the FE solution:
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M(a+ev) = ~(« +8v) Ka+ev)—(a+ev)f =

= %(aTKa ter Ka+ea Kv+ eszKv) - an— sva

T T, T T
Now, we have thata Kv = (¢ Kv) = (Kv) a =v K a = v Ka, since K is symmetric;

hence

~ 1 ™ 2
II(a +¢ev) = %aTKa—an+ %v'z’(w +£s'll(a—eva = H(a)+§2—vTKv+8vT(Ka -0

The change in potential energy is tiius

L T, T
Ky +ev (Ka—f)=ev (Ka-f), where the term

mlm_‘

oll(a) = Il(a+ev)—Il(a) =

2
involving the factor € is negleciec. since € « | . Because Ka = f=> Ka —f = 0, we note
that dIl(a) = 0, i.e. the FE-approximation makes the potential energy stationary. To show

that the stationary point is a minimum, we calculate the second variation:

3II(a) = oTl(a +ev)—dTI(a) = ¢v' (K(a +ev)—f)—ev (Ka—f) = €°v Kv >0, where

- 2

the last inequality steams from the lact that A is positive definite. From 0" TI(a) >0 it fol-
lows that the stationary point is a minimun.
Solution 2b: Assume that @, and «, minimizes I1. Then we have

T , .
dll(a,) = ev (Ka,—f) = 0=/« = [ and similarly Ka, = f. Subtraction yields
Ka,—Ka, = 0,o0r K(a; —a,) = v Since K is positive definite, the only solution is
a,—a, = 0, so that a, =a, —iv [1 has one minimum only.

—3— 2007-08-29/PWM




3

Consider a square membrane witli side length L and

loaded with a distributed load ¢ i the z-direction; the
membrane is pre-tensioned with « {cree S. The deflec-
tion w(x) in z-direction of the muvmbrane, satisfies the

boundary value problem

v =€ e
) div(Vw) S in &

ltw =0 on [,

a: Using the symmetry of the probicia, we can settle with consider-
ing only 1/8th of the domain. Sta.c how (o formulate the bound-
ary value problem so as to accuiif [or the symmetry in this
manner. (1p)

b: Use the Green-Gauss theorem (o Jderive the variational formula-
tion of the problem. Regularity conditions of involved functions
should be explicitly given, and il should be clear how the bound-

ary conditions affect the variational problem. (2p)

c: Make a finite element formulation of the problem with test (weight) functions according to

the Galerkin method. Show what the & e matrix looks like, for an element with N“3 , basis

functions. (2p)

Solution 3a: The normal derivative ol the dellection has to be zero

along the lines of symmetry. Thus. tiie b.v.p reads

(—div(Vw) = % in € g
{w =0 on !,

L}

L(Vw)Tn = on I,

where n is an out-ward unit norimai vector ol the boundary.

Solution 3b: Multiply both sides oi the differential equation by a test function v and inte-

grate over the domain: — J‘ vdiv(Vi)dQ = J v%dQ. Apply the Green-Green theorem to

QI/S Lll/‘ﬂ

‘Q'I/S
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the left hand side: J‘ (W )T(Vn')z/xi = } \%(ZQ + V(Vw)Tndl—‘. Now study the bound-

Q5 Qg r

ary integral; from the boundary conaition on I}, we know that the integrand is zero, but we
. ]
do not know the value of (Vw) 1 o:. I, . Hence, since it is necessary to be able to evaluate

o

the boundary term, we must enforce v = 0 on I',. Thus,

4v(vw)Tndr = jv(vw)'rnc/m "(Vie) ndl = jo-Nw)Tndﬁ [v-0dr =0
r I, r I, Ty

To be able to evaluate the integrals. ull involved functions have to be regular enough:

2 T

.[ Vv dQ < e f (Vv) (Vv)d:d <eo. Let V denote the space of functions that are reg-
QI/S Ql/x

ular enough and that fulfil v = 0 o1 I' . The variational problem may now be expressed as

Find w e V such that K. (W )T(VW)(ZQ = J v%dQ VYve V

£, Q4

Solution 3c: Approximate the unknowi function by a linear combination of selected basis

T
functions N,(x, y): w=w, = ‘/TN,-“,- = Na (N = [N] N, ] ,a = l:a] a, ] ). We

!

substitute this into the variational pioblem and choose test functions v according to Galer-
kin, viz. any linear combination of basis functions. If we define the finite element space V) as

the space of functions that can be cxpressed as a linear combination of the basis functions,

the FE-formulation according to Galerkin may be expressed as:

Find wy, € V, such that ; (W )T(r\-]ll/h)dg = 'f v%dﬂ Vve Vy

<

Qo Qs
If the Ne basis functions that arc ricii—zero on an element are collected into a row vector
e o . . . i
N = I:Nf; N;v] , and the corres: inding node variables into a column vector
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T
€ €
,ia? ae] , then the FE-approximation on the element becomes w, = N a®. On

a =
the element we thus have Vw, = V Na®) = (VN%)a® = B%a®, where, hence,
| d aN? aN?ve
S
L) = sy T
o 0y T dy |
4

Consider a cantilever beam with lencth L, constant bending stiffness EI and loaded by a

force P as depicted in the illustratior. The beam displacement w(x) is obtained as the solu-

tion of the boundary value problem

4
Eli‘—: =0  0<ui<L .
dx
j mW(X)
2 dw, .
w(0) = 0 — (0] = 21‘ EI
dx
JAR\
. 3 ) P
d Yy =0 dvpo. ’/_
ldx” dA L

affect the formulation. Also state requirements on involved functions. (2p)

Derive the weak form of the probicm. It should be shown how the boundary conditions

b: Make a finite element formui:tior ol the problem and show what the B -matrix looks like.

(2p)

¢: The most common beam element ias 4 cubic basis functions where the node variables
have the meaning of displaccinen: s ond rolations in the 2 nodes. This element formulation
yields the element stiffness tuatri< (with constant bending stiffness)
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12 6 ,E 2 b
Li LC z’,:? &
(
6 4 2
K = E_] L, L
Fel 12 6 12 6
2L
g 2 7(_) &
where Le is the element lengih. & olve the problem with 1 element. (2p)

Solution 4a: Multiply the differcntia! cquation by at test function v(x) and integrate over the

L 4

domain: J‘Elv Vdx = 0. Inteerati Ly parts (twice) gives
dx

0

L 2 2 L 3oL
dvd dav ..d Co

IEI VEW k= {—-—El a W:l vl LJ - Now use the boundary conditions to solve for
0 dx’ dx ax  dx Ek Ax g

the boundary terms as far as possib.

L L / 2 3
BVEJ‘Z ”’} [Eli/i’ = o drpd j (PV(L)— vErLY J
0

4 \ 1. ;
dx dx’ g \ @ dx’ -0 x> _
[ I w ’
dw
Now, since we do not know the valuo s of (—; and — at x = 0, we restrict or choices of
da” dx
N dv
test functions to those that fultil v((:; = 0 and —1—(0) = 0, so as to get rid of the unknown
dx
boundary terms. Furthermore, o be ibie (o cvaluate the integral in the left hand side, the
square of the second derivatives of (¢ functions has to be integrable. Thus, if we define

. ]

v ’

Cldve o, w(0) =0, [ZX0y=0]}
e i & )J

/’——“'
~

the weak form of the problem n:iy L. expressed as
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L B )
. [vd
Find w € V such that £ w

—Z = —Pv(L) Vve V
c/\ (ZJL

Solution 4b: Approximate w by« lii.car coinbination of n chosen basis functions
n

w=wy = Z N;a; and select 1iic | sis functions as test functions (Galerkin) to obtain as
=1

many equations as unknown node v .riables «;. Let V, be the space of functions that can be
expressed as a linear combination ol the sciceted basis function— the FE-formulation may
the be expressed as

L 2

. dydw
Find w, € V, such t ul #/ i—v—lzdx— —Pv(L) VveV,
") (t,\‘ (lk

T
Substituting w), Z Na = Na. vhere N = [Nl N2 N];I and a = |:cz1 a, ... an:l ,

into the integral and collection ti.c ¢ .ations we obtain by selecting v = N;, i = 1,2, ...

it = 1
L T 12‘, 12N 2 2 2

we obtain JE{([ N) [( ]}J‘“ w= -PN(L) where B = £ [N, AN, 4N,
o dx” dx” dx

dx2 dx2 dx2

Solution 4c: Since we have onc clenient only. the stiffness matrix is simply the element stiff-

ness matrix, £ = K and the clenu

i length is L. Due to the boundary conditions at
= 0, we have that ap = ay, =0

J

o he lirst 2 columns are to be multiplied by zeros and

may thus be omitted. Furthermore. ./, and /N, must not be used as test functions, since

they do not satisfy the essential bou.dary conditions at x = 0; hence, the first two equa-

12 5
2 L
tions must not be used. We arc. thu left with| L 4l - —% l:{' ; multiplying by the
6 ay 0
— 4
L
l 2
inverse of the matrix, we finally obtiin 4l ~L2 4 6/L2 Z—ljl:ljl = A I:L/?’:'
y 6/L 12/L 0 172
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|
Consider the integral [ = J/( £ )& where [(£) is enough smooth to be expressed by a Tay-
~]
1
lor series. We may then write /(Z) = § /i’ I(ﬁ) +P(E)(By+ B+ ...). with f; = f(E)),

f= |

E-'i is an integration point, and

Pl = (E-2)0 -5y (E-& DE-8, - E-Ey)
(&,_%;)(;“:—_3)- E., &[ 1)(§ §l+l) (E-’i_f;n)

. -1
is the Lagrange polynomial of cdiedrec 71— | such that l? (éi) = 0 if éj * E-'i and

l?_ 1(§i) = |.Further, P(§) = £~ 1 )& %,)...(E-§,) is a n:th degree polynomial that

is zero in the n points gi, while the «oelficients Bl- depends of the Taylor series expansion of
f8).

Derive the integration point coordinaies £, and the integration weights H; for 3-point Gauss

quadrate. You need not utilize tl.c acseripticn given above, if you do not want to. (4p)
Solution 5: We have

I |

[r&ydg = S 11§t ©d jP(&)(Bo+B&+ )dE =

n n
= foﬁﬁ ./"‘, Jy+ BiE+ .. )dcisziHi
i=1 i=1
1
where, hence, the integration weight: are '[l” E)dE . With n-point Gauss integra-
tion, the coordinates ii are chosen o that (he integral of the first n terms in the polynomial

P(E_,)(BO + B € +...) become zcro. ©once these polynomial terms, together with the n
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Lagrange polynomials, embracc all |

n
I = ZfiHi becomes exact if /.
i=1
The condition that the integrai o1 the

yields the n equations

lynomial terms up to degree 2n — 1, it is obvious that

.« polynomial of degree 2n — 1 (or lower).

tirst n terms of P(E)(By+ B1& + ...) should vanish,

1
jg’(g_gl)@_ i) (B )dE =0 i=0,1,..,n-1
-1
from which the 7 coordinates . s C f';” may be solved.
With n = 3 we have, due to sy nme.vy. & = &5 and §, = 0, sowith i = 1 we obtain

1

J‘g(é—él)(i—éz)(ﬁ—iw”@ =
1
|

E

(€-E)(E-Cy)

g EE

5 3

o

LIl o

I

1
HEENENE-EdE = [(&'-EEDdE =
=1

Thus, lg(&) = (&, -&(E,-E

Now, due to symmetry we have that .

H, =

O in

|
Hy = 5(2-H,) =

Ei=0=8, = =&, = 4375, £,=0
(3 2

e

B = g S0

£ 3

mﬁzpﬂg_§f=§

R 305 3] 9

/, = 1. and since ZHi = 2 we get

{
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Chalmers Finite element method Dept. Appl. Mech.

FINITE ELEMENT METHOD (MHA 021)—EXAMINATION

Time: Thursday March 15 2007, 08.30-12.30, in the V-building
Teacher: Peter Hansbo, ext. 1494

Visits by a teacher: approx. 9.30 and 11.30.

Solutions: will be posted on the web homepage after the exam.

Preliminary grading: will be posted at the Department of Applied Mechanics no later than
March 29.

Review of the grading: at the Department of Applied Mechanics, Thursday March 29 at
12.00-13.00.

Aids: ‘Closed books’ examination; only dictionaries and a ‘standard’ calculator allowed.
Grading: A complete and correct solution on any task grants points as stated in the thesis.
Minor errors result in a reduced score. Gross error(s) and/or incomplete solution of a task
will not grant any points on that particular task. Note: to pass the course you also have
to complete 4 computer assignments.

Grading limit Score
3 8-11

4 12-15
5 16-20

Kindly consider:

e The person that corrects your solutions will not try to guess your thoughts, but the
grading will be based exclusively on what you have actually written down. Hence, write
legible and explain what you are doing.

e Explain/define any notation that you introduce.

e Draw clear illustrations. Use coordinate systems; carefully indicate positive/negative
directions on vector entities such as e.g. displacements and forces.

e If you make any assumption apart from what is stated in the respective tasks, you have
to state and motivate this explicitly.
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Problems

1 Consider a square membrane with side length 3 m and loaded with a distributed load
g = 100 N/m? in the z—direction. The membrane is under tension by a force S = 1000
N/m in the zy—plane. The deflection u(z, y) in the z—direction of the membrane satisfies
the boundary value problem

—div(Vu) = _‘q§ in®, u=0 on T,

where T' is the boundary of Q. The domain is meshed using 9 equal bilinear finite
elements and u ~ u" = 318, N;(z,y)a;. The global and local node numbering is given

in Figure 1.

a) To compute the element stiffness matrices, it is sufficient to look at only one element
(the matrix will be the same for all elements). Take the one in the lower left-hand
corner where Nf = (1 — z)(1 — y), N§ = z(1 — y), N5 = zy, and Nf = (1 — 2)y.
The element matrix will have the following appearance:

1 1 _1
LE
xe— |78 K -5 —3
R
-5 —3 5 K

Compute the number K. (2p)

b) We only need to consider the unknowns a; — a4, the other variables are all zero
due to the boundary conditions. Assemble the 4 x 4 global stiffness matrix K
corresponding to these unknowns. (2p)

c) Establish the global load vector f = [fi, f2, 3, f4]T and use the symmetry, i.e.,
that a; = ag = a3z = a4 to compute a from Ka = f. (2p)

d) Compute the approximate deflection at « = 0.75, y = 0.6. (2p)

TY

14 13 12 11
15 4 3 10 2 3
16 1 2 9
1 2
>
5 6 7 8 &

Figur 1: Mesh with global numbering and one element with local numbering
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2 Consider the weak form of the boundary value problem in the previous task; provided
that we have homogeneous essential boundary conditions, it may be expressed as: Find
u € V such that
a(u,v) = (f,v) Yvevy,

where V is the space of all admissible functions, a(-,-) is symmetric and linear in both
arguments and (-, -) a scalar product of functions.

Let up € V), be a conforming FE-approximation of u.

a) Prove Galerkin orthogonality, i.e., show that the discretization error e = u — uy is
a—orthogonal to the FE-space V}, so that a(e,vp) = 0 for all vy € V4. (2p)

b) Use Galerkin orthogonality to show that the energy of the error equals the error
in energy: a(e, €) = a(u,u) — a(up,up). (2p)

b) What is the engineering interpretation of the fact that a(u, u) > a(up,us) in terms
of the apparent stiffness of the FE-model? Give an explanation by use of the
potential energy functional II(v) = 1a(v,v) — (f,v). (2p)

3 When using mapped elements, we have the basis functions defined in terms of some
local coordinates (£,7), i.e., Nf = N£(¢,n), where N§ = 1(1 - ¢)(1 —n), etc.

(a) Derive expressions for the derivatives %ﬁ and —% in the case when the mapping
(z,y) = (z(&,7m),y(&,m)) to the global coordinates is isoparametric. (2p)

ON¢
Y

(b) An alternative way to create a triangular element is to move one of the nodes to
the same position as another, using a = 0 in Figure 2. Calculate the determinant
of the Jacobian J of the mapping, as a function of the parameter a. What happens
to the determinant of J when a = 07 (2p)

y
(0,1) (a,1)
1
A
D
> ¢ > X
(0,0) (1,0)

-1,-1)

Figur 2: Mapping from a reference element

3(4)
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4 Maxwell’s equations (of electrodynamics) can in simplified situations be written as
w?u +curl (curlu) = f, inQ wuxn=0onT.

where I is the boundary of €2, n is the outward pointing normal to €2, and w is a number
(related to the frequency). In 2D, the curl of a vector is

curlu = Ouy _ O
- Oz oy’
the curl of a scalar is
| o
curlv = Oy ;
ov
oz

and a x b = agby — ayb;.

The Green-Gauss formula can be written in 2D as

@vdﬂ=/ Nauvds — u@dﬂ,

Q Oz a9 o Oz

ol an= [ as— [ u2a0 v
5 ay’U = aQTLyUU S Quay .

Use (1) to show that a weak form of Maxwell’s equations in 2D is to find u € V such
that
/ w?vTudQ +/ curlv curlu d) = / v fdQ
Q Q Q

for all v € V. (2p)
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FINITE ELEMENT METHOD (MHA 021)—EXAMINATION

Time: Thursday March 15 2007, 08.30—12.30, in the V-building
Teacher: Peter Hansbo, ext. 1494

Visits by a teacher: approx. 9.30 and 11.30.

Solutions: will be posted on the web homepage after the exam.

Preliminary grading: will be posted at the Department of Applied Mechanics no later than
March 29.

Review of the grading: at the Department of Applied Mechanics, Thursday March 29 at
12.00-13.00.

Aids: ‘Closed books’ examination; only dictionaries and a ‘standard’ calculator allowed.
Grading: A complete and correct solution on any task grants points as stated in the thesis.
Minor errors result in a reduced score. Gross error(s) and/or incomplete solution of a task
will not grant any points on that particular task. Note: to pass the course you also have

to complete 4 computer assignments.

Grading limit Score
3 8-11

4 12-15
5 16-20

Kindly consider:

e The person that corrects your solutions will not try to guess your thoughts, but the
grading will be based exclusively on what you have actually written down. Hence, write

legible and explain what you are doing.
e Explain/define any notation that you introduce.

e Draw clear illustrations. Use coordinate systems; carefully indicate positive/negative

directions on vector entities such as e.g. displacements and forces.

e If you make any assumption apart from what is stated in the respective tasks, you have

to state and motivate this explicitly.
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Problems

1 Consider a square membrane with side length 3 m and loaded with a distributed load
q = 100 N/m? in the z—direction. The membrane is under tension by a force S = 1000
N/m in the xy—plane. The deflection u(z, y) in the z—direction of the membrane satisfies
the boundary value problem

—div(Vu) = % nQ, w=0 on T,
where I' is the boundary of Q. The domain is meshed using 9 equal bilinear finite
elements and u ~ u = leil Ni(z,y)a;. The global and local node numbering is given
in Figure 1.

a) To compute the element stiffness matrices, it is sufficient to look at only one element
(the matrix will be the same for all elements). Take the one in the lower left-hand
corner where Nf = (1 —z)(1 —y), N§ = z(1 —y), N§ = zy, and Nf = (1 — z)y.
The element matrix will have the following appearance:

-1 1 _1
LR

ke |75 K 5 73
- 1 _1 K _1

[ S

-5 —3 —§ &

Compute the number K. (2p)

b) We only need to consider the unknowns a; — ag4, the other variables are all zero
due to the boundary conditions. Assemble the 4 x 4 global stiffness matrix K
corresponding to these unknowns. (2p)

¢) Establish the global load vector f = [fi, fo, f3, f4]T and use the symmetry, ie.,
that a; = ap = a3 = a4 to compute a from Ka = f. (2p)

d) Compute the approximate deflection at z = 0.75, y = 0.6. (2p)

14 13 12 11
15 4 3 10 4 3
1 9
16 2 ] >
....... ) X
5 6 7 8

Figur 1: Mesh with global numbering and one element with local numbering
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Solution:

a) Easiest is to note that the product K%p = 0 if ¢ is a rigid boy mode, in this case a
vector with all entries equal (producing a constant). Thus we must have the row-sum
Zf}:l K;; =0 and it follows that

K—-1/6—-1/3-1/6=0 = K =2/3.
b) Following the local numbering of the matrices, we have that
- e e e -e 8 : $ - - 8
Ky = K53+ Ky + Ki) + K5y = 3’ and in the same way Koo = K33 = Kyy = —.

, 1 ; 1
Ki» = I(ES . I&—{‘Z = —5, K3 = I&f3 = _§7

1 1
1(14 = ]{2‘13 + I{il = —g. [&'23 = 1{263 —+ A’fél = —g

and thus

s _1 _1 _1
3 3 3 3
SR S SR

_ 3 o] 3 3
K=|_1 % § _1
3 6 3 3

11 s

3 3 3 3

¢) The element load vector is given by the area of the element multiplied by the intensity
of the load and the value of the basis functions in the midpoint (one-point integration is
exact in this case). Thus f¢ = (¢/S)[1/4,1/4,1/4,1/4]T. Each entry in the global load
vector is the sum of four contributions and thus f = [1/10,1/10,1/10,1/10]T. Knowing
that the a; are all the same we get

8 1 1 3 ‘
<§—3§> (L[IE = (Li:%, Z:1,2,3,4.

¢) The point (0.75,0.6) is situated in the elment with nodes 5,6,1,16 and thus a® =

[0,0,3/50,0,0]T. We can thus compute
3
u"(0.75,0.6) = N§(0.75,0.6) x =5 =075 x 0.6 x 0.06 = 0.027 [m)].
J

2 Consider the weak form of the boundary value problem in the previous task; it may be
expressed as: Find u € V such that

a(u,v) = (f,v) Yv eV,

where V is the space of all admissible functions, a(-,-) is symmetric and linear in both
arguments and (-, -) a scalar product of functions.

Let uy, € V), be a conforming FE-approximation of u.

3(6)
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a) Prove Galerkin orthogonality, i.e., show that the discretization error e = u — uy is
a—orthogonal to the FE-space V}, so that a(e,vy) = 0 for all v, € Vj,. (2p)

b) Use Galerkin orthogonality to show that the energy of the error equals the error
in energy: ale,e) = a(u,u) — a(up, up). (2p)

¢) What is the engineering interpretation of the fact that a(u,u) > a(up,us) in terms
of the apparent stiffness of the FE-model? Give an explanation by use of the
potential energy functional II(v) = a(v,v) — (f,v). (2p)

Solution:

a) For all v, € V}, there holds a(up,vp) = (f,vp) and also a(u,vs) = (f,vy) since Vj, C V.
Thus, using the linearity,

0= (f 'Uh,) - (f: ‘Uh) = a(ua 'Uh) - “(Uh» 'Uh) = (I,(U, — Up, ‘Uh,) = a’(ea Uh)-

b) We have, using the symmetry, linearity, and orthogonality, that

ale,e) = ale,u) — ale,up) = ale,u) = a(u,e) = a(u,uw) — a(u,up) =
= a(u,u) — alu,up) + alu — up,up) = alu,w) — alup, up)-

¢) We know that the exact solution minimizes II, thus II(up) > II(u). Now, since

1
a(up,up) = (f,un), there follows II(up) = —5a(un, up),
and, by the same argument, II(u) = —%a(u,u). Thus a(u,u) > a(up,up) is a conse-

quence of the minimum of potential energy. Since

a(u,u) = [ Vu-VudQd
Jo
and Vu is the strain, the effect of discretization is to give smaller strains than the exact
solution. This will result in the discretized model appearing stiffer that the continuous

model.

3 When using mapped elements, we have the basis functions defined in terms of some
local coordinates (£,7), i.e., Nf = Nf(&,1), where N§ = 1(1—¢&)(1 —1n), etc.

. ’ : . .. ON? ONE | .
(a) Derive expressions for the derivatives —-t and gy 0 the case when the mapping

(z,y) = (x(£,m),y(&,n)) to the global coordinates is isoparametric. (2p)

(b) An alternative way to create a triangular element is to move one of the nodes to
the same position as another, using ¢ = 0 in Figure 2. Calculate the determinant
of the Jacobian J of the mapping, as a function of the parameter a. What happens
to the determinant of J when a = 07 (2p)

4(6)
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y
0,1) (a,1)
1
(1 1’1 )///’V
> X
(0,0) (1,0)
(=1,-1)
Figur 2: Mapping from a reference element
Solution:
a) By the chain rule
ON{ _ 9z ONf £ dy ONf ONY? dz dy
oE  0¢ Oz o0& 0y _ Oz i | o0& o¢
oNe oxoNe  ogone (=7 | ane |© VP T = an gy
on  On Oz an Oy Ay on  On
Thus
ONF ONf
Ox o ¢ ] dx . ON; .
ON¢ =J oNE | where o€ —Zil,z o8 ete.
Ay on

where (z;,y;) are the coordinates of node 1.

b) Set (z1,y1) = (0,0), (m2,y2) = (1,0), (z3,y3) = (a,1), (z4,y4) = (0,1). Then

dr  ONS§ ON3 1 a Oz 1

— g ) D [ ] = —_ 7 = & —(1 g
oy ON§ ON§ 1 1 dy 1 1
2= = {1 —Z(1+7n), Z=-(1+&+-(1—
=g t e =t g, =09+ 10-9

and det J = g—é%—ggg—;: (1+a—n+an)/8 Ifa =0, thendet J=0atn=1.
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4 Maxwell’s equations (of electrodynamics) can in simplified situations be written as
wiu +curl (curlu) = f, inQ uxn=0onT.

where I is the boundary of 2, n is the outward pointing normal to , and w is a number
(related to the frequency). In 2D, the curl of a vector is

Ouy  Oug
curlu = — — ——,
Oz Ay
the curl of a scalar is
ov
0
curlv = oy
ov
ox

and a x b = azby — ayb,.

The Green-Gauss formula can be written in 2D as

/ ﬂ'u dQ) = / nguvds — / 'u,gﬂdQ,
Jo Oz Jr Ja Ox

" Ou ; SO
/ ﬂ vdf) = / nyuvds — / u ﬂ dS).
Ja dy Jr Jo Oy

Use (1) to show that a weak form of Maxwell’s equations in 2D is to find u € V' such
that

(1)

/w'“)vTule—% / curlw curlu d§2 = / UTf dfl
0 JQ o

for all v € V. (2p)
Solution:

Let w = curl w. We have

ow ) o Ovy
ivm d$) = / Ty W Vg ds — / w—= d)
Ja Oy Jr Jao 0y
and - 9
ow v,
— [ —,dQ) = — / NpW v, ds + / w—2 d0
‘/sz ox Y Joo o A

and thus

/ vicurlwdQ = — / wn X vds+ / curlv w dS2.
JQ JT JQ

The essential boundary condition u x n = 0 must be fulfilled also by the test function,
and thus

/ vl fdQ = / wvTu dQ+/ vlewl (curlw) dQ = [ w?vlu dQ—l—/ curl v curl w d€2.
Jo Jo Q Q

JQ
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