Department of Applied Mechanics, Chalmers University of Technology

FINITE ELEMENT METHOD (MHA 021) — EXAMINATION
AUGUST 24 2005
Time and location: 1490 _ 1890 i the V building
Aids: ‘Closed books’ examination; only dictionaries and a ‘standard’
calculator allowed.

Teacher: Peter Moller; phone (772) 1505

Solutions: will be posted at the entrance of the Department of Applied
O//'y:
e

Grading: A complete a

icsgo later that August 25. See also the web pages of

“S\/Undergrmluate Courses.
ution on any task grants points as

stated in the thesis. Minor errors result in a reduced score.

Gross error(s) and/or incomplete solution of a task will not
grant any points on that particular task. Maximum score is 20.
You need 8, 12 and 16 points to obtain grades 3, 4 and 5
respectively. NB: the above is for the written examination
only — to pass the course you also have to complete 4 com-
puter assignments.

Results: will be posted at the Department of Applied Mechanics no later
than September 1. Results are sent for registration September 9
— course participants that have not completed the compu-
ter assignments by this time will be registered as not
approved.

You may scrutinize the correction (mark up) of your written
examination Friday September 2 10""-1122 and Monday Sep-
tember 5 1322-15%0 (at the office space of Department of
Applied Mechanics).

Kindly consider:

* The person that corrects your solutions will not try to guess your thoughts, but the
grading will be based exclusively on what you have actually written down. Hence,
write legible and explain what you are doing.

* Explain/define any notation that you introduce.

* Draw clear illustrations. Use coordinate systems; carefully indicate positive/nega-
tive directions on vector entities such as e.g. displacements and forces.

¢ If you make any assumption apart from what is stated in the respective tasks, you

have to state and motivate this explicitly.
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1
Consider a string of length L that has been pre-tensioned by a force S and that is loaded by
a transverse load with intensity p(x). Provided that the problem is symmetric, the deflection

w(x) is given by the solution of the boundary value problem

vy L s I vrreil)
-——= g —-=<x<0 T
dx> S 2 S ljw(\) S
1 w(—é) =0 , X
2 —L/2 O
o 0
dx|x=0

a: Derive the weak form (variational formulation) of the problem (1) and make a finite ele-
ment formulation with test (weight) functions according to Galerkin. It shall be clearly
shown how the boundary conditions affect the formulation. Also state regularity require-

ments of involved functions. (3p)

b: Consider a linear element with length 4 = x; | — x;. Show that NT N

(8]

1 _ X
the element stiffness matrix becomes K° = - 1 . (2p) [ .
hl|_| P A Xit 1

c: Assume that p is constant and solve the problem with a single linear element. (1p)

d: The energy norm of the finite element approximation in the previous sub-task is

pL /L
”wh”u = Ja(w,,w,) = 1? vk while for the exact solution it can be shown that

L /
”W”a = Ja(w,w) = Pr 2£4 . Calculate the energy norm of the error ¢ = w—w),:

S
O oy T2
“€||a = Ja(e,e) = li J (1—6) dxil . (2p)
dx
—L/2

Solution l1a: Multiply the differential equation by a test function v(.x) and integrate over the

0 2 0
) dw p o , . . .
interval: — '[ v(x) —dx = J- v(x)gdx. Partial integration of the left hand side yields
—L/2 dx” -L/2

0
a’vdw —L\dw(-L\\ _ P e o
Tidx ( (O) ( )— (2 )E(?D = J‘ V(A)S(/.\. ['he first boundary term van-

~L/2 -L/2

ishes, since w'(0) = O; to get rid of the second boundary term, we restrict the formulation
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to test functions such that v(-L/2) = 0. Thus, defining

0 5 0

V = {v: v(-L/2)=0 J. (d_v) dx < oo, J vzdx < oo ] we are lead to the varia-
dx J
-L/2 -L/2
0 " 0
tional problem: Find w € V such that J‘ﬂﬂ dr = J \'/—),(/.\ Vve V.
dx dx S
-L/2 -L/2

Finite element formulation: select a set of basis functions N, and let V, be the space of

functions that can be expressed as a linear combination of the basis functions. Approximate
T
w=w, = zNia,- = Na (where, hence, N = ,:N[ N, :l and a = [:ul a, :l ). Now,
i

substitute the approximation into the variational problem and usc the basis functions as test

functions (i.e. the Galerkin method); we obtain:

0

. dv d p ;
Find w), € V, such that Tidx dx = J.v 5 dx Vve V, (or
-L/2 -L/2
p IN lN
a a
J. (dx ) j N dx
-L/2 -L/2

Solution 1b: The element stiffness matrix is obtained from the left-hand-side of the FE-for-

Yiv1
mulation: K¢ = j (j_]j) Z—]j dx . Here, N° I:NT Nj contains the basis functions that
P
dNT  _j dNS |
are non-zero on the element. We have — = — and —~ = - so
dx h dx h
—1 1 =1 [ -1
N1 | 2 _2 _i Xiv1 _2 _2 |
Ke:J‘ Rf=1 L g =[BT R _[(I.x: A P
o L e N N
h l22 /12 /z2 /z2

[qul N S

Solution 1c: With a single element of length & = % we get

0
{[ —41 a - % le ah;
< —1 1 ]|a, Y i N,

where we used the fact that p and S are constants; a; and «, represents the transverse
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L
displacements at x = 5 and x = 0, respectively. Hence, by the condition V(—%) =0 we

have that a¢; = 0 and the first equation is not valid (since the test function v = N, #0 at
I P 0 0
) p L 5
- = — = A= i Nidy = = 2 ai
% 5 We are thus lead to 2 2 5 J. N,dx . With J- V5 dx 7 e finally obtain
-L/2 -L/2
LZ
p
ay, = —=—.
> 8s

Solution 1d: Using the fact that the energy in the error equals the error in energy, we get

sz3 3 sz3 _ sz3

2 2
2487 32857 96ST

. Hence,

a(e,e) = a(w,w)—a(w,,w,) =

lel, = Jate, &) = 2& |£.

S N96

2

Consider a square membrane with side length 4 m and T

9
loaded with a distributed load ¢ = 150 N/m" in the z-

direction; the membrane is pre-tensioned with a force

S = 1000 N/m. The deflection w(x) in z-direction of i

4 m

the membrane, satisfies the boundary value problem

—div(Vw) = in Q -

q
S | 4m L,
w =0 onT '

o
t=}

a: Using the symmetry of the problem, we can settle with consider-
ing only 1/8th of the domain. State how to formulate the bound- s
ary value problem so as to account for the symmetry in this y

manner. (1p)

2m

b: Use the Green-Gauss theorem, i.e.

J-\V div(q)dQ = §\qundr— J.(VW)quQ (where  is a scalar
Q r Q

function, g is a vector valued function, and 7 is an out-ward normal of £2), to derive the

variational formulation of the problem. Regularity conditions of involved functions should

be explicitly given, and it should be clear how the boundary conditions affect the varia-
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tional problem. (2p)
c¢: Make a finite element formulation of the problem with test (weight) functions according to
the Galerkin method. Show what the B® - matrix looks like, for an element with N, , basis

functions. (2p)
d: Assume that the domain is discretized with a single 3-noded tri-

angular element. With node numbering according to the figure,

the basis functions becomes N, = %(2 -x), N, = %(.\‘ -y).

X
and Ny = % . Show that this gives the equation system Ka = [,
with K = [1/2] ,a = [a]] ,and f = [0_1] . (2p)
Solution 2a: The normal derivative of the deflection has to be zcro
along the lines of symmetry. Thus, the b.v.p reads
q g r
~div(Vw) = é inQ

w=20 onI’

(Vw)Tn =0 onI

h
where n is an out-ward unit normal vector of the boundary.

Solution 2b: Multiply both sides of the differential equation by i test function v and inte-

grate over the domain: — J. vdiv(Vw)dQ = J‘ vf—éd.Q. Apply the Green-Green theorem to

Q]/K £2l/.‘{

the left hand side: J. (W )T(VW)(ZQ = J- V%CZQ + {)V(Vu')’l‘m/r. Now study the bound-
r

QI/X QI/N

ary integral; from the boundary condition on 1", we know that the integrand is zero, but we
5 Y h o

T
do not know the value of (Vw) n on I', . Hence, since it is neccssary to be able to evaluate

the boundary term, we must enforce v = 0 on F(_,. Thus,

SQV(VW)TndI" = jv(VW)TndT+ JV(VW)TMCZF = JO : (\7;\')'['/1¢/F+ jv -0dl" = 0
r Ty Ty L I

g
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To be able to evaluate the integrals, all involved functions have (0 be regular enough:

5
J. V7 d€Q < oo J. (VV)T(VV)dQ <eo. Let V denote the space of functions that are reg-

1/8 QI/X

ular enough and that fulfil v = 0 on I', . The variational problem may now be expressed as

Find we V such that | (W Y (Vw)dQ = | \'%[/Q Yve V
Q4 Qs

Solution 2c¢: Approximate the unknown function by a linear conbination of selected basis

\ T
functions Ny(x,y): w=w, = SN, = Na (N = [N, N, .| @ = [ ay ..] ). we
i

substitute this into the variational problem and choose test functions v according to Galer-
kin, viz. any linear combination of basis functions. If we define the finite element space Vi

as the space of functions that can be expressed as a linear combination of the basis func-

tions, the FE-formulation according to Galerkin may be expresscd as:

Find wy, € V, suchthat [ (V)" (Vwy)dQ = J W eV,
Ql/‘\

=

If the NC basis functions that are non-zero on an element are collected into a row vector

(&
N = [N‘I‘ N}eV:I , and the corresponding node variables into a column vector

T
e " . e &
a = l:ai “?\/] , then the FE-approximation on the element becomes wy, = N a . On

the element we thus have Vw, = V(N°a®) = (VN%)a® = B¢’ where, hence,

( ¢ ~ Cc ]
oN | C N,

. dv T ox
[N‘j N;J =
® 0 NT JdN N,

Solution 2d: From the finite element formulation we have J (W )vl (VN)dQa = j vf—éc/Q

S")'\ h Ql/'ﬁ
with v = N, (the choices v = N, and v = N3 are not valid, since N, and N5 do not sat-

isfy the essential boundary condition). Furthermore, since the essential boundary condition
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requires that @, = a; = 0, we obtain J. (VNI)T(VNI)JHLM = J- NI%JQ. Now,
Q4 Q4

. Also, the right

I
[ I
9] —

VN, = [‘”2}30 [ (VW) (VNpdQ = 1 [aa =1 P2 -

4
O QI/X Ql/:\'
2.2
150 3
hand side becomes j NI%CIQ. = % J. N,dQ = 1000 3_ = 0.1 (where we calcu-
1/8 1/8
lated the integral by calculating the volume enclosed by €2, . and the graph of N ). Hence,

we have %al = 0.1.

3
Consider the weak form of the boundary value problem in the previous task; it may be

expressed as

. ¢ ,
Find w € V such that a(w, v) = (v, 31) vve V
where V is the space of all admissible functions, a(.,.) is symmetric and linear in both
arguments and (., .) a scalar product of functions. Let w;, € V| be a conform FE-approxi-
mation of w. Show that the discretization error ¢ = w —w, is a-orthogonal to the FE-space

V. (Two functions, say v, and v, , are said to be a-orthogonal il a(v, v,) = 0). (2p)

Solution 3: The FE-formulation reads:

Find w, € V, such that a(w,v) = (v, %/J Vve V,
We subtract this from the variational problem go get: a(w, v)—a(w,v) = 0 Vve V,.

Since a(., .) is linear in its first argument, we can write this as

a(w—wp,v) =0 Vve Vi;butw—-w, = e,soa(e,v) = 0ifve V.
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4

a: The basis functions of a bi-linear element are given by

1 e |
N1=Z(]—§)(1—ﬂ) Ny = gUL+5H 1 —)

: 1 e .
NE:Z(1+§)(I+n) N4:}L(l—g)nl+n)

ON; N,
in a local coordinate system (&,1) . Derive an expression for the derivatives = and 5

X v
for the case of an isoparametric mapping x = x(&, M), v = v(&, M) . (2p)

b: Give a couple of examples of cases where the mapping is not unique, i.e. cases where

det(J) = O somewhere inside an element. (1p)

X = '\‘(i’ n) '\7
ERCE AN
n
(1,1)
4 3
g
X
| 2
Solution 4a: Isoparametric mapping means that the basis functions are used as shape func-

4 4
tions: x(§, M) = z xN(Em). y(&m) = Z y:N.(& M) . where (x;, v;) is the coordinate

i=1 i=1

of the i:th node on the element. Hence, the derivatives a—\ o ()'\, . and a—\ are straightfor-
0" on’ JC on
4
oN,
ward to calculate; g—g = .z] .r,-x' , etc. By the chain rule we have
=
IN; _ 9x aNi+ dy IN;  |aN, ON, Fy
8 “agax "L |3E| o 5
. : 59, or G J 0x , where J = 95| Thus,
IN; 9x ON; gy ON, oN,; ON dy
— Se—m— t=—=— — — =
on  dndx adnay on dy an
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IN, N,
ox | _ 7! Bl

oN; oN
9y Lan]

Solution 4b: For the mapping to be unique, the inverse of the Jacobian must exist, i.e. we

must have detJ # 0. This condition is not met if, for instance, the clement has an re-entrant
vertex or if the nodes in the element definition are numbered in the wrong order:
3
4
1
3
2
1 4
2
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Department of Applied Mechanics, Chalmers University of Technology

FINITE ELEMENT METHOD (MHA 021) — EXAMINATION
MARCH 17 2005

Time and location: 830 _ 1230 in the V building
Aids: ‘Closed books’ examination; only dictionaries and a ‘standard’

calculator allowed.

Teacher: Peter Moéller; phone (772) 1505
Solutions: will be posted at the entrance of the Department of Applied
O/Ue ic® no later that March 18. See also the web pages of the
C@/ .am.chalmers.se/eng/welcome.html —

fo K ﬂ ndergraduate Courses.

Solution on any task grants points as

Grading: A complete an
stated in the thesis. Minor errors result in a reduced score.
Gross error(s) and/or incomplete solution of a task will not
grant any points on that particular task. Maximum score is 20.
You need 8, 12 and 16 points to obtain grades 3, 4 and 5
respectively. NB: the above is for the written examination
only — to pass the course you also have to complete 4 com-
puter assignments.

Results: will be posted at the Department of Applied Mechanics no later
than March 31. Results are sent for registration Tuesday April 5
— course participants that have not completed the compu-
ter assignments by this time will be registered as not
approved.

You may scrutinize the correction (mark up) of your written
examination Friday April 1 1022-1 132 and Monday April 4 1390

159 (at the office space of Department of Applied Mechanics).
P P PP

Kindly consider:

* The person that corrects your solutions will not try to guess your thoughts, but the
grading will be based exclusively on what you have actually written down. Hence,
write legible and explain what you are doing.

* Explain/define any notation that you introduce.

* Draw clear illustrations. Use coordinate systems; carefully indicate positive/nega-
tive directions on vector entities such as e.g. displacements and forces.

» If you make any assumption apart from what is stated in the respective tasks, you

have to state and motivate this explicitly.
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1
Consider a string of length L that has been pre-tensioned by a force S and that is loaded by
a transverse load with intensity p(x). Provided that the problem is symmetric, the deflection

w(x) is given by the solution of the boundary value problem

v Lo S TRl
4 2 J/lw()c)
|

dx” N S
I |
(1) H}(_é) =0 I T X
2 -L/2 0
s 0
dx|y=0

a: Derive the weak form (variational formulation) of the problem (1) and make a finite ele-
ment formulation with test (weight) functions according to Galerkin. It shall be clearly
shown how the boundary conditions affect the formulation. Also state regularity require-

ments of involved functions. (3p)

b: Consider a linear element with length 7 = x; _; —x;. Show that N?I: ]N;

s 1 _ X
the element stiffness matrix becomes K= = — li ] ]} . (2p) { ,J
| . ;

hl_1 1

c: Assume that p is constant and solve the problem with a single linear element. (1p)

d: The energy norm of the finite element approximation in the previous sub-task is

L |
Hwh”a = Ja(w,,w,) = ‘% % , while for the exact solution it can be shown that

vl | L
||w||u = Ja(w,w) = ‘I? ok Calculate the energy norm of the error ¢ = w—w,:

0 , 4172
lell,, = Ja(e, e) = { J (ici) d.x} . (2p)

dx
—L/2

Solution 1a: Multiply the differential equation by a test function v(x) and integrate over the

0 2 0
) dw p . , , .
interval: — J- v(x)—dx = I 1)(.\')§d.x. Partial integration of the left hand side yields
L2 dx )

0 0
dvdw dw —L\dw(-L\\ _ -y
Ty dx dx — (\ (O)E(O) - v( > )Z( > D = J v(_x)Sd.\. The first boundary term van-

-L/2 -L/2

ishes, since w'(0) = 0; to get rid of the second boundary term, we restrict the formulation
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to test functions such that v(-L/2) = 0. Thus, defining

0 .7 0

V = {v: v(-L/2)=0 J. (j—‘;)_dx < oo, J. vidx < 00}, we are lead to the varia-
-L/2 -L/2
0 0
tional problem: Find w € V such that Jd—v@ dx J. ngx Vve V.
-L/2 -L/2

Finite element formulation: select a set of basis functions N; and let V be the space of

functions that can be expressed as a linear combination of the basis functions. Approximate
T
w=w, = ZNI-a[- = Na (where, hence, N = |:N1 N, :I and a = ["1 ay ] ). Now,
i

substitute the approximation into the variational problem and use the basis functions as test

functions (i.e. the Galerkin method); we obtain:

0 0

dw
Find w, € V, such that %Eh dx = J.v g dx Vve V, (or
-L/2 -L/2
0 -
a T p
N Zdx)
J. (dt) d\ -[ L ¥)
~L/2 ~L/2

Solution 1b: The element stiffness matrix is obtained from the left-hand-side of the FE-for-

Lisl
mulation: K° = J- (c;_N) ZN dx . Here, N |:N? N‘i contains the basis functions that
ax X 2

X

i

€
dN;
are non-zero on the element. We have — = — and —~ = -, so

dx h dx h

| 1 -1 1 -1
L | — 5 |t 5 T3 |
KC=J. D=1 1| g0 = |H R J-dx: h™ by, _ 1)1 -1
SRR 11" -1 hl-1 1
Y 3 2| 32
! h™ h h™ h
0
Solution 1c: With a single element of length /1 = é we getg St iy Ndx,
2 Ll-t t]|ay] 5/ [N,

where we used the fact that p and S are constants; a; and a, represents the transverse
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displacements at x = ——% and x = 0, respectively. Hence, by the condition v(—%) =0 we

have that @; = 0 and the first equation is not valid (since the test function v .= N, #0 at

0 0
a
x = —%. We are thus lead to ZZZ = g J. N,dx . With J. N,dx = % we finally obtain
-L/2 -L/2

L’
“2 7 %5

Solution 1d: Using the fact that the energy in the error equals the error in energy, we get

2L3 2L3 2L3
) D D
ae,e) = a(w,w)—a(w,, w,) = ! 1 . >, Hetice,

248 328%  96S°

lell, = Jate,e) = 25 |X.

S N96

2 g = 30 kN/m sy
C i

m.

In the absence of body loading, the weak form of a 2D elasticity

problem may be written ,
—
~ T ~ T I
(2) J(Vv) DVudQ = jv tdl’
Q r
T
where v = |:v\_ v\] is a vector with test functions,
T y
u = [11,\_ ”‘] is the displacement vector, ;
- X
‘o b _ G, n,+0 1,
T‘ o/, +06,n,
0 0 d
~T 5 _y
is the traction vector, and V' = 0x d)
Jd d

Now consider the symmetric problem depicted in the illustration; assume that the thickness

is .
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a: Specify the boundary conditions necessary to solve the illustrated problem. Take care to
give conditions on each and every part of the boundary. (2p)

b: Assume that the problem is solved by an adaptive FE-program; in which areas do you
expect the program to generate the smallest elements? Why? (2p)

c: Make a finite element formulation of the problem (2) — take the boundary conditions into

account. Your solution should show how the unknown vector # is approximated. Also
show what the Bc —matrix looks like for a 3-noded triangular element. (3p)
2
d: In abstract notation the problem (2) may be written: Find u € [V]" such that

T 2
a(u,v) = J‘v tdl’ Vv e [V], for some appropriate space V of functions. Consider
r

a conform FE-formulation of the problem, i.e. a FE-space V, that is a sub-space of V.
Show that the error ¢ = u —u,, is energy-orthogonal to V (i.e. prove Galerkin orthogo-
nality), and show that the energy in the error is equal to the error in energy:

a(e,e) = a(u,u)—a(uyu,). (2p)

Solution 2a: With reference to the notation in the figure, we

. I'y
have that the displacements are zeroon I';: u, = u, = 0. The 2
Iy
boundary I, is free and unloaded: ¢ = 7, = 0;on I'; thereis
no load in x -direction, while there is a distributed load (force/
length) in negative y -direction: . = 0, f, = —¢/t. On the line
of symmetry, I';, the x -displacement have to be zero, while the
shear in y -direction must be zero: u, = 0, t, = 0.
\)
(Inserting into the right-hand-side of the variational problem T /I\ X

and enforcing the test functions to satisfy the Dirichlet condi- [

T [4
tions, one obtains J.v tdl’ = —J. \)\,{(lr).
T I

3

Solution 2b: One expects smallest elements in regions where second derivatives are large;
this typically occurs at singular points. In the present example we have 3 such points: the
re-entrant corner and the 2 points with abrupt change in boundary conditions (see encircled

areas in the figure).
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u

Solution 2c: Approximate the displacement vector u =u,; = h

= Na , where
”_\711

N, O N, 0

T
a = |a, . a,, dy a5 A5 ...| are the node displacements and N =
Lx *1ly *2x “2y “3x 0ON. ON
] 2 RN

is a matrix with the selected basis functions. Substituting into the variational problem we

~ T ~ ~
obtain J.(VV) DV(Na)dS) = J.VT|: U i|dl—‘, or with the notation B = VN
Q r, L-a/t

~ T
J.(Vv) DBdQa = J-lei 0 :ldT. Now select test functions according to Galerkin:
Q r, e/t

Vv = ) , , ,...; we obtain the equation system

N, |O]|N,||O
ol |Ni||o] N,

gJ;BTDBan - r{NTLO Jdr.

q/

N{ 0O N; 0 N5 0

Il

For a 3-noded triangle we have N°© (the basis functions that are

0 N{ 0 N, 0 Nj

IN| . i

a ~ e (& €

non-zero on the element), so B© = VN° = a_Nz ?ﬁ[?
5 D

Ny o o

dy ox T dx |

9]
Solution 2d: The FE-problem is: Find u;, € [V,]” such that

2
a(uy,v) = jthc[F Vv e [V,]”. Subtracting from the variational problem, we obtain
r

a(u,v)—a(u,,v) = 0, which holds in the common domain of definition, i.e. for test func-

2
tions v € [V,]". Since a(.,.) is linear in its first argument, this amounts to

)
a(u—u,,v) = ae,e) =0 Vv e [V,]” which is referred to as Galerkin orthogonality.
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To show that the energy in the error equals the error in energy, we use the fact that a(., .) is

symmetric and linear in both arguments:

a(e,e) = a(u—up,u—uy) = a(u,u—-uy)—a(uy, u—uy) =
a(u,u)—a(u,uy) —a(uy, u)+a(uy, u,) = a(w,u)+a(u, w,)—-2a(u,u,) =
{use u =uy +einthelastterm} = a(u,u)+a(uy, ) - 2a(u, +e,uy) =

a(u,u) +a(uy, uy,)—2a(uy, uy) —2a(e, uy) =

5
{u, € [V,]” soaccording to Galerkin orthogonality the last term vanish }

a(u,u)—a(uy, uy)

Hence, a(e,e) = a(u,u)—a(u,, uy).

3
a: The basis functions of a bi-linear element are given by
e | e 1
N, =Z(1—§)(1—ﬂ) N3=Z(1+§)(1—ﬂ)

NS = (1B (1em) NG = 2(1-8)(1+m)

ON;  ON;
in a local coordinate system (1) . Derive an expression for the derivatives o and 3
X y

for the case of an isoparametric mapping x = x(, M), y = y(§,M). (2p)

b: Give a couple of examples of cases where the mapping is not unique, i.e. cases where

det(J) = 0 somewhere inside an element. (1p)

x=x(&m)
v =y&mn)

1,1)

g

| 2
-1,-D

Solution 3a: Isoparametric mapping means that the basis functions are used as shape func-

4 4
tions: x(&, M) = z _\‘iNI-(E_,, n). y(&mn) = 2 )’,-N,-(E_,, 1), where (x;, y;) is the coordinate

i=1 i=1
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, .. 0dx dx Jdy ady _
of the i:th node on the element. Hence, the derivatives ==, =—, =, and =— are straightfor-
&’ dn’ d& an

4
ward to calculate dx z X aNi etc. By the chain rule we have
e = X=— , . ru
o~ & it !
1=

ONi _9x 9N oy IN:i oW, oN;

o0& dEdx  dE dy or d& = J dx , where J =
ON; ox aNi+ gy ON; 0N, ol

on ~dndx dndy  |an|  |dy]

FaNi (aNi

K - J_l x

N, oN

v | L on,

Solution 3b: For the mapping to be unique, the inverse of the Jacobian must exist, i.e. we

must have detJ # 0. This condition is not met if, for instance, the element has an re-entrant

vertex or if the nodes in the element definition are numbered in the wrong order:

3
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Department of Applied Mechanics, Chalmers University of Technology

FINITE ELEMENT METHOD (MHA 021) — EXAMINATION
JANUARY 12 2005

Time and location: 830 _ 1230 in the V building
Aids: ‘Closed books’ examination; only dictionaries and a ‘standard’

calculator allowed.

Teacher: Peter Moller; phone (772) 1505
Solutions: will be posted at the entrance of the Department of Applied
0 / Ue
co%

Grading: Solution on any task grants points as
stated in the thesis. Minor errors result in a reduced score.
Gross error(s) and/or incomplete solution of a task will not
grant any points on that particular task. Maximum score is 20.
You need 8, 12 and 16 points to obtain grades 3, 4 and 5
respectively. NB: the above is for the written examination
only — to pass the course you also have to complete 4 com-
puter assignments.

Results: will be posted at the Department of Applied Mechanics no later
than January 19. Results are sent for registration Friday Janu-
ary 21 — course participants that have not completed the
computer assignments by this time will be registered as not
approved.

You may scrutinize the correction (mark up) of your written

examination Thursday January 20 133%-1590 (at the office

space of Department of Applied Mechanics).

Kindly consider:

e The person that corrects your solutions will not try to guess your thoughts, but the
grading will be based exclusively on what you have actually written down. Hence,
write legible and explain what you are doing.

* Explain/define any notation that you introduce.

* Draw clear illustrations. Use coordinate systems; carefully indicate positive/nega-
tive directions on vector entities such as e.g. displacements and forces.

+ If you make any assumption apart from what is stated in the respective tasks, you

have to state and motivate this explicitly.
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a: Formulate the divergence theorem (explain the entities you use) and show how the Green—

Gauss theorem, i.e. J.q)div(q)d.Q = §¢andl—‘ - J(V¢)quﬂ, may be derived from it.
Q r Q
(2p)
b: Consider the boundary value problem —div(DV¢) = f inQ, ¢ = 0 on I', where D is

2
symmetric and positive definite, f is a given function, and I' is the boundary of Q c R~ .

Derive the weak formulation of the problem. It should be clear how the boundary condi-

tion affects the formulation; also specify requirements on the test (weight) functions. (2p)

c: Make a finite element formulation and show what the B -matrix looks like for an element

with N, basis functions. (2p)

T
Solution 1a: lLet n = [”x n):l (Inl = 1) be an out-ward normal on the boundary I" and

T
q = l:qt(x, y) qv(x’ y):' be a vector field. Provided that the functions are sufficiently

smooth, we have (the divergence theorem):
[div(g)dQ = §q"ndr
Q r

To obtain the Green-Gauss theorem, we construct the vector field ¢q , where ¢ = 0(x, y) is

smooth enough, but otherwise arbitrary. Calculate the divergence of ¢q :

div(o) = 20001+ 2160,1 = 63+ 03+ Ry By _ gaivig) + (Vo)Ty

Applying the divergence theorem on ¢g and utilizing the identity

div(dg) = ddiv(g) + (V) ¢, give the desired result.

Solution 1b: Multiply the differential equation by a test function v and integrate over the

domain: —J.vdiV(DVd))dQ = JvfdQ. Identify v and the vector DV ¢, with ¢ and ¢,
Q Q

respectively, in the Green-Gauss theorem; The left hand side then becomes:

j(Vv)TD(V¢)dQ = §V(DV¢)TndF + jvfdﬂ . For this identity to be meaningful, all func-
Q r

tions have to be sufficiently smooth — they have to be square integrable and have square
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integrable first derivatives; furthermore, we have to choose the test function so that v = O
on I' since we cannot calculate the boundary integral otherwise (V¢ is unknown) — thus

the test function have to satisfy homogeneous essential boundary conditions. Let V denote

the space of all functions that satisfies these conditions; the variational formulation may the

be written: find ¢ € V such that

j(vv)TD(andQ = [vfdQ VYve V
Q Q
Solution 1c: Choose N basis functions N; in V (conform method) and let V|, C V be the

space of all functions that may be expressed as a linear combination of the basis functions.

N
In particular, we approximate ¢ = ¢} = z N;a;; the node variables a; are determined so

i=1
that the variational problem is satisfied in V| (Galerkin method). Hence, find ¢, € V| such

that

j(VV)TD(Vq)h)dQ = [vfdQ Yve V,
Q Q

On an element with NV, basis functions, i.e. one in which only N, out of the N functions are

non-zero, we may write the FE approximation

— e 58 e e e e T _ Ne e th
q)h - Nl N2 .”NNC al CL2 ...(l}ve - a , SO at
Vo, = V(Neae) = (VNe)ae = B°a”, where hence

e e €
o v an

e _|ox 9x " 9x
ONS ON;  ONy
dy dy T ay

e

= VN

e

—3— 2005-01-12/PWM



a: When using 11 1pped elements, we have the basis functions defined in terms of some local
€

oN .

coordinates ({, M), i.e. N? = N?(&, M) . Derive expressions for the derivatives =— ' and

ox

e

oN;
a—l in the case when the mapping x = x(§,m), y = y(§, n) to the global coordinates is
y
isoparametric. (2p)
b: Calculate the determinant of the Jacobian of the mapping, as a function of the parameter

a, of the element shown in the illustration. Which values of a yield a unique mapping?

(2p)

y
x=xEm) L
n////f?§7@5ﬁr\\\ (x)) = (a.0)
(1,1) ™\
4 3
£ I x
1 2
1-1) s 1 )

Il

Ny = (-B)(1-m) N5 = 2(1+E)(1-m)

N, :}1(”&)(””) N,

1
7(1-8)(1+m)

Solution 2a: Use the chain rule to calculate the derivatives with respect to & and 1:

e € € i ]
& é * &" Y = b dx where, hence, J = 8& 8&, . We then get the desired
aN? ox BN? dy aN? aNf dx dy
o “onox tanay | |5y | o on
i g B e_
ON’ NS
derivatives by multiplying both sides by J—1 : dx = J_1 Jg . The components of J are
ON; ON;
9y | [om |
_ N’
easily calculate as g—z = aa—&;xiN? = inxl , etc.; (x;,¥;) is the coordinate of node i on

the element.
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Solution Zb: Number the nodes in anti-clock-wise order; starting with the node in the origin,

we get the node coordinates (x,y;) = (0,0), (x5, y,) = (1,0), (x5,¥3) = (a,a), and

(x4, ¥4) = (0, 1). Hence;

ax _ON; N3 | 3 1

3 = 3¢ +aE _Z(I—n+a+an) i Z(—l—&+a+aé’;)
dy _ 1, . dy _1._
_ai —4( l-M+a+an) 51 —4(1 E+a+ab)

_Odxdy dxdy _ 1., .
so that detJ =TI INE - 8(2a E-M+a€+an).

The mapping will be unique provided that J is non-singular, that is detJ # 0 inside the ele-
ment. This is obviously the case if a is sufficiently large; the local coordinates & and 1| may

only vary between —1 and 1. When a decreases, detJ becomes zero at (x, y) = (a, a) first
—ie at (§,mM) = (1,1).
detJ(1,1)=0=>2a-1-14a+a =0=a =

1
2

Thus, the mapping is unique whenever a > 3

3

a: According to the Euler-Bernoulli theory, beam bending is described by the differential

2 2

d d

equation —ZI:EI—};} = ¢, where w = w(x) is the transverse displacement, ¢ = ¢(x)
dx dx

is the intensity of a distributed load along the beam, and EI = EI(x) is the bending stiff-
ness. Derive the weak form and make a finite element formulation of the problem. Assume
that the problem is defined on the interval 0 <x < L, but leave the boundary conditions

unspecified. (2p)

N\ 2 -\ 3
b: A simple beam element has four basis functions, viz. N? =1- 3(%) + 2(%) ,

-\ 2 2 . -
N; = {14%@) } NS = G) (3—2%),and NS = x(g)(%—l);(0<x<L).

Show that the element is complete. (2p)

—5— 2005-01-12/PWM




Hint: The basis functions have been constructed so that N ?(O) =1,

N5(0) = N5(0) = Ny(0) = 0, N5(L) = 1 and Nj(L) = N5(L) = N4(L) = 0; the

Ny dN} dN; dNj . dN,
derivatives are suchthat —“ = l and — = —" = —" = Q atx = 0, while —" = 1
dx dx  dx dx dx

dle dN;  dNj 0 at
WL Tax Tax T M7

Solution 3a: Multiply the differential equation by a test function v and integrate over the

dw

L d
domain (interval): J.O — El—
dx dx*

:I X = J.qudx . Partial integration (twice) of the left hand

side and moving the boundary terms to the right hand side yield:

L

L
J. d—vEId v;}d gV Eld id d EIM + J.équx . The variational problem is
0dx*  d ax = 0, a2 .

thus to find the function w that satisfies this equation for all admissible choices of the test
function v . The functions have to be square integrable, have square integrable first and sec-
ond derivatives. Furthermore, the test functions have to satisfy homogeneous essential

boundary conditions, i.e. conditions given on w and its first derivative.vata.

FE formulation: Approximate w by a linear combination of N chosen basis functions

N
w=w, = Z N;a; and select the basis functions as test functions (Galerkin) to obtain as
i=1

many equations as unknown node variables a; :

2 d2 2 4L L
L w d
J. d—szI—z-hdx = l:;l—vEld—v;:l [ ) I:EIM}} + J.(l)‘qux v = Nl’ N2’ 565 N
Odx dx X odx" o XLodx" 1o
4
Solution 3a: The approximation on the element is w = w) = Z N?a? . For the element to

=1
e
be complete, we need to be able to: select node variables a; so that w; becomes constant (on
the element); select node variables a so that wy, ' becomes constant; select node variables

€ n
(li so that H/h becomes constant.
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€ €
Choose for instance a; = az = ¢ (where ¢

then
4
e €
wy = 2 N;a;
f=1
e
so the first condition is meet. Now, select a,

e €
wy = ZNiai:c

i=1

i.e. the first derivative is a constant.

e €
is an arbitrary constant) and a, = a4 = 0;

= ¢(N] +N3)

_ e_ €
—a4—C,Cl3

Il
&

cL and ae{ = 0; then

(N5 +LN5+Ng) = cx

To find node variables that give a constant second derivative, we first calculate

% D 4
aNy__ 6, 12x 4N, 4 6
a’x2 L2 L3 d)c2 L L2
2 . 2 .
dN; _6 _12x ANy 2 6x
dx2 L2 L3 dx2 L L2
From this we see that the selection a; = —az = ¢ and a? = a; = 0 leads to

4

2
X
wy = zN?af = c(Ng—Ni) = c(x—f)

i=1

which has a constant second derivative (=2¢/L). ..

the element is complete.
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4

Consider the weak form of the boundary value problem in the previous task; provided that

we have homogeneous essential boundary conditions, it may be expressed as

Find w € V such that a(w, v) = (v, f) Yve V

where V is the space of all admissible functions, a(.,.) is symmetric and linear in both

arguments and (., .) a scalar product of functions.

Let wy, € V}, be a conform FE-approximation of w .

a: Prove Galerkin orthogonality, i.e. show that the discretization error ¢ = w —w, is
a-orthogonal to the FE-space V, . (Two functions, say v, and v,, are said to be
a-orthogonal if a(v, v,) = 0). (2p)

b: Use Galerkin orthogonality to show that the energy of the error equals the error in energy:
a(e,e) = a(w,w)—a(wy, wy). (2p)

c: Let K be the stiffness matrix and a the solution vector (the node variables), so that

= Na, where N is a vector containing the basis functions. Express a(wy, wy) in

Wy

terms of the node variables and the stiffness matrix. (2p)

Solution 4a: Subtracting the finite element approximation from the weak problem, we get

a(w,v)—a(w,,v) = 0 Vve V,, since V, V. Since a(.,.) is linear in its first argument
and w—w, = e, one has that a(w,v)—a(w,, v) = a(w-w,,v) = a(e, v). Hence,

ale,v) =0 Vve V,.
Solution 4b:

a(e,e) = a(w—wp, w—wy) = a(w,w-—wy)—a(wy, w-—w,) =
a(w, w) —a(w, wy) —a(wy, w) +a(wy, wy) = a(w, w) + a(wy, wy) = 2a(w, w,) =
{substitute w = wy, + e in the last term} = a(w, w) + a(wy, wy) = 2a(w, + e, wy) =
a(w, w) +a(wy, wy) = 2a(wy, wy,) — 2a(e, wy) =

{wy, € V|, so the last term is zero by Galerkin orthogonality } = a(w, w) —a(wy, wy)

Thus, a(e, e) = a(w, w)—a(wy, wy).

Solution 4b: a(wy, wy) = a(aTNT, Na) = aTa(NT, N)a = a'Ka
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