Quantum Mechanics FKA081/FIM400
Final Exam 29 October 2014

Next review time for the exam: November 28 between 14-18 in my
room.

NB: If you want to come to the review you must collect your exam
before at the “Kansli” in Origo 5th floor. (This info is also avail-
able on the course homepage.)

Examinator: Gabriele Ferretti tel. 031-7723168, 0721—582?59, ferretti@chalmers.se

Allowed material during the exam:

o The course textbook J.J. Sakurai and Jim Napolitano, Modern Quan-
tum Mechanics Second Edition.
NB: The old red cover version: J.J. Sakurai, Modern Quantum Me-
chanics is also allowed.

e A Chalmers approved calculator.

Write the final answers clearly marked by Ans: ...
and underline them.

You may use without proof any formula in the book.

The grades are assigned according to the table in the course home-
page. '




Problem 1

Consider a finite dimensional Hilbert space H and a Hermitian operator H
on this space. H is called “non-negative” if ‘

(| H|p) > 0, for all states |¢) € H. (1)

Q1 (1 points) Given any operator A : H — H, show that H = At 4 is
non-negative. V

Q2 (1 points) Given a state |¢) € H, show that H = |#) (4| is non-negative.
Q3 (1 points) Show that the trace of a non-negative operator obeys

Tr(H) > 0.

Problem 2

Consider three particles of spin s; = 1, s = 2 and s3 = 3.
Q1 (1 points) Add the spins of the first and the second particle, i.e., write
all possible values for the total spin of the system: S0 =S; + 8.
Q2 (2 points) To each irreducible representation of Siz2 in Q1 add the third
spin and summarize all the possible spins (irreducible representations) of
S123 = 812 4 S5 including their degeneracy.
Q3 (2 points) Repeat the same procedure as Q1 and Q2 but starting first
with the pair Sy3 = Sy + S3 and then adding S; and show that you get the
same result.
Q4 (2 points) Check that the product of the dimensions of the Hilbert spaces
for the three particles is equal to the sum of the dimensions of all resulting
irreducible representations of Sqa3.

NB: No Clebsch-Gordan coefficients are needed. You do not have to write
down the states explicitly!




Problem 3

Consider a spinless particle of mass m in a one dimensional infinite well:

Ho=2 U@, )

where ; I
0 if0<z<
Ulz) = { oo otherwise (3)
n2r2h2

It is known that the energy eigenvalues of Hy are Eﬁo) = 5

The presence of a membrane in the middle of the well can be described
by the perturbation

‘ V(z) = \o(z — L/2) (4)

where A > 0 is a small parameter and ¢ the Dirac delta-function.
Q1 (! points) Compute the corrections E,(f) to the energy eigenvalues of
Hy + V in first order perturbation theory and show that the corrections
vanish for n even.
Q2 (2 points) Show that the second order corrections E,(LQ) also vanishes for
n even. (You do not need to compute the value for the case where n is odd.)
Q3 (8 points) Discuss the reason for the results obtained in Q1 and Q2.
Show that the exact solution is in fact unchanged in going from Hy to Ho+V
for the case n even. What is the qualitative behavior of the exact ground
state solution?

Problem 4

Consider a one dimensional harmonic oscillator of angular frequency w. Let
|n) denote its eigenstates. For ¢ > 0 it is subjected to a potential

V(z) = e (5)

where z is the coordinate operator and A a small constant.

Q1 (2 points) Discuss what are the transitions m — n allowed to first order
perturbation theory.

Q2 (8 points) Assuming that at ¢ < 0 the system is in the ground state
|0 > Find the probability of finding the oscillator in the first excited state at
t — 400 to first order in perturbation theory.




Problem 5

Consider two degenerate states |11) and [ths) both of energy E > 0 mutually
orthogonal and properly normalized. At times ¢ < 0 the system is in the
state |31). At time ¢ = 0 we suddenly turn on an interaction H’ mixing the
two states, i.e.

(o[ H o) = (ol H'[¢h1) = a, (1| H'|3p1) = (o] H'|3h3) = 0. (6)

(a real.)

Q1 (2 points) What is the probability of finding the system in the state |t)s)
at t > 07 (Note: Use the sudden approximation.)

Q2 (2 points) Suppose I want to turn the system from the state [11) to the
state |1hy) by switching on H' at ¢ = 0 and then switching it off again at time
T. What value of 7" should I choose?

Problem 6

Consider a spinless particle in three dimensions subjected to the central po-
tential %

Vir)=——= 7
=== @
where K is a positive constant.
Q1 (8 points) Estimate the ground state energy by using the following vari-
ational ansatz:

P(r,0,4) =e™/® (8)

(independent on 6 and ¢.)
Q2 (2 points) Do a dimensional analysis check on your answer. (Even if you
think you got the wrong answer you can still get credit on this question by
checking if the dimensional analysis works or not.)

NOTE: The following integrals are useful:

oo a3
/ rle /e dr = T (9)
0
o 3T
,’,.3/26-—21‘/0. dr = 0,5/2 10
/o 16v/2 (10)
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