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Betygsittning: En fullstandig och korrekt 16sning pa en uppgift ger poang enligt
vad som anges pa uppgiftslappen. Smérre fel leder till poangav-
drag. Ofullsténdig 16sning (svar pa stillt problem saknas) eller
omfattande fel ger inte nagot poang. Maximal poidng 4r 20. Det
krivs 8 poiang for betyg 3; 12 podng ger betyg 4; for betyg 5 kravs 16
poéng. Observera att ovanstaende ar betygssiattning pa
enbart tentamen; for godkind examination kriavs dessutom
godkinda inlamningsuppgifter.

e
Res jst O'.Y s1® senast 11/1 pa samma stélle som 16sningarna. Resultaten

sé tygsexpeditionen senast 16/1 — for kursdeltagare

ingsuppgifter godkianda vid detta
etyget U (underkand).

S

tillfa
Granskning: Torsdag 11/1 13-15 sa andag 22/11 13-15.
Tank pa:

e Skriv sa att den som ska ritta, kan ldsa och forsta hur du tianker. Den som rattar tenta-
men gissar inte eller antar inte vad du menar/tinker — endast vad som verkligen skrivs
har betydelse vid podngséattningen.

* Forklara/definiera inférda beteckningar.

¢ Rita tydliga figurer. Ange i férekommande fall vad som &r positiva/negativa riktingar (pa
t.ex forskjutningar och krafter).

e Gor du antaganden utéver de som anges 1 uppgiftstexten, sa ange detta explicit och for-

klara dessa.
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1

Betrakta det rotationssymetriska randvardesproblemet

Ao

d dui )
d’[ d_] 0  0<r<b 3

q(b) = o(u(b) —uy)

du

dar k, O, o och u, &r givna konstanter, u = u(r) den obekanta funktionen, samt ¢ = —I\E

a: Variationsformulera problemet. Du behéver hir inte ange regularitetskrav pa ingaeende funk-
tioner, med det maste klart framgéa hur det konvektiva randvillkoret kommer in i den svaga for-

men. (Observera att integrationen maste géras 6ver en volym: J‘ ...dV = I IJ...rderd: (med

1%
lampliga integrationsgranser)). (2p)

b: FE—formulera problemet med testfunktioner (viktsfunktioner) enligt Galerkin. (2p)

c: Tag fram ett uttryck for en lumpad elementlastvektor for ett linedrt NE N
element med langden 2 = r,—r;. (2p) ! 4
1‘ >< ‘1
3 "
d: Med b =891-10 ",k =3,50ch Q = 63 106, sa ger integralerna i "Il "]3

vinster— respektive hogerledet av FE—formuleringen

1,75 -1,75 0 0,3126
K= |_175 7,00 -5,25 f=11,2504| - 10°
0 -525 525 0,9378

om problemet diskretiseras med tva linedra element. Visa — med forklaring — hur styvhets-
matrisen och lastvektorn dndras av det konvektiva randvillkoret, om o = 400 och u, = 150.

(1p)

Losning 1a: Multiplicera differentialekvationen med en testfunktion v = v(r) och integrera éver
volymen

Lb2m b
“‘J. (Q+ 7I[/\ %:Drdedl‘d: =0 327ELJ‘ (Q’ "'_[/" #D = s
000 ?

Efter division med 2nL och partialintegration av den andra termen i integranden,

b b

du , du dv du dv du du ey i
I (dl [k’ED dr = [\1\ J J.k d;d} Ik e d; [ l\;d—]o Ide; . Utveckla nu randter
0 0

b
men och sitt in randvillkoret: [vkr%:lo v(b)b l\% -0 = v(b)bouy—v(b)bou(b), dar sista ter-
r=>b

men &r obekant och flyttas till vinsterledet. Vi har alltsa variationsproblemet
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b b

dvdu : I Ay
J.k'drdrdl +obv(b)u(b) = J-\IQdI +obv(b)u

0 0

Lésning 1b: Approximera den obekanta funktionen med en linedrkombination av basfunktioner

u=u, = Nja;+Nya, +...+N,a, = Na,ddr N ar en radvektor med basfunktionerna och a &r en

kolumnvektor med nodvariablerna. Sétt in approximationen i variationsproblemet och lat
b b

du )
S _ dinNgy = @Ng - |dN{dNy  dN,|, = Bg- _[kr"_‘Bdra + obv(b)N(b)a = Jverr+ abv(b)uy .
dr dr dr T T e dr V
dr dr dr
0 0
Vilj nu basfunktionerna som testfunktioner i tur och ordning (Galerkins metod); varje val ger upp-
dN,
N, dr
. . . . N a || ¢
hov till en ekvation och vis samlar ekvationerna radvis, s v— | 2| och 7 =7 | = B . Vifar
=
N
n
ﬁlyll
dr |

b b
alltsa J'krBTBdra +abN (b)N(b)a = J'NT,-QdH abN" (b)u,

0 0

I

, e T g
Losning 1e: Den konsistenta elementlastvektorn ges av f° = J‘ (N°) rQdr, dir radvektorn N°
|
innehéller de basfunktioner som antar fran noll skilda varden pa elementet. Eftersom summan av
basfunktionerna dr 1, blir lastresultanten

2 2 B )
ry—ry Fya+r ) (ry—r O(ry+r1r))h
Z.f? = J‘(N? +N35)rQdr = erdl' =p2 1= Q( RN = (ot ) . En lumpad last-
2 2 2 2
=1 ry r
. ra+r)h
vektor fas om lasten fordelas lika pa de tva noderna: f = &241—) [1}
1

Losning 1d: Om vi numrerar noderna fran vinster (r = 0) till hoger (r = b) ar alla basfunktio-
ner utom den sista 0 vid r = b, sa N(b) = [0 0 1} . Bidraget till lastvektorn blir da (se losning 1b)

0 0
oblgluy = | o | ochstyvhetsmatrisen far bidraget
1 534,6
¥ 0 000 00 0
abN (B)N(b) = ablo/[0 0 1] = @blooo| = [00 0
1 001 0 0 3,564
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2

FE—formuleringen av de randvirdesproblem som behandlats i kursen leder fram till ett ekvations-
system Ka = f, dir styvhetsmatrisen blir symmetrisk om testfunktionerna valjs enligt Galerkins
metod; visentliga och/eller konvektiva randvillkor gér att matrisen ocksa blir positivt definit.

1

a: Visa att FE—approximationen minimerar den potentiella energin Il(x) = x Kx —fo , dvs att

(S]]

[T(a) < T1(x) Vx#a.(2p)
b: Visa att 16sningen dr unik, dvs att [1 bara har ett minimum. (1p)

Losning 2a: Den potentiella energin i FE—approximationen ar I(a) = %aTKa - an .Lat v varaen

godtycklig vektor och € « 1 vara ett litet reellt tal, och berdkna potentiella energin efter en liten

godtycklig variation ey :
| T T,
[I(a+¢ev) = 3(a +¢ev) Ka+ev)—(a+ev) [ =
= %(aTKa +ev Ka+ea Kv+ sszKv) —an— Eva
T
Men « ' Kv = (aTKv) = (Kv)Ta - v'K'a = v'Ka , eftersom K dr symmetrisk; vi har da

1

2 2
[T(a +ev) = a'Ka —an+ %VTKV +ev Ka- eva = I(a) + %vTKv + evT(Ka -

o1

Fordndringen i potentiell energi dr darmed
2]

dll(a) = T(a +ev)-Tl(a) = %—VTKV + evT(Ka -f= svT(Ka —f), dar vi forsummar 82 —termen efter-

som ¢« | . Eftersom Ka = f= Ka—f = 0, ser vi att d[1(a) = 0, dvs FE-approximationen gor
potentiella energin stationér. For att se att den stationéra punkten &r ett minimum berédknar vi

andra—variationen: azﬂ(a) = dll(a +¢ev)—dll(a) = gvT(K(a +ev)—f)— evT(Ka -f) = eV Kv>0 ,
dar den sista olikheten foljer av att K ar positivt definit. Av Dzﬂ(a) >0 foljer att den stationara

punkten ar ett minimum.

Losning 2b: Antag att a, och a, minimerar I1. Vi har da att

oll(a,) = evT(Ka] -f) = 0= Ka, = f och p4d samma sitt att Ka, = f. Subtraktion ger
Ka,-Ka, = 0,eller K(a,-a,) = 0. Eftersom K &r positivt definit &r enda 16sningen | -a, = 0,

varvid vi har att ¢, = a, — dvs I1 har bara ett minimum.
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3

Betrakta ett rektangulart omrade innehallande ett hal och
ett koordinatsystem (x, y), sadant att geometrin ar symme-
trisk med avseende pé savil x som y. Omradet 4r utsatt for

en temperaturbelastning 7(x, y) som ocksa ar symmetrisk
med avseende pa koordinataxlarna, dvs vi har att

T(x,y) = T(-x,y) = T(x,-y).Den svaga formen (variations-
problemet) av detta elasticitetsproblem kan skrivas

~ T ~ ~ T I
I(Vv) D(Vu)dA = J'cx-AT(Vv) D||dA
A A 0

2H

dir o #r lingdutvidgningskoefficienten, D Hooke—matrisen, AT = T—T, (T, ir den temperatur

vid vilken konstruktionen dr spanningsfri), v innehaller testfunktionerna (viktsfunktionerna), och

T
u = [u\_ u‘] 4r de obekanta forskjutningarna i respektive koordinatriktning.

: FE—formulera problemet med testfunktioner enligt Galerkins metod. Det ska framga hur den
obekanta forskjutningsvektorn u approximeras samt hur man far tillrackligt ménga ekvatio-
ner for att bestimma samtliga obekanta nodvariabler. Visa ocksa hur B® —matrisen ser ur for

ett element med n noder. (3p)

: For att spara berdkningsarbete (eller fa béttre nogrannhet for ett givet arbete) kan man
utnyttja dubbelsymmetrin. Skissa upp en fjardedel av omradet och ange i figuren samtliga
randvillkor som géller fér problemet. (2p)

: Antag att vi ska anvénda isoparametriska bi-linedra element for att diskretisera problemet.

Visa hur de derivator som behévs for att stdlla upp B berdknas. Du behéver inte ange explicita
uttryck for bas— eller formfunktioner, men tink pa att definiera alla beteckningar du infér. (2p)

(.\‘2, .\,2) (v\'l, _\’1)

x(E,m)
y=y(&m)

(x4 ¥4)

(-1,-1)

: For att den isoparametriska avbildningen ska bli entydig, kravs att detJ # 0 ; vilka begrans-
ningar stéller detta pa tillatna elementgeometrier. (1p)

: For att integrera fram styvhetsmatrisen for det isoparametriska elementet ger vanligtvis 2 x 2

gausspunkter tillricklig nogrannhet, men ibland anvinds s& kallad reducerad integration.
Beskriv kortfattat varfér man skulle kunna vilja anvénda reducerad integration och vilken risk
man léper med detta. (2p)
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Loésning 3a: Approximera u ~u,, = a, N;+a,N,+...+a N, och

xnn

u,~uy, = a, Ny+a,Ny+...+a,N, . Omvisamlar de 2n nodvariablerna i en vektor a och bas-

funktionerna i en matris N enligt

N, O N, 0 ..N, 0

n

0N, ONy.. 0N

T
a = [”_\-1 ay a,.y a",2 oo gy cz),,J N =
n

kan vi skriva u ~u, = | *"| = Na . Approximationen sitts in i variationsproblemet och vi véljer
h
i
vh

T
sedan v = [V\» v\:| pa 2n olika sitt, s& att vi far lika ménga ekvationer som obekanta nodvariab-

ler. Galerkins metod: valj v = Ny , 0 , Ny N, , v . Inséattning ger nu
o] [Ni] o 0] [N,

o oD
_[(VN) D(VN)dAa = J‘a-AT(VN) D||dA

A A 0

For ett element med m noder, samlar vi de 2m nodvariablerna i en vektor

€

Ny 0 ...N, ©

T
\ \ \ . “ € o e
a = [“Ll “bl . i } och motsvarande basfunktioner i matrisen N~ = m ,sa
x]l “y 1

a
xm yn ¢ €
0N|.. 0N

§7(Neae) = B%a", dar

att approximationen pa elementet kan skrivas u, = N°®. Vihar da Vu i

alltsa
€ €
a_Nl 0 a_Nm 0
ox U oox
~ e e
B = VN° = 0 a_Nl 0 a_Nm
T ™ 5
(V] (] (- e
a_N] a_Nl i/\_/m a_Nm
0y ox T dy ox |
Losning 3b: Lings den horisontella sym- £, = F,, =0
metrilinjen har vi u, = 0 och 7, = 0 (dvs ‘ L b=0,=0
® o o P, . .Y
ingen randlast i x—led); langs den verti- I
kala symmetrilinjen géller u, = 0 samt b::.'
[
t, = 0. Resten av randen é&r fri och obe- "
lastad, s& har giller att normal- och e =0
tangentialspidnningarna ska vara noll:

OO00000
e

x _G.\‘_v =0
ty = Oy +0y 0,

I, = G.\‘,\'”,\' + 0‘.\:\'”»\’

—6— 2006-12-22/PWM




Losning 3c: Isoparametriska element innebér att basfunktionerna N?({;, 1) anvinds som form-
4 4

funktioner — avbildningen gors d4 som x(&, 1) = Zx,.Nf vy, ) = Z y,N;, dar (x,y,) ar
i=1 i=1
koordinaten for nod i. Eftersom basfunktionerna dr polynom, beréknar vi enkelt derivatorna
4 e 4 €
ox ) IN; ox . IN; ) .
3 = Z X 9E m = Z s och motsvarande for derivatorna av y.

i=1 i=1

Basfunktionernas derivator med avseende p& x och y (som behovs for att stélla upp B°) fas med
kedjeregeln:

e e e e
(&"‘ é('\‘ 9% 'V\:> 9 | = 7|97 | qar alltsa J = 98 | Med ! =(ﬁ] on ag’
N, _ox N, gy AN, [avi|  |on; x Ay o ax
w Tann o ] o o3 on o

ON; ON;
detJ = ?)_é\;g_\_g—\%\g’ fas da de sékta derivatorna som ox | _ J_1 BlS .
hoen Ny N;
ay o
Loésning 3d: Inre 6ppningsvinklar maste vara mindre &n 3
180° . Noderna méaste numreras i samma ordning i de bada 1 \
koordinatsystemen (praxis &r moturs ordning). Figuren visar
exempel pa otillatna elementgeometrier. ) 4

Loésning 3e: En konform FE—approximation &r for styv, dvs potentiella energin blir stérre 4n i den
exakta 16sningen (alt. det gr 4t mer energi for att fa givna nodférskjutningar). Genom att
anvinda reducerad integration kan man sinka egenvirdena hos elementstyvhetsmatrisen och
diarmed fa en mindre styv 16sning. Man riskerar dock att styvhetsmatrisen blir singulér dven om
man har tillrackligt med randvillkor fér att férhindra stelkroppsférskjutningar och stelkroppsrota-
tion.
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Department of Applied Mechanics, Chalmers University of Technology

FINITE ELEMENT METHOD (MHA 021) — EXAMINATION

AUGUST 30 2006
Time and location: 1490 _ 18% iny the V building. Teacher will be present at about
15 and 17.
Aids: ‘Closed books’ examination; only dictionaries and a ‘standard’

calculator allowed.

Teacher: Peter Moller; phone (772) 1505

Solutions: will be posted at the entrance of the Department of Applied
Mechanics no later that August 31. See also the web pages of
the course at http://www.am.chalmers.se/eng/welcome.html
— follow the link Education/Undergraduate Courses.

Grading;: A complete and correct solution on any task grants points as
stated in the thesis. Minor errors result in a reduced score.
Gross error(s) and/or incomplete solution of a task will not
grant any points on that particular task. Maximum score is 20.
You need 8, 12 and 16 points to obtain grades 3, 4 and 5
respectively. NB: the above is for the written examination
only — to pass the course you also have to complete 4 com-
puter assignments.

Results: will be posted at the Department of Applied Mechanics no later
than September 11. Results are sent for registration Friday Sep-
tember 15 — course participants that have not completed
the computer assignments by this time will be registered as
not approved.

You may scrutinize the correction (mark up) of your written
examination Monday September 11 13%2%-15% and Tuesday

September 12 1229-149 (at the office space of Department of
Applied Mechanics).
Kindly consider:

e The person that corrects your solutions will not try to guess your thoughts, but the
grading will be based exclusively on what you have actually written down. Hence,
write legible and explain what you are doing.

¢ Explain/define any notation that you introduce.

e Draw clear illustrations. Use coordinate systems; carefully indicate positive/nega-
tive directions on vector entities such as e.g. displacements and forces.

e If you make any assumption apart from what is stated in the respective tasks, you

have to state and motivate this explicitly.

1 2006-08-30/PWM




1 (svensk uppgiftstext nedan)

The plane beam shown in the figure is assumed to be fixed at the left-hand end and simply

supported at the right-hand end. It is discretized by 2 C ! —continuous beam elements and

the bending stiffnesses are £I; = 2000 Nm” and EI, = 1000 Nmz, respectively. The glo-

bal degree of freedom numbering is shown in the illustration.

33 -33 0 0
34 -32 0 0
7-3 2 3 -12 6
32 3 8 —6 2
00 -12-6 12 6
00 6 2 —6 4]

a: The structure stiffness matrix becomes K = 1000 . Determine the

stiffnesses K3; and K35 . (2p)

b: Given the prescribed displacement u; = 0.02 (and no other load acting on the structure),

calculate the other degrees of freedom. (2p)

c: Explain the requirements for a beam element to be complete and compatible. (2p)
u
1

EI, 4 (f\ EI, ﬁ\ ”
Im ()

2m

U

W)

1 (english text above)

Balken i figuren ar fast inspand i vanster &nde och fritt upplagd i den hégra. Den diskretise-

ras med 2 C' ~kontinuerliga element, med béjstyvheterna EI; = 2000 Nm’ respektive

EI, = 1000 Nm”. Figuren anger den globala numreringen av frihetsgraderna.

33 33 0 0
34 -3 2 0 0
a: Strukturstyvhetsmatrisen blir K = 1000 737 3-126 . Bestaim matriselemen-
32 3 8 -6 2
00 -12-6 12 -6
00 6 2 6 4

ten K5; och K3 . (2p)
b: Givet en patvingad forskjutning u5 = 0.02 (och ingen belastning i 6vrigt), bestdm vriga

frihetsgrader. (2p)
c: Ange kraven for att ett balkelement ska vara komplett och kompatibelt. (2p)
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2 (svensk uppgiftstext nedan)

Consider a square membrane with side length 4 m and loaded with a distributed load

2
q = 150 N/m" in the z-direction; the membrane is pre-tensioned with a force

S

ary value problem

1000 N/m . The deflection w(x) in z-direction of the membrane, satisfies the bound-

a: Using the symmetry of the problem, we can settle with consider-
ing only 1/4th of the domain. State how to formulate the bound-

ary value problem so as to account for the symmetry in this

manner. (1p)

2m

b: Use the Green-Gauss theorem, i.e. S0y g
2m / X

Iw div(q)dQ = c'fl]!anaT— I(Vw)quQ (where \ is a scalar
Q r Q

function, ¢ is a vector valued function, and » is an out-ward normal of £ ), to derive the
variational formulation of the problem. Regularity conditions of involved functions should
be explicitly given, and it should be clear how the boundary conditions affect the varia-
tional problem. (2p)

c: Make a finite element formulation of the problem with test (weight) functions according to

the Galerkin method. Show what the Be — matrix looks like, for an element with N o » basis

functions. (2p)
d: Assume that the domain is discretized with a single 4-noded

quadrilateral element. With node numbering according to the fig-

ure, the basis functions becomes N = }1(2 -x)(2-y),

N, = %(2+x)(2—y), N; = %(2+x)(2+y) and

N, = %(2 —x)(2 +y). Show that this gives the equation system Ka = f, with

K =[2/3].a=[a) andf = [015]. Gp)
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2 (english text above)

Betrakta ett kvadratiskt membran med kantlangden 4 m som i z-led belastas med en jamnt

fordelad last ¢ = 150 N/ m” . Om membranet &r forspant med kraften § = 1000 N/m sa

ges utbdjningen i z-led av l6sningen till randvardesproblemet
~div(Vw) = g iQ
w=20 pa '

a: Genom att utnyttja symmetrin i problemet, racker det med att

betrakta 1/4—del av omradet. Formulera randviardesproblemet

sa att symmetrin beaktas pa detta satt. (1p)

b: Anvand Green-Gauss teorem, d v s £
N

[ divig)d@ = yg'nar - [(Vy)"qdQ (dar v ar en skalar
Q I Q

2m X

funktion, g en vektorvard funktion och n en utatriktad normal

till ), for att harleda problemets variationsformuleringen. Regularitetskrav pa inblan-
dade funktioner ska anges. Det ska ocksa klart framga hur randvillkoren beaktas i varia-

tionsproblemet. (2p)

c: Finit-elementformulera problemet med test—(vikts-)funktioner enligt Galerkins metod.

Visa B® - matrisens utseende for ett element med N . basfunktioner. (2p)

d: Antag att omradet diskretiseras med en enda 4-nods rektangel.

Med nodnumrering enligt vidstaende figur blir basfunktionerna

Ny = 3@2-DC2-3). N, = 3240(2-).

N; = 4—11(2 +x)(2+y) samt Ny = i(z_x)(z +7Y). Visa att

detta leder till ekvationssystemet Ka = f, med K = [2 /31, a = l:al] och f = [0‘15].

(3p)
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3 (svensk uppgiftstext nedan)

a: The basis functions of a bi-linear element are given by

M= la-oa-m N = g

Ny = 20D 4m) NG = (-5

in a local coordinate system (-1 <& < 1,1 <1 <1). Derive an expression for the deriva-

ON;  ON;
tives 3 and e for the case of an isoparametric mapping x = x(§, M),y = y(&,n).

(2p)

b: For the depicted element, calculate at least one of the ele-
ments in the Jacobian matrix. (2p)

c: Assume that the element i the illustration is to be used to (1,3) 3,3)

solve a stationary heat transfer problem, where the heat

supply is given by the function Q(x,y) = y +2x. Use 1-

point Gauss integration to calculate at least one component (4,1)

T
of the element load vector f° = I (N°) Qdxdy . Hint: for (0,0)

A€

the element geometry we have det(J) = 1—16-[(6 -21)(5-&) +2&(1-m)] (©2p)

3 (english text above)

a: Basfunktionerna for ett bi-linedrt element ges av
1 1
Ny = (1-91-n) N, = 7(1+8)(1-n)

N = (+D1+M) NG = 3-8+ m)

€

oN;
i ett lokalt koordinatsystem (—1 <§<1,~1<n<1). Visa (harled) hur derivatorna a—l
X

€

ON;
och a—' beriknas da avbildningen x = x(&, M), y = y(, M) ar isoparametrisk. (2p)
y

b: Berdkna minst ett av elementen i jacobianen for elementet som visas i figuren ovan. (2p)

c: Antag att det visade elementet ska anvandas for att 10sa ett stationart virmeledningspro-

blem dar varmetillforseln ges av funktionen Q(x,y) = y+ 2x. Anvand 1-punkts gaussin-

tegration for att berdkna nagon av komponenterna i elementlastvektorn
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T
fe — I(N e) Qdxdy . Ledning: for den givna elementgeometrin har vi

Ae

detll) = 7cl(6-2n)(5- &)+ 2E(1 - )] 2p)
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Department of Applied Mechanics, Chalmers University of Technology

FINITE ELEMENT METHOD (MHA 021) — EXAMINATION

AUGUST 30 2006
Time and location: 1490 _ 18% in the V building. Teacher will be present at about
15 and 17.
Aids: ‘Closed books’ examination; only dictionaries and a ‘standard’

calculator allowed.
Teacher: J Peter Moller; phone (772) 1505
Solutions: 0 M stec' at the entrance of the Department of Applied
tio ?;t f&ugust 31. See also the web pages of
the ﬁ ;u’f chalmers.se/eng/welcome.html
— follow the link /Ul

Grading: A complete and correct solution on any task grants points as

ndergraduate Courses.

stated in the thesis. Minor errors result in a reduced score.
Gross error(s) and/or incomplete solution of a task will not
grant any points on that particular task. Maximum score is 20.
You need 8, 12 and 16 points to obtain grades 3, 4 and 5
respectively. NB: the above is for the written examination
only — to pass the course you also have to complete 4 com-
puter assignments.

Results: will be posted at the Department of Applied Mechanics no later
than September 11. Results are sent for registration Friday Sep-
tember 15 — course participants that have not completed
the computer assignments by this time will be registered as
not approved.

You may scrutinize the correction (mark up) of your written
examination Monday September 11 13%0_15% and Tuesday

September 12 1222149 (at the office space of Department of
Applied Mechanics).

Kindly consider:

* The person that corrects your solutions will not try to guess your thoughts, but the
grading will be based exclusively on what you have actually written down. Hence,
write legible and explain what you are doing.

° Explain/define any notation that you introduce.

* Draw clear illustrations. Use coordinate systems; carefully indicate positive/nega-
tive directions on vector entities such as e.g. displacements and forces.

e If you make any assumption apart from what is stated in the respective tasks, you

have to state and motivate this explicitly.
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1

The plane beam shown in the figure is assumed to be fixed at the left-hand end and simply
1
supported at the right-hand end. It is discretized by 2 C" —continuous beam elements and

the bending stiffnesses are £1, = 2000 Nm® and EI, = 1000 Nmz, respectively. The glo-

bal degree of freedom numbering is shown in the illustration.

33 33 0 0
34 -3 2 0 0
a: The structure stiffness matrix becomes K = 1000 737 3-126 . Determine the
32 3 8 -6 2
00 -12-6 12 -6
00 6 2 -6 4]

stiffnesses K3; and K33. (2p)

b: Given the prescribed displacement #; = 0.02 (and no other load acting on the structure),

calculate the other degrees of freedom. (2p)

c: Explain the requirements for a beam element to be complete and compatible. (2p)

u,
“ N
7 P EI, (% ET, U

A 2m Im )
Solution la: From symetry we have that K5, = K5, so K5; = —=3000. To find K55, one
may use equilibrium; consider for instance a rigid body translation u, = u; = us = 1,

T
uy =ty = ug = 0.Then f = Ku = [() 0 (K;; + K53 —12000) 0 0 ():l ; however, due to

static equilibrium we have that f| +f3 +f5 = 0, so K3, + K33 - 12000 = 0, from which we

get K5y = 12000 — K5, = 15000.

Solution 1a: Essential boundary conditions requires that u; = u, = us = 0; since the

associated basis functions do not satisfy these boundary conditions, the corresponding rows

(equations) in the stiffness matrix may not be used; hence with rows/columns 1, 2 and 5

removed, with 13 = 0.02 and no forces on the structure, we get

23 6/10,02 #
10003 g 2| uy

624 Ug 0

Il
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where [ is the force required to obtain u5 = 0.02. Multipying the first column of K by u 3

and moving the result to the right hand side, we get

36 fy—(0.02-7)
82" = =

.| ~ T000|  —60
2 4/L7¢ ~120

We can now solve for the unknown node variables from the last 2 equations

ug) _ 1|4 2 L |-e0|_ 1 fo|_| o
ug| 8|2 8] 1000|_jp0| 28000 |_ga0| |-0.03

Solution 1c: Since the govening equation is a 4:th order equation, a complete element is one
the can describe a constant approximation (i.e constant displacement of the beam) and a
constant derivative (i.e a constant rotation). A compatible element (for a 4:th order problem)
is such that the approximation and its first derivative are continuous across element bound-

aries — i.e. we do not allow discontinuities in displacements or rotations

2

Consider a square membrane with side length 4 m and loaded with a distributed load

,,
150 N/m" in the z-direction; the membrane is pre-tensioned with a force

Il

q
S

1000 N/m. The deflection w(x) in z-direction of the membrane, satisfies the bound-

ary value problem

—div(Vw) = g in Q

7 ==
W 0 on Tg

a: Using the symmetry of the problem, we can settle with consider- %

ing only 1/4th of the domain. State how to formulate the bound-

ary value problem so as to account for the symmetry in this
manner. (1p) g Q)4
b: Use the Green-Gauss theorem, i.e. o
. T T L 2m X
J.\p div(q)dQ = 4\[1(1 ndl - J.(Vw) qdQ) (where \ is a scalar e
Q T Q

function, ¢ is a vector valued function, and 1 is an out-ward normal of £2), to derive the

variational formulation of the problem. Regularity conditions of involved functions should
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be explicitly given, and it should be clear how the boundary conditions affect the varia-
tional problem. (2p)

c: Make a finite element formulation of the problem with test (weight) functions according to

the Galerkin method. Show what the B = matrix looks like, for an element with N 56 basis

functions. (2p)

d: Assume that the domain is discretized with a single 4-noded

\7

quadrilateral element. With node numbering according to the fig-

. 1
ure, the basis functions becomes N; = 1(2 -x)(2-y),

N, = }L(2+x)(2—y),N3 = £(2+x)(2+_v) and
Ny = %(2__x)(2+y).8how that this gives the equation system Ka = f, with

K =[2/3].a=[a) andf = [o15]. @)

Solution 2a: The normal derivative of the deflection has to be zero
)7
along the lines of symmetry. Thus, the b.v.p reads Y Sg

Q
—div(Vw) = % inQ, 4 /_> L&

w =20 on I’

T
(Vw) m =0 onI',
where n is an out-ward unit normal vector of the boundary. The natural boundary condition

may alternatively (and maybe a bit more clear) be expressed as ALy 0 onx =0 and

ox

ow

a—y:()ony:O.

Solution 2b: Multiply both sides of the differential equation by a test function v and inte-

grate over the domain: — J- vdiv(Vw)dQ = J. v%dQ. Apply the Green-Green theorem to
Q|/4 QI/J

the left hand side: j (W )T(Vw)dQ = J. v%dQ + v(Vw)TndF. Now study the bound-
Q4 Q4 r

ary integral; from the boundary condition on I', , we know that the integrand is zero, but we
T
do not know the value of (Vw) n on Fg. Hence, since it is necessary to be able to evaluate

4 2006-08-30/PWM




the boundary term, we must enforce v = 0 on I', . Thus,

v(Vw) ndr = [v(Vw) ndr + [v(Vw) nar = [0 (Vw) nar + [v-oar =0
r r i r T,

To be able to evaluate the integrals, all involved functions have to be regular enough:

2 T
J‘ Vv dQ < oo J. (Vv) (Vv)dQ <oo. Let V denote the space of functions that are reg-
Q[/4 Q]/4

ular enough and that fulfil v = 0 on I', . The variational problem may now be expressed as

Find w € V such that j (W )T(Vw)dQ = J- V%(IQ Vve V
Q|/4 QIH

Solution 2c: Approximate the unknown function by a linear combination of selected basis

T
functions N,;(x,y): w=w, = ZNiai = Na (N = [Nl N, ] ,a = l:al a, :l ). We
i

substitute this into the variational problem and choose test functions v according to Galer-
kin, viz. any linear combination of basis functions. If we define the finite element space Vi

as the space of functions that can be expressed as a linear combination of the basis func-

tions, the FE-formulation according to Galerkin may be expressed as:

Find wy € V| such that I (W )T(th)dQ = J. vf—éd@ Vve V,
Q) Q)4

If the N . basis functions that are non-zero on an element are collected into a row vector

N°® = N¢ NS | » and the corresponding node variables into a column vector
[ - Ny

T 5
a = [ae ae:' » then the FE-approximation on the element becomes w;, = N ‘a”. On
[ - N. i

the element we thus have Vw, = V(N‘a®) = (VN%)a® = B°a®, where, hence,
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3 ON| aN/“V

BS = VNS = ox [N? N]e\/:| _ |ox 7 ox
ai vy Ny
. 9y oy |

Solution 2d: From the finite element formulation we have J. (W )T(VN )dQa = J. v%dﬁ
Q4 Q4

with v = N, (the choices v = N,, v = Ny and v = N, are not valid, since N, , N; and
N, do not satisfy the essential boundary condition). Furthermore, since the essential bound-

ary condition requires that @, = a; = a, = 0, we obtain

y=2
J (VN (VNdQa; = [ N, La Now, VN, = | ¥ | so
Q4 Qyy x=2
4
22
J(VNI)T(VNI)JQ - ]—16 [1o-2"+@-2)"14Q = ”(_vz+x2+4_v+4x—8)zlxd_v
Q)4 Q) 00

[SST N W)

22

Also, the right hand side becomes J- NI%CIQ = % J-(Z - x)(2-y)dxdy = 0.15.
Q4 00

2
Hence, we have §a1 = 0,15.

3

a: The basis functions of a bi-linear element are given by

1 e 1
Ny = 3(1=90-1) Ny = (181 -m)

N§‘=}1(1+§)(1+n) sz%(l—i)(l+11)

in a local coordinate system (—1 <& < 1,—1 <1 < 1). Derive an expression for the deriva-

ON;  ON;
tives — and —  for the case of an isoparametric mapping x = x(§, 1),y = y(&,mn).

ox dy
(2p)
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b: For the depicted element, calculate at least one of the ele-
ments in the Jacobian matrix. (2p)

c: Assume that the element i the illustration is to be used to
solve a stationary heat transfer problem, where the heat
supply is given by the function Q(x,y) = y+2x. Use 1-

point Gauss integration to calculate at least one component

o T
of the element load vector f~ = J.(Nb) Qdxdy . Hint: for
AC

the element geometry we have det(J) = 1_16[(6 -2N)(5-€) +

y

(0,0) X

28(1-1)] 2p)

Solution 3a: Use the chain rule to calculate the derivatives with respect to £ and M:

. We then get the desired

. The components of J are

ONi _ox N gy NP | JaN; ax dy
8&‘ 9% axﬁ 9% 9y =J ox where, hence, J = dg 98
ON; 9x ON; gy ON; ON; ox 9y
m “max Tmday | |5y on an
ON; ON;
. o . -1 |ox | _ ,1|0E
erivatives by multiplying both sides by J : =J
ON; ON;
9y | [om

€
ily calculat oxr _ 0 N, = raNi etc.; (x;, y;) is the coordinate of node i on
easily c Cuaeasag—aéz,[ I._Z,ia& ceted (X ¥,
1 1

the element.
Solution 3b: We have (x|, X5, X3, X;) = (0,4,3,1) and (y, y,, ¥

the shape function derivatives are

= - T PO . PO
F- L A A

»Y4) = (0,1, 3,3), while

oN, _1
ﬁ = Z(l +M)

an

Ny ] N, | ON; | Ny |

m _Z(I_E") an —Z(l"'&) am —Z(l‘*&) == _Z(l_&)
Hence,
ox oN; |

—7—

%= Tuge =30 (-m+4- (-3 (1am) -1 (4] = Z(6-2m).
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al—zva—N’ = 0 el (M) 43 (1 +m) =3 (1+M)] = ~(1-7)

aé - ,Iaé - 4 n n ~ n b T] - 4 —n ’

ax < N I

T = Ty =0 (14 (148 +3:(1+ D+ 1 (1-5)] = 7(0-28). and
=Ygy =0 (=01 (1453 (148 +3-(1-Y] = 3(5-8). s0

J - 1[(6—211) (l—n)}
4l 28 (5-8)

Solution 3c: With Gauss integration we approximate
. e T T , ) .
f = j(N ) Qdxdy = ZZHiHj(Ne(&i’ T]j)) (&, T]j)detJ(E',I-, nj) . With a single point, the
A i
integration weight is H, = 2, so H;H = H,H, = 4. Furthermore, the integration point is
at the centre, i.e (E_,,-, T]l-) = (€, ;) = (0,0). Thus, NC(O, 0) = }1[1 11 ]] and

15
detJ(0,0) = — . To calculate the value of () at the integration point, we first determine the

8

(x, y) —coordinate that corresponds to (§, 1) = (0, 0):

x(0,0) = Z_\-,Nf(o, 0) = i(0+4+3+ 1) =2
i

c 1 7
¥(0,0) = Zy,N,.(o,O) = 20+1+3+3) = 7

2
Therefore, Q = y+2x = f . So finally we have

I
e _ NTogedy=a. L|1].23. 15 _ 345
]‘L—J'(N)chul_v~44] T
Au

I
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Department of Applied Mechanics, Chalmers University of Technology

FINITE ELEMENT METHOD (MHA 021) — EXAMINATION
MARCH 9 2006

Time and location: 830 _ 1230 in the V building. Teacher will be present at about

939 and 1139,

Aids: ‘Closed books’ examination; only dictionaries and a ‘standard’
calculator allowed.

Teacher: Peter Moller; phone (772) 1505

Solutions: will be posted at the entrance of the Department of Applied
Mechanics no later that March 10. See also the web pages of the
course at http://www.am.chalmers.se/eng/welcome.html —
follow the link Education/Undergraduate Courses.

Grading: A complete and correct solution on any task grants points as
stated in the thesis. Minor errors result in a reduced score.
Gross error(s) and/or incomplete solution of a task will not
grant any points on that particular task. Maximum score is 20.
You need 8, 12 and 16 points to obtain grades 3, 4 and 5
respectively. NB: the above is for the written examination
only — to pass the course you also have to complete 4 com-
puter assignments.

Results: will be posted at the Department of Applied Mechanics no later
than March 20. Results are sent for registration Friday March
24 — course participants that have not completed the com-
puter assignments by this time will be registered as not |
approved.

You may scrutinize the correction (mark up) of your written
examination Tuesday March 21 139%-15%0 and Thursday March
23 1029-1299 (at the office space of Department of Applied

Mechanics).

Kindly consider:

* The person that corrects your solutions will not try to guess your thoughts, but the
grading will be based exclusively on what you have actually written down. Hence,
write legible and explain what you are doing.

e Explain/define any notation that you introduce.

e Draw clear illustrations. Use coordinate systems; carefully indicate positive/nega-
tive directions on vector entities such as e.g. displacements and forces.

« If you make anv assumption apart from what is stated in the respective tasks, you

have to state and motivate this explicitly.
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1 (svensk uppgiftstext nedan)
Consider a string of length L that has been pre-tensioned by a force S and that is loaded by
a transverse load with intensity p(x) . Provided that the problem is symmetric, the deflection

w(x) is given by the solution of the boundary value problem

dy_p L s T eeil]
= S’ —§<X<O ﬂw(x) S
| | ol

=0 !
o -L/2 0

=

w(—é =0 d_w
dx

a: Derive the weak form (variational formulation) of the problem (1) and make a finite ele-
ment formulation with test (weight) functions according to Galerkin. It shall be clearly
shown how the boundary conditions affect the formulation. Also state regularity require-

ments of involved functions. (3p)

1 —1} , where A is

1
b: The element stiffness matrix for a linear element becomes K = E [
-1 1

the element length. Solve the problem with a single linear element. (1p)

1 (english text above)

Betrakta en lina med lingden L som har striackts med en kraft S och sedan belastas med en
transversal last med intensiteten p(x). Om problemet ar symmetriskt, s ar utbdjningen

w(x) 16sningen till randvirdesproblemet

? p(x)
thop L s I Tivell]
— = ——<x<0 L U A k
(1) S ’ Mﬁwm S
124) aw ! | X
w(—— =0 e =0
T ~L/2 0

x=0

a: Harled den svaga formen (variationsformuleringen) av (1), och gor en finit-elementformu-
lering med testfunktioner (viktsfunktioner) enligt Galerkins metod. Det ska klar framga

hur randvillkoren paverkar formuleringen. Ange ocksa regularitetskrav pa funktionerna.
(3p)
1 -
b: Elementstyvhetsmatrisen for ett lineart element blir K ° = 7 [ 1 1} , dar h ar element-
-11

langden. Los problemet med ett lineart element. (1p)
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2 (svensk uppgiftstext nedan)

Consider a finite element approximation of a 2D elasticity problem.

a: Describe briefly what is meant by convergence, and two different methods to achieve con-
vergence. (2p)

b: If there is a singular point present in the exact solution, its strength will govern the rate of
convergence. Give examples of possible singular points. (1p)

c: Describe the requirements that the FE-approximation have to fulfil in order for the

approximation to converge, and give a physical interpretation of these requirements. (2p)

2 (english text above)

Betrakta en finit-elementapproximation av ett 2D elasticitetsproblem.

a: Beskriv kortfattat vad som menas med konvergens samt tva olika metoder som ger kon-
vergens. (2p)

b: Om den exakta losningen har en singular punkt s kommer singularitetens styrka att
styra konvergenshastigheten. Ge exempel pa mojliga singuldara punkter. (1p)

c: Ange de krav FE-approximationen maste uppfylla for att man sikert ska fa konvergens,

samt ge en fysikalisk tolkning av kraven. (2p)

3 (svensk uppgiftstext nedan)

a: The basis functions of a bi-linear element are given by

N = 10-8)(1-m) N = 3(1+E(-m)

N =19+ NG = (-8 m)

€ €

ONC NS

in a local coordinate system (,m) . Derive an expression for the derivatives —' and ¥

ox

for the case of an isoparametric mapping x = x(&, M), y = y(&,n). 2p)

b: Give a couple of examples of cases where the mapping is not unique, i.e. cases where

det(J) = 0 somewhere inside an element. (1p)

x = x(Em)
/WW
n
[ 734D

g

(_17—1) 1 2
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3 (english text above)

a: Basfunktionerna for ett bi-lineart element ges av

€

M= 1-81-m) N

1
71+61-m)

Ny = (1+E)(1+n) Ny = Z(1-E)(1+m)

ON;  ON;
i ett lokalt koordinatsystem (&,1) . Visa (harled) hur derivatorna a—l och a—' beriknas
X ¥

da avbildningen x = x(§, M), y = y(&, M) ar isoparametrisk (illustration pa féregende
sida). (2p)
b: Ge ett par exempel pa situationer dar avbildningen inte ar unik, d.v.s da det(J) = 0

nagonstans inom ett element. (1p)

4 (svensk uppgiftstext nedan)

According to the Euler-Bernoulli the-

Gl

ory, the deflection w = w(x) of a

beam is governed by the equation Iw( x)
| 1
I i I
0 L *
[ dw
_Z{EI__Z_J = i O<x<L
dx dx

where EI is the bending stiffness of the beam and ¢ = ¢(x) is the load intensity (force/
length). When the solution is at hand, one may calculate the cross-sectional moment M (x)

and shear force V(x) through

2 2
dx

2 2
M = _EIEZ_W V = i[Eld_W}
dx dx

a: Derive the weak form of the beam equation. Make a finite-element formulation and show

what the B -matrix looks like. Leave the boundary conditions unspecified for now. (2p)

b: Specify the requirements for a beam element to be conform (complete an compatible). (2p)

c: The most common beam element has four cubic .
614 —
basis functions, so that
a
2

(> e e & (o -
w:wh:N1a1+N;a2+N3a3+Nia4 4
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on one element; if the bending stiffness is constant and the element length is L, the ele-

ment stiffness matrix becomes

12 6 12 6
g2 L 1> L
6 4 £,
2 EI L L
Flo2 6 12 6
L2 L L2 L
6 -6
- 2 — 4
L &
For the problem depicted in the illustration: estab- P
lish the FE-equation system Ka = f using a single fl El l
element — describe how you obtained the system. 0} Li -

(2p)
d: Consider the potential energy II(w,) in the FE-solution of the problem in the previous

subtask: do you expect it to be larger, smaller or equal to the potential energy in the exact

solution? Motivate your answer. (2p)

4 (english text above)

Enligt Euler-Bernoullis balkteori, sa Q(x)m M
ges forskjutningen w = w(x) av 16s- / T)(‘i;/\/
M

ningen till differentialekvationen Tw( x)
| |
T A
2 . 18 i
2
—%[Eld—v;} =q O<x<L
dx dx

dar EI ar balkens bojstyvhet och ¢ = g(x) ar lastintensiteten (kraft/langd). Nar forskjut-

ningen berdknats, kan snittkrafterna — momentet M(x) och tvarkraften V(x) — berdknas

enligt
d2 d :
M= -EIZ7 V:—i_EI_V;
dx dx dx

a: Harled svaga formen av balkekvationen. Goér en FE-formulering och visa hur problemets

B -matris ser ut. (2p)
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b: Ange villkoren som méaste vara uppfyllda for att ett balkelement ska vara konformt (kom-

plett och kompatibelt). (2p)

c: Det vanligaste balkelementet har fyra kubiska bas- .
a4 —
funktioner, sa att N
R
€
__af® e e e e (& = ay
w=w, = Nja; + Nya, + Nya; + Nya, 4

pa ett element. Om elementet har langden L och bojstyvheten ar konstant, blir element-

styvhetsmatrisen
2 6 -12 6
;2 L 2 L
6 4 5,
= EI L L
bloiz 6 12 -6
r* & o &
6 -6
= 2 =
L L 4
Etablera ekvationssystemet Ka = f for problemet lp
El

som visas i figuren; anvand ett element. Foérklara
| X

TR

hur du far fram ekvationssystemet. (2p)
d: Betrakta den potentiella energin II(w;) i FE-16s-

ningen av problemet i foregaende deluppgift: forvantar du dig att den &r stérre, mindre

eller lika stor som potentiella energin i den exakta l6sningen? Motivera ditt svar. (2p)
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Department of Applied Mechanics, Chalmers University of Technology

FINITE ELEMENT METHOD (MHA 021) — EXAMINATION
MARCH 9 2006

Time and location: 830 _ 1230 in the V building. Teacher will be present at about

920 and 1132

Aids: ‘Closed books’ examination; only dictionaries and a ‘standard’
calculator allowed.

Teacher: Peter Moller; phone (772)

Solutions: will be posted at the entr®gge ©f the D tment of Applied

Mechanics no later th pages of the
course at http://www.am.chalmers.Se
follow the link Education/Undergraduate Courses.

Grading: A complete and correct solution on any task grants points as
stated in the thesis. Minor errors result in a reduced score.
Gross error(s) and/or incomplete solution of a task will not
grant any points on that particular task. Maximum score is 20.
You need 8, 12 and 16 points to obtain grades 3, 4 and 5
respectively. NB: the above is for the written examination
only — to pass the course you also have to complete 4 com-
puter assignments.

Results: will be posted at the Department of Applied Mechanics no later
than March 20. Results are sent for registration Friday March
24 — course participants that have not completed the com-
puter assignments by this time will be registered as not
approved.

You may scrutinize the correction (mark up) of your written
examination Tuesday March 21 1390159 and Thursday March

23 10%2-129€ (at the office space of Department of Applied
Mechanics).

Kindly consider:

¢ The person that corrects your solutions will not try to guess your thoughts, but the
grading will be based exclusively on what you have actually written down. Hence,
write legible and explain what you are doing.

¢ Explain/define any notation that you introduce.

* Draw clear illustrations. Use coordinate systems; carefully indicate positive/nega-
tive directions on vector entities such as e.g. displacements and forces.

¢ If you make any assumption apart from what is stated in the respective tasks, you

have to state and motivate this explicitly.
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1

Consider a string of length L that has been pre-tensioned by a force S and that is loaded by
a transverse load with intensity p(x). Provided that the problem is symmetric, the deflection

w(x) is given by the solution of the boundary value problem

2 p(x)
“dw_r Leic M
dx S 2 Mw(x) S
(1) .

— I X
=1 —L/2 0

a: Derive the weak form (variational formulation) of the problem (1) and make a finite ele-
ment formulation with test (weight) functions according to Galerkin. It shall be clearly
shown how the boundary conditions affect the formulation. Also state regularity require-

ments of involved functions. (3p)

b: The element stiffness matrix for a linear element becomes Ke = 111 l:l _1:' , where h is
-1 1

the element length. Solve the problem with a single linear element. (1p)

Solution 1a: Multiply the differential equation by a test function v(x) and integrate over the

0 9 0
interval: — f v(x) d—v;dx = I v(x)gdx. Partial integration of the left hand side yields
-L/2 & -L/2
0
dv dw ( dw (—L)dw(—L)) B N2 )
j~_~ dx—(v(0)Z(0) - F)Z(F)) = j v(x)dx . The first boundary term van-
-L/2 -L/2

ishes, since w'(0) = 0; to get rid of the second boundary term, we restrict the formulation

to test functions such that v(-L/2) = 0. Thus, defining

2
V=<v:v(-L/2)=0 J. (Z—D dx < oo, J. Vi dx < oo , we are lead to the varia-
-L/2 -L/2
0 0
tional problem: Find w € V such that J.d—vil—vl) dx J- vgdx Vve V.
-L/2 -L/2

Finite element formulation: select a set of basis functions N; and let V), be the space of

functions that can be expressed as a linear combination of the basis functions. Approximate
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T
w=w, = ZNiai = Na (where, hence, N = I:N1 N2 :l and a = l:al a, :| ). Now,
i
substitute the approximation into the variational problem and use the basis functions as test

functions (i.e. the Galerkin method); we obtain:

0 0
aw
Find w, € V, such that %ahdx = J'vgdx Vve V, (or
-L/2 -L/2
0 T 0
dN\ "dN _ Tp

| (E —-dxa= [N Ldx).

-L/2 -L/2
; N
Solution 1b: With a single element of length & = L we getg 1 -4 _p _[ U ax
2 L1 1]|ay| S
-L/2

where we used the fact that p and § are constants; a; and a, represents the transverse
. L . " L
displacements at x = ) and x = 0, respectively. Hence, by the condition w| —=| = 0 we

have that a; = 0 and that the first equation is not valid (since the test function v = N; #0

0 0
a
at x = —g. We are thus lead to 232 = g I N,dx . With J. Nydx = ]Z: we finally obtain
-L/2 -L/2
o = PL
27 88
2

Consider a finite element approximation of a 2D elasticity problem.

a: Describe briefly what is meant by convergence, and two different methods to achieve con-
vergence. (2p)

b: If there is a singular point present in the exact solution, its strength will govern the rate of
convergence. Give examples of possible singular points. (1p)

c: Describe the requirements that the FE-approximation have to fulfil in order for the

approximation to converge, and give a physical interpretation of these requirements. (2p)

Solution 2a: By convergence we mean that the finite element approximation gets better and

better, the more degrees of freedom that is used in the discretization. This may be accom-

plished in two different ways. Using the so called & -method, we use more and more ele-
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ments, i.e. we reduce the element size 4 (but retain the element type). In the so—called p -

method one keeps the mesh topology, but introduces more an more basis functions on the

the elements, viz. by resorting to polynomials of higher and higher degree p .

Solution 2b: In an elasticity problem, typical singular points are re-entrant corners, points
of concentrated loads (forces), material interfaces at boundaries, and points where boundary

conditions changes abrupt.

Solution 2c¢: The elements have to be complete, meaning that it should be possible to chose
values for the element degrees of freedom such that the approximation becomes constant on
the element, and likewise chose values such that the first derivatives become constants.

Physically, for the elasticity problem, this means that the elements have to be able to repre-

sent rigid body translations (displacements and rotation) as well as a state of constant strain.

In addition, the elements have to be compatible, meaning that the approximation has to be

continuous across element edges — i.e. we do not allow discontinuities in the displacements.

3
a: The basis functions of a bi-linear element are given by
1 1
Ny = 30-8A-n) Ny = 7(1+8)(1-n)
1 1
N = 0+8)(1+m) Ny = 7(1-E)(1+m)
ON;  ON;
in a local coordinate system (£,1) . Derive an expression for the derivatives P and o
X y

for the case of an isoparametric mapping x = x(§, M),y = y(&,n). 2p)

b: Give a couple of examples of cases where the mapping is not unique, i.e. cases where

det(J) = 0 somewhere inside an element. (1p)
x=xEn)
y=yEn)
n
& g (LY
g

-1-D[1 Z

Solution 3a: Isoparametric mapping means that the basis functions are used as shape func-

4 4
tions: x(&, M) = Z xN;Em) ., y(En) = Z y;N;(E, M), where (x,,y,) is the coordinate

i=1 i=1
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of the i:th node on the element. Hence, the derivatives Qf a_x a_y and a_y are straightfor-
9F’ om’ 9k m

ox i
d to calculate; = = X.— , etc. By the chain rule we have
ward to c 3E Z 38 ¥

N, :a_xa_N‘#—ala—Ni s &
0 dEdx JdEdy or _whete J = 9€ 0§ . Thus,
ON; _ox aNi+a)’ oN; EY,
an ~ondx *andy on o

Solution 3b: For the mapping to be unique, the inverse of the Jacobian must exist, i.e. we
must have detJ # 0 . This condition is not met if, for instance, the element has an re—entrant

vertex or if the nodes in the element definition are numbered in the wrong order:

3
b 1
3
2
b 4
2

4
According to the Euler-Bernoulli the- q(x)
ory, the deflection w = w(x) of a TDCl
beo ™
!

beam is governed by the equation w(x)
A i X
0 L
i 2w
dx dx

where EI is the bending stiffness of the beam and ¢ = ¢(x) is the load intensity (force/

length). When the solution is at hand, one may calculate the cross-sectional moment M(x)

and shear force V(x) through
d ’ d | d ;
M=-EI~2 V=- d—[El—Y;-
dx Moodx
a: Derive the weak form of the beam equation. Make a finite—element formulation and shor
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what the B -matrix looks like. Leave the boundary conditions unspecified for now. (2p)

b: Specify the requirements for a beam element to be conform (complete an compatible). (2p)

c: The most common beam element has four cubic .
a A
basis functions, so that 5\}
-
€
(o e e e & & a

on one element; if the bending stiffness is constant and the element length is L, the ele-

ment stiffness matrix becomes

12 6 -12 6
g2 L 2 L
6 4 £ ,
K = EI L L
Llzi2 6 12 6
L2 L L2 L
6 -6
- 2 — 4
L L
For the problem depicted in the illustration: estab- P
lish the FE-equation system Ka = f using a single El l

element — describe how you obtained the system.
(2p)
d: Consider the potential energy II(w)) in the FE-solution of the problem in the previous

= AW\

subtask: do you expect it to be larger, smaller or equal to the potential energy in the exact

solution? Motivate your answer. (2p)

Solution 4a: Multiply the differential equation by a test function v = v(x) and integrate

over the domain (interval)

L 2 2 L
Jviz{Eld—‘;}:ldx = |vgdx
" dx dx 3

Now, twice integration by parts of the left hand side yield

L 2 2 2 L 2 __L L
jEI———d ‘;d v:dx = {d—vEld—‘;{l - [vi[Elfl—gj} + J.qux
dx” dx” dx o |y | ax ], ;

Identifying the bending moment and shear force in the boundary terms, we may write
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L 2 2 L
[0 2% a0 = [vgdx+ MO S|+ vy - voyo)
dx"dx dxx=o dxsz

T
Let w=w, = |:N Nr;| [al ar;| = Na, where N; and q; are basis functions and

1 -+

node variables, respectively, be a FE-approximation; use the basis functions as test func-

tions. We then obtain

L 2 L
d N; dzN dN; "
jEI—Z_ =S dxa= jN,.qu +M(0)— ~ M(L)— + V(L)N,(L) — V(0)N(0)
_ dx dx i i
dx” dx x=0 x=1L
0 0
(i = 1,2, ..., n). Collecting these n equations in matrix form and using
2 2 2
B:M: le dNn,weobtain
d 2 - Ty
X dx dx
L L T T
[E1B"Baxa= [N'qax+ M(O)%V - M(L)Z—]: + V(L)NT (L) - V(0)N" (0)
0 0 x=0 x=L

Solution 4b: The elements have to be complete, meaning that it should be possible to chose
values for the element degrees of freedom such that the approximation becomes constant on
the element, chose values such that the first derivative becomes constant, and, finally, chose

chose values such that the second derivative become constant.

In addition, the elements have to be compatible, meaning that the approximation and its first

derivative have to be continuous across the element mesh.

Solution 4c: Since we only have one element, we have K = K® and, thus

T
a = l}f a a{' . To evaluate the right hand side of the FE-formulation, we note that
1 %2 %3 %4

0 and

L)
I
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N,(0) = 1 N, (L _ M an,y 0
1(0) = (@ =t =t =
x=0 x=1L
N 1 N,(0) = N, (L 4N 0
x| - 20) = M) = 77| =
x=0 x=1L
Ny(L) = 1 N4 (0) aNs Ny 0
3 - — 3 = — —_— — r—
dx =1 dx e I
N 1 N, (0) = Ny(L N 0
EX: —L_ 4( )_ 4( )_E _ -
= x:=10
Hence we have
(12 6 -12 6|
2 L 2 L|
o a
g 4 f6 o [ 0 0 0 1
£ = mo) | - m) |0 + vy |9 - vi0y|©
blo2 -6 12 6| |a 0 0 1 0
;2 L ;2 L a, 0 1 0 0
6 -6 o
; 2 T 4

Now, at x = 0 we have that w = w' = 0, so we prescribe a; = a, = 0; furthermore, the
test function has to satisfy these essential boundary conditions (or: we do not know the val-

ues of M(0) and V(0) in the right hand side) — thus, we omit the first two equations, and

since the first two columns are to be multiplied by zeros, we get

12 6 0 0
2
EDL® L%l 2 ey |9 + vy |0
L| ¢ a 0 1
D 4| L™
L 1 0

The boundary conditions at x = L end are obtained from equilibrium: M (L) = 0 and

V(L) = —P, so finally we have

12 -6
EIlf? L||as _ {—P}
L -6 a, 0
= 4
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Solution 4d: Since ¢ = 0 and EI is a constant, the governing equation reduces to
d4
w
= 0, so the exact solution is a cubic polynomial; we also know that the exact solution

dx4

minimizes the potential energy. The basis functions used to establish the FE-approximation
w,, are 4 linear independent cubic polynomials; thus, any cubic polynomial may be

expressed as a linear combination of the selected basis functions. Also, the FE-approxima-

tion with test functions according to Galerkin, is known to minimize the potential energy. It

follows that w = w,, i.e. we get the exact solution in this case. Hence, II(w) = II(w;,).
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Department of Applied Mechanics, Chalmers University of Technology

FINITE ELEMENT METHOD (MHA 021) — EXAMINATION
JANUARY 11 2006

Time and location: 830 _ 1230 in the V building

Aids: ‘Closed books’ examination; only dictionaries and a ‘standard’
calculator allowed.

Teacher: Peter Moller; phone (772) 1505

Solutions: will be posted at the entrance of the Department of Applied
Mechanics no later that January 11. See also the web pages of
the course at http:/ /www.am.chalmers.se/eng/welcome.html
— follow the link Education/Undergraduate Courses.

Grading: A complete and correct solution on any task grants points as
stated in the thesis. Minor errors result in a reduced score.
Gross error(s) and/or incomplete solution of a task will not
grant any points on that particular task. Maximum score is 20.
You need 8, 12 and 16 points to obtain grades 3, 4 and 5
respectively. NB: the above is for the written examination
only — to pass the course you also have to complete 4 com-
puter assignments.

Results: will be posted at the Department of Applied Mechanics no later
than January 16. Results are sent for registration January 23
— course participants that have not completed the compu-
ter assignments by this time will be registered as not
approved.

You may scrutinize the correction (mark up) of your written
examination Tuesday January 17 1029-113% and/or F riday

January 20 152%-1632 (at the office space of Department of
Applied Mechanics).

Kindly consider:

* The person that corrects your solutions will not try to guess your thoughts, but the
grading will be based exclusively on what you have actually written down. Hence,
write legible and explain what you are doing.

* Explain/define any notation that you introduce.

* Draw clear illustrations. Use coordinate systems; carefully indicate positive/nega-
tive directions on vector entities such as e.g. displacements and forces.

* Ifyou make any assumption apart from what is stated in the respective tasks, you

have to state and motivate this explicitly.
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1 (svensk uppgiftstext nedan)
Consider a thick-walled pipe with inner radius @ and outer radius

b, that is loaded by an external pressure py and an internal pres-
sure p;. Assuming plane stress conditions, we may calculate the

radial displacement u by solving the boundary value problem

2

b

b

- ]
c,(a)

5,(b)

Once solved, the radial and tangential stresses are obtained through

6p = (L4 vl)
- I—VZ rdr

o = E[du, )
r 1_\,2 dr r

a: Let v = v(r) be a test function and show that the weak problem of the boundary value

problem may be written

b
E 1d, .
1—\/2 'I.;ZZ;[W]

a

d.
E[zu]afr—

E
1+v

[v(D)u(d) —v(a)u(a)] =
(2p)

= av(a)p; - bv(b)p,

b: Assume that the problem have been discretized with linear finite elements, so that we
have u=u, = Ni'a? + N;ag on a single element, and that the test functions have been
chosen according to Galerkin. Show that the element stiffness matrix of an element with

node coordinates rj and rj +1 becomes

K =
r ) 5 7
X (N)) . dNy  (dN; NN, A dN;  .dN]  dNidN;
— Ny @ g Ny v n w
E J. ¥ r r r I 4 r o dar J
pumy ’.
2
_ & 2 . 2
L=y o Ivens s edVy dNidNS (V) Jyeds | [
+N{—"+N,— — — 2Ny— "
r Ldr 2dr +rdr dr r * 2dr T dr

provided that a < 651 < b . (2p)

c: Explain, physically, why the stiffness matrix K for this problem, becomes positive definite

g
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although there is no essential boundary condition. (1p)

1 (english text above)
Betrakta ett tjockviggigt ror med radien b och hilets radie a. Om §

roret dr belastat med ett inre tryck p; och ett yttre tryck Py och om

£\
plant spanningstillstand antas, s& kan den radiella férskjutningen -

u berdknas genom att 16sa randvardesproblemet 2b

_ i[li[ru]} =0

drlrdr
Gr(a) = _pl
5,(b) = p,

Nar u ar kand, kan radiella och tangentiella spdnningar berdknas som

o =L (@+vu) o = L (u+vdu)
a 2\dr a I—V dr

—

a: Lat v = v(r) vara en testfunktion (viktsfunktion) och visa att den svaga formen av rand-

vérdesproblemet kan skrivas

2 rdr 1+V[V(b)u(b)—v(a)u(a)] = i

= av(a)p; - bv(b)p,

b: Antag att problemet FE-diskretiseras med linedra element sa att u =u;, = Ni'a1 + N, ag
pa ett element, samt att testfunktionerna valjs enligt Galerkin. Visa att elementstyvhets-
matrisen for ett element med nodkoordinater r; och r; i1 blir

K =

2 2 5
(N}) s <dN; ‘[dej NﬁN§+NedN§ «dN;  dNTdN,

r g N Ty T

dr

_ 2 2
L=Vl v ane NG NS V)N
i — o P -
r * Ldr 24y rdr dr - 2 T dr

r

om a<r,; <r+1<b 2p)
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c: Ge en fysikalisk forklaring till varfor styvhetsmatrisen K (for det givna randvardesproble-

met) blir positivt definit, trots att det inte finns nagra vasentliga randvillkor. (1p)

2 (svensk uppgiftstext nedan)

a: Formulate the divergence theorem; explain (define) the notation you introduce. Show how

. T
the Green-Gauss theorem, i.e. I(D div(g)dQ = cj’(b q ndl' - I(Vd))quQ , may be derived
Q r Q
from the divergence theorem. You may resort to the 2D case in your solution. (2p)

b: Let Q C R be a domain in the (x,y)-plane and let I' be its boundary. Further, let the
potential function ¢ = ¢(x, y) be the solution of the boundary value problem

—div(DV¢) = f in Q, ¢ = 0 on I'; here, f is a given function and D is a symmetric
and positive definite constitutive matrix. Use the Green-Gauss theorem to do a variational
formulation of the problem; explain how the boundary condition is introduced in the weak

form. Also describe restrictions on the choice of test functions. Make a finite element for-

mulation of the problem and show the expression of the B ° matrix in the case of an ele-

ment with N, basis functions. (3p)

2 (english text above)

a: Formulera divergens-teoremet och redogor for ingaende storheter. Visa hur Green-Gauss

sats, dvs. J.(D div(q)dQ = 4(1) an dl’ - J(V(j))quQ , kan harledas ur divergens-teoremet.
Q r Q
Problemet far 16sas for 2D-fallet. (2p)

b: Lat Q C R* vara ett omrade i (x,y) -planet och I'" dess rand. Potentialfunktionen
¢ = ¢(x,y) ar losningen till randvardesproblemet —div(DV) = f i Q, ¢ = 0 paT;

har 4r f en given funktion och D en symmetrisk och positivt definit konstitutiv matris.

Anvand Green—Gauss sats for att variationsformulera problemet; det maste framga hur
randvillkoret paverkar formuleringen. Redogor ocksa for vilka krav som stills pa testfunk-

tionerna (viktsfunktionerna). Finit-elementformulera variationsproblemet och visa hur

B° —matrisen for ett element med N . basfunktioner ser ut. (3p)
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3 (svensk uppgiftstext nedan)

Consider the problem described in task 2b above; the abstract form of the weak problem may

be written: Find ¢ € V such that a(¢,v) = (v, f) VveV

where (v, f) = J.vfdQ, a(p,v) = j(Vv)TD(V(j))dQ., and V is the space of all admissible
Q Q

functions.

a: Show that a(¢, v) is symmetric and linear in both arguments. (1p)

b: Given that a(¢,v) is symmetric and bi-linear: Prove that the solution ¢ of the variational

1
problem is a stationary point of the functional II(v) = Ea(v,v) — (v, f) . Also show that

the stationary point is a minimum. (4p)

3 (english text above)

Betrakta problemet i uppgift 2b. Pa abstrakt form kan den svaga formen skrivas: Bestam

¢ e Vsaatt a(®,v) = (v,f) VveV

dar (v, f) = JvfdQ och a(9,v) = I(VV)TD(Vd))dQ . Har Var rummet av alla tillatna
Q Q

funktioner.

a: Visa att a(¢, v) ar symmetrisk och lineir i bada argumenten. (1p)

b: Under antagande om att a((,v) ar symmetrisk och bi-linear: Visa att 16sningen ¢ till vari-

1
ationsproblemet gor funktionalen II(v) = Za(v,v) — (v, f) stationir; visa att den statio-

2

niara punkten ar ett minimum. (4p)
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4 (svensk uppgiftstext nedan)

~ T T
Equilibrium in a 2D elasticity problem requires that -V 0 = b,where 6 = |:Gr Gy TW:I is

d
T ~T 3)‘(‘
[bx by:l a given volume loading, and V =

9

dy
the stress vector, b 5 . The defor-
Ox

T
mations (strains) € = [g g, ny:| are (according to Hooke) proportional to the stresses:
T ~
o = D¢ . Kinematics relates deformations and displacements # = [M‘c ”»] as € = Vu.By
combining these three equations, we get two second order partial differential equations from
which the unknown displacements may be solved. In the most common case where b =0,

the weak form of the problem may be written

a(u,v) = 4andr (1)
T

T T
where ¢ is the thickness, f = I:tx zy} is the traction (boundary loading), v = [vv V)] is a
vector with test functions, while the bi-linear symmetric form is given by

~ T ~
a(u,v) = j(Vv) D(Vu)tdS .
Q

a: Specify the boundary conditions that are required to solve the elasticity problem depicted
in the illustration below. (2p)

b: Give some example of a modelling error that might have arisen when the physical problem
was described by a mathematical model. (1p)

c: Starting from Eq (1), make a finite element formulation of the given problem; select test
functions according to Galerkin. From your solution, it should be clear how the boundary

conditions affect the formulation. Show the integral that defines the element stiffness

matrix of an element that has N & basis functions — the Be matrix should also be shown.

(2p)
}I
7/_
/
/‘
_ H
]
/
i —
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4 (english text above)

~T T
Jamvikt i ett 2D elasticitetsproblem kriver att -V ¢ = b dar © [Gx o, 'Cry] ar span-

0 d
T ~T ox 0 v
ningsvektorn, b = [bx b};] en given volymslast, och V = Y. Hookes lag relate-
099
dy dx

T
rar spanningarna med tdjningarna € = [8x €, ny:[ enligt ¢ = D¢, och kinematiken ger

Gl T
att e = Vu,daru = [”x uy] ar forskjutningsvektorn. Kombineras de tre ekvationerna fas

tva andra ordningens partiella differentialekvationer, vars 1ésning ger den primért obekanta

forskjutningsvektorn. Om b = ( sa kan den svaga formen av problemet skrivas

a(u,v) = 4thzdr )

r

T T
dar vi infort tjockleken ?, randlasten £ = [tr tv:| , viktsfunktionerna v = [Vx V\J , samt

e T
den bi-linedra symmetriska formen a(u, v) = J(Vv) D(Vu)tdQ .
Q

a: Ange randvillkoren som kravs for att 16sa elasticitetsproblemet som illustreras av figuren
(se foregaende sida) (2p)

b: Ge exempel pa nagot modelleringsfel som kan ha uppkommit d& det bakomliggande
fysiska problemet beskrivits med en matematisk modell. (1p)

c: Utga fran ekv (2) for att finit-elementformulera det givna problemet med viktsfunktioner

enligt Galerkin. Det ska framga hur randvillkoren paverkar formuleringen. Ange ocksa

den integral som ger styvhetsmatrisen for ett element med N, basfunktioner — B -

matrisens utseende ska visas. (2p)
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FINITE ELEMENT METHOD (MHA 021) — EXAMINATION
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calculator allowed.

Teacher: Peter Moller; phone (772) 1505

Solutions: will be posted at the entrance of the Department of Applied
Mechanics no later t J ary 11. See also the web pages of

the course at htt ers.se/eng/welcome.html
— follow the link Educationt ogses.

Grading: A complete and correct solution on any ints as
stated in the thesis. Minor errors result in a reduc
Gross error(s) and/or incomplete solution of a task will not
grant any points on that particular task. Maximum score is 20.
You need 8, 12 and 16 points to obtain grades 3, 4 and 5
respectively. NB: the above is for the written examination
only — to pass the course you also have to complete 4 com-
puter assignments.

Results: will be posted at the Department of Applied Mechanics no later
than January 16. Results are sent for registration January 23
— course participants that have not completed the compu-
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You may scrutinize the correction (mark up) of your written

examination Tuesday January 17 10907130

and/or Friday
January 20 1539-163C (at the office space of Department of
Applied Mechanics).
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* The person that corrects your solutions will not try to guess your thoughts, but the
grading will be based exclusively on what you have actually written down. Hence,
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e Explain/define any notation that you introduce.

* Draw clear illustrations. Use coordinate systems; carefully indicate positive/nega-
tive directions on vector entities such as e.g. displacements and forces.

e If you make any assumption apart from what is stated in the respective tasks, you

have to state and motivate this explicitly.
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1

~
g

Py
Consider a thick-walled pipe with inner radius ¢ and outer radius §\\*

b, that is loaded by an external pressure p, and an internal pres- 24

sure p,. Assuming plane stress conditions, we may calculate the

2b
radial displacement u by solving the boundary value problem JL__JL

drld
—EBE ru]}— 0

c.(a) = —-p;
o,(b) = =B

Once solved, the radial and tangential stresses are obtained through

E (du, u) E (u du)
G, = —+ V- O, = +V

r 1—V2 dl‘ r ¢ 1—V2 ; E

a: Let v = v(r) be a test function and show that the weak problem of the boundary value

problem may be written

b

E 1d o d E
AL rurdr - Sl BY = v =
1 _Vz J-rdr[u]dr[m]u 1 Jrv[\(7)11( h) —v(a)u(a)] -

a

= av(a)p;,—bv(b)p,

b: Assume that the problem have been discretized with linear finite elements, so that we

have u=1u, = NT(IT + N;a; on a single element, and that the test functions have been

chosen according to Galerkin. Show that the element stiffness matrix of an element with

node coordinates r]. and r]- 1 becomes

€

K =
2 e 2 ]
(N cdN }_(@?} NiN5  cdNy odNy  dNjdN,

Al _ Ne__ G
r * Ldr r Ydr i 2dr rdr dr

dr
dr

+Nf “+N§— +r ~— +2N,— " -

r dr dr dr dr r 2dr dr

L=VE L INSNS NS NS dNSANG (VD) .dNG [dzvij“
- +r

provided that a <r;<r;, < b . (2p)

c: Explain, physically, why the stiffness matrix K for this problem, becomes positive definite
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although there is no essential boundary condition. (1p)

Solution 1a: Multiply the differential equation by a test function v(r) and integrate over the
b(2m b

d[ —[re t]}de dr=0=-2x _[ [——l[iu]}(h 0 . Integration by
drirdr drirdr

a0 a
b b

b
parts yields: j(w) |: g [iu]:ldr = [vi[ru]] - J‘li[ll)] 4 [ru]dr . In order to account
rdr dr g rdr dr

a a

surface: — _[\

for the boundary conditions, we need evolve the boundary terms:

b

d P diny 7’ u  dn’ u du u
[v—[ru]} = [v u+r— J = [vr +— J = [v V-+—+(1=-Vv)- :| =
dr dr/ g dr rodr &

a

5 b 2 )

oy vr 2 (VH+@+(I —V)H) = 1= _Vu[vr(c + 2 L—’)T

- E [_y2\ o dr |  E T+ v)r/ ],
a

2

_ | }V [bv(b)ﬁ,.(b) -

a fv)u(b)v(b) —av(a)o,.(a) - a fv)

u(a)v(a):l =

E )(u(b)v(b)—u(a)v(a)):D

7
[ —v~
= (S5 [ev@p=bvoipy + s

Hence, multiplication by = now gives

| —v~

b

LJ-I [iv]—[)u](h £ (u(b)v(b) —u(a)v(a)) = av(a)p;—bv(b)p,
| — rdr 1+v .

a

5 . T .
Solution 1b: Let N = ]:NT N‘;}J and a = I:“T “ﬂ , so that u,, = Ncac on one element.

Substitution into the weak problem and test functions according to Galerkin, i.e. v = NT

and v = N; , yield:

b Tivi

L vy vaar = £ [ L0

[ _y2drdr dr [ _y2 @ rdr dr
a IT,

[+(N*))dra" = Ka® . We

b d[_Ne]_Nc+‘dNe_ ﬁ dN? ’ ([Ni d
avemi( )] = IZ[; = NT+I‘ £ . 2| an
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. T
U e T _d(Nb) _ dN°® d . ) )
E[’(N) ] = (V) +’ﬂ NT+F—1 Ng+r—‘2 . The integrand thus becomes:
dr dr
T
1d  aeTidr ey = L . ant dns| | . dNS . dNs| -
;ﬂ['(N)]E['(N)]“}NT+;~—IN§+r—2 M+;~—IM+r—2 -
dr < dr dr a0 dr
i . 2 2 . . o
(N)) ANy (dN] NiN; .dN; .dN| dN|dN,
2N, — | — — — "4+ N,— "
r * Nldr 7 dr r M Ldr * 2dr +’dr dr
- & e o} € 2 2
MN§+ AN, N“‘]Nl dNydN;  (Ny) o ec1N§+r dN;
r Ydr 2dr ’E dr r 2dr dr

from which the result follows.

Solution 1c: Due to symmetry of revolution, there is no rigid body translation involved in the

problem. For instance, in the expression for the stresses we have the term u«/r, so even if we

would have u = ¢ (constant) there will be stresses and strains.

a: Formulate the divergence theorem; explain (define) the notation you introduce. Show how

the Green-Gauss theorem, i.e. jq> div(g) dQ = 4(1) an dl' - I(V¢)qu£2, may be derived
Q r Q

from the divergence theorem. You may resort to the 2D case in your solution. (2p)

b: Let Q C 9?2 be a domain in the (x,y)-plane and let I" be its boundary. Further, let the
potential function ¢ = ¢(x, y) be the solution of the boundary value problem
~div(DV9) = f in Q, ¢ = 0 on I'; here, f is a given function and D is a symmetric
and positive definite constitutive matrix. Use the Green—-Gauss theorem to do a variational

formulation of the problem; explain how the boundary condition is introduced in the weak

form. Also describe restrictions on the choice of test functions. Make a finite element for-

mulation of the problem and show the expression of the B ® matrix in the case of an ele-

ment with N, basis functions. (3p)

i :
Solution 2a: Let 2 © R~ be a domain in the (x,y) -plane and I its boundary, n = [n_\_ ,,‘] "an

T
out-ward unit normal, and let ¢ = [q‘\_ q‘] be a vector—valued function. Provided that the

functions are sufficiently regular, we have (the divergence theorem): Idiv(q)dQ = <qu11(11“
Q r
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To obtain the Green-Gauss theorem, we construct the vector ¢q, where ¢ is a sufficiently

regular, but otherwise arbitrary, function. Next we calculate the divergence of ¢q:

N d P) dq,  9qy o I ‘ T
divipg) = 7I0q,] +5710g,] = 057"+ 0520+ 500, + 500, = ¢divig) +(V0) g

The divergence theorem applied to ¢¢ and the identity div(¢q) = ¢div(q) + vo)'q., produce the

desired result.

Solution 2b: Multiply the differential equation by a test function v and integrate over the

domain: - '[vdiv(DVq:)(lQ = IvfdQ . Now apply the Green-Gauss theorem (identify v and the vec-
Q Q

tor DV, by ¢ and ¢, respectively); we obtain: J'(V\')TI)(an){IQ = z}‘v(DV(D)Tn(II'+ [vra
o r 0

In order for this equation to have any meaning, the involved functions have to be regular
enough — it must be possible to integrate the square of the functions as well as the squares

of their first derivatives; furthermore, we have to chose test functions such that v=0 on T,
since it would not be possible to calculate the boundary integral otherwise (V¢ is unknown)

— thus, the test function has to satisfy homogenous essential boundary conditions. Let V be

the space of all functions that satisfy these conditions; the variational formulation then

becomes: Find ¢ € V such that J‘(V\')Tl)(Vq))dQ = J'\;/'le Yve V
Q Q

Finite element formulation: Chose N basis functions N, out of V (conform method) and let

Vv, <V be the space of all functions that may be expressed as a linear combination of the

N
basis functions. In particular, we approximate ¢ =¢, = Z N.a; and calculate the node vari-

i=1

ables «; such that the variational problem is satisfied in Vv, (Galerkin method). Hence, we

have: Find ¢, € v, such that J'(V\’)TD(Vq)h)dQ = J\.{/?/Q Yve V,
Q Q

For an element with N, basis functions, i.e one on which only N, out of N basis functions

take on non-zero values, the finite element approximation may be written
— € e e e e e T _ NC e
¢, = N N, "'NNC ajda, ...ayl = a , so that

V(Dh = V(Neac) = (VNc)tlC = B°a" , where, hence,
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ON| ON5 Ny
e ox ox 7 ox
N ON;  ONy
9y dy Ty

3

Consider the problem described in task 2b above; the abstract form of the weak problem may

be written: Find ¢ € V such that a(9,v) = (v, f) Yve V

where (v, f) = J-vfdQ, a(o,v) = J-(VV)TD(V(I))CLQ, and V is the space of all admissible
Q Q

functions.

a: Show that a(¢, v) is symmetric and linear in both arguments. (1p)

b: Given that a(¢,v) is symmetric and bi-linear: Prove that the solution ¢ of the variational

|
problem is a stationary point of the functional I1(v) = ia(v,v) — (v, f). Also show that

the stationary point is a minimum. (4p)

Solution 3a: In order to prove symmetry, we utilize the fact that the integrand is scalar and

thus equal to its own transpose and that p' ' =D:

a@) = [(V0)'DV0)Q = [(Tn) DV 42 = [(V9)1[(7n'D] a0 =

Q Q Q
= J‘(V(D)TDT(V\’)LIQ = j(ch)TI)(Vv)dQ = a(vn)
Q

Q

soaluy) = alvu) .

Linearity in the first argument: let o, e %. Then we have

a(ad, +Bo,) = j(Vv)TD(Vaq), +VPBo,)dQ =
Q
= aj(vv)TD(Vcb,)dsuﬁj(v\v)TD(Vq)z)dQ = aa(@,) + Baldyy)

Q

Linearity in the second argument follows from above:

a(9, oy +Pvy) = alow; +Pv,y, 0) = aa(v,0) + Pa(v,d) = ca(d, vy)+Pa(d, v,)
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Solution 3b: Let ¢ be the solution of the variational problem and I1(¢) = %a(({), o) - (¢,/) . Fur-

ther, let 8¢ € V be a small variation of ¢; then ¢+ 8¢ e V. We may then write

M(0+30) = 3a(0+80,0+50) = (0+30./) =

= 3a(6, )+ a(0, 36) + 7a(59, 56) ~ (6./) ~ (30.)

The variation of IT hence becomes

O = T1(0+30)~TI(0) = a(p, 80) + 2a(30, 59) - (89./) = (9. 59) ~ (59.)

where we used that a(8¢, 5¢) =0 (since §¢ is small). We have that a(¢, 3¢) = (8¢, /), since ¢

solves the variational problem and §¢e V. Thus, dIT = 0, i.e. I is stationary when v = ¢.
To show that the stationary point is a minimum, we need to show that the second variation is

positive: M>0:

O’ = ATI(G+59) - ATI(G) = a(9+ 59, 5¢) - (39, /) —a(9, 80) + (80, /) = a(8¢. 59)

Since the constitutive matrix D is positive definite, we have that a(5¢, 8¢)>0 (if 5¢#0 some-

where). Thus, *M>0.

4

~T

T
Equilibrium in a 2D elasticity problem requires that -V 0 = b,where 6 = o, 0, 1\_\] is

1

T
the stress vector, b = l:b ‘ ])J a given volume loading, and vV = . The defor-

J
T a—
0

N X

0

0

dy
T

mations (strains) € = l:g €. Y\.\] are (according to Hooke) proportional to the stresses:

T ~
o = D¢ . Kinematics relates deformations and displacements u = |:“\_ u;] as € = Vu.By

combining these three equations, we get two second order partial differential equations from
which the unknown displacements may be solved. In the most common case where b = 0,

the weak form of the problem may be written
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a(u,v) = cj.thtdF (D)
r

y

T T
where f is the thickness, f = [t\, f:’ is the traction (boundary loading), v = [v\. v;} isa
vector with test functions, while the bi-linear symmetric form is given by

ala, 1) = j(Vv)TD(Vu)rcIQ.
Q

a: Specify the boundary conditions that are required to solve the elasticity problem depicted
in the illustration below. (2p)

b: Give some example of a modelling error that might have arisen when the physical problem
was described by a mathematical model. (1p)

c: Starting from Eq (1), make a finite element formulation of the given problem; select test
functions according to Galerkin. From your solution, it should be clear how the boundary

conditions affect the formulation. Show the integral that defines the element stiffness

matrix of an element that has /N, basis functions — the B® matrix should also be shown.

2p)
Y (5()}’
| r =g A
- F —
_— —>
— Q S
]
/ X _.L

Solution 4a: The problem is described by two second order partial differential equations, so

we need two conditions on each and every part of the boundary. Using the notation in the

u, = 01 [,=0,= c()_\'/Hl t, = 01
B J on l"g — J on I, i J onT,.

¥

illustration, we have:

t y =

th rhl

/,;1
1

The right-hand-side of the variational problem then becomes nftht(/F = j - Nmr, since the
e 0
[ I-‘hl

test functions have to satisfy the essential boundary conditions (i.e. we have

ve=v,=0 on FL,].

X
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Solution 4b: Uncertainties in material properties (D) and/or the exact loading (c,) and/or

the actual geometry of the structure (e.g. the thickness ¢); the boundary conditions may have

been approximated — e.g. the clamping has some flexibility that is not accounted for; etc.

y

. . T N, ON, O ...N, O
Solution 4c: Approximate u=u, = [,, - ,,,,J = Na, where N = [ ‘ - 4 } and
o 0N, O Ny... 0N,

T
a = [,,\_] Uyp Uy Uy el 11\,I;| . Let v, be the space of functions that can be written as a linear

combination of the selected basis functions »;; furthermore, the basis functions are selected

so that essential boundary conditions are satisfied, i.e. we have ~; = 0 on I', . Next select test

- T
functions according to Galerkin: v = [N‘}L\(;}{Nl] ..... {0} ; we then obtain: Find u, = [uh ¢ u,”] ,
0 | S

n

Uyt € Vs such that a(u,v) = J‘vr ﬁ;}dr v, v, e v,
1—‘hI

On a single element we have the approximation u;, = N'a°, where «° contains the node varia-

(]
0
ne contains the basis functions that have

0N ON;... 0N,

ne

NSO NSO ... N
bles on the element, and N° = | ! 2

support on the element. The contribution from the element to left-hand-side in the weak for-

- T - = e T —— ¢ eT ¢ e ¢ ¢
mulation becomes I(VN) D(VNa)tdQ = I(VN ) D(VN)tdQa‘ = IB DB 1d0a’ = K'a'

2, Q, Q,
N} " N, . Ny, .
ox ox " ox
where B = VN* = N} ON, Ny
= 0 ="... 0 =
dy dy dy
N ONG ON5 Ny ONy ONy.
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